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ABSTRACT. The stationary version of the Boussinesq system with a general gravitational acceleration term
is considered. Under suitable assumptions on this term, as well as on the external forces acting on each
equation of this coupled system, we first establish the existence of weak solutions in the natural energy space
H! (R3). The uniqueness of these solutions is a challenging open problem.

Within this framework, our first main contribution is to show that any weak H1-solution exhibits an
analytic smoothing effect in the Gevrey class. Our second main contribution is to show that the Gevrey
class regularity can also be used to study the uniqueness problem, provided that these solutions satisfy a
suitable low-frequency control.

As a by-product, we also obtain new regularity results and a new Liouville-type result for weak H-
solutions of the classical Navier—Stokes equations.
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1. INTRODUCTION

Setting. In this work, we consider the stationary (time-independent) incompressible three-dimensional
Boussinesq system posed in the entire space R3. Denote by @ : R? — R? a solenoidal velocity field, by
P :R?® — R the pressure, and by 6 : R? — R the temperature of the fluid. The equations take the form

" NG+ div(i®d) + VP =08+ f,  div(@) =0,
1
~ A6 + div(07) = g,
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where g : R3 — R3 denotes the gravitational acceleration vector, while f R? 5> R*and g : R — R
represent external source terms in the velocity and temperature equations, respectively. For simplicity, and
with no essential loss of generality, all physical constants have been normalized to one, and we assume that
div(f) = 0.

The system (1) models the dynamics of a viscous incompressible fluid with thermal effects [4, 10], while
also incorporating the influence of a gravitational field g, such as the Earths gravity acting in oceanic and
atmospheric flows [28]. Physically, this system arises as an approximation of a coupled model combining
the classical NavierStokes equations with the laws of thermodynamics. In this framework, density variations
induced by heat transfer are neglected in the continuity equation but retained in the momentum equation,
where they appear as an additional buoyancy force proportional to both the temperature fluctuations and
the gravitational acceleration. This mechanism explains the presence of the term 0¢g in the first equation of
this system [31].

Mathematically, in the case when f = 0, the steady-state Boussinesq system has been mainly studied
in the framework of a bounded domain Q C R3 with a smooth boundary 012, together with the Dirichlet
boundary conditions:

o) —Ai+div(@d® @)+ VP =0g,  div(@)=0, —Af+div(dd)=g, in €,
2

ﬁZﬁb, 929(, on 69,
given by the prescribed functions @ : Q2 — R? and 6, : 9Q — R. The qualitative properties of this system,

such as the existence and regularity of solutions, depend strongly on appropriate assumptions on the data
g, g, Uy, and 6, as well as on suitable conditions imposed on the boundary 9f2.

More precisely, in [1], considering a Lipschitz boundary 912, and under the assumptions that
geL3(Q), geH Q) and 1,0, € H?(0Q),

together with a (technical) smallness condition on 4}, across each connected component 9€2; of the boundary
08, it is proven that the system (2) has at least one weak solution

(@,0,P) € H'(Q) x HY(Q) x L*(Q).
Additionally, in the case of null Dirichlet boundary conditions when u, = 6, = 0, this solution satisfies
the natural finite-energy estimates |V ® @||p2 < C||g"HL% llgllz-1 and ||V]||L2 < ||g|lz-1, where the constant

C' > 0 depends on the size of the domain Q. For additional related results, we refer to [15, 21, 24, 25] and
the references therein.

Thereafter, by using the regularity theory of the Poisson and Stokes equations together with a well-
designed iteration argument, a gain of LP-regularity is also obtained in [1]. More precisely, for a smoother
boundary 99 of class C**, and for the parameters p > g and r > g (with r technically related to p), assuming
in addition that

§eL”(Q), gelLP(Q) and iy,0, c W 2P (0Q),
it is proven that the particular solution obtained above satisfies
(@,0, P) € W*P(Q) x WP(Q) x WLP(Q).

It is important to emphasize that the results mentioned above, which were established for bounded domains
with smooth boundaries, cannot be directly extended to the setting of R?, where the Boussinesq system (1)
is posed. Indeed, several fundamental tools used in those analyses are no longer available in the whole-space
framework, such as certain embedding properties of the LP()-spaces and the compact Sobolev embeddings.

The analysis developed in this work relies on different methods and ideas. First, for the sake of complete-
ness, we establish the existence of finite-energy weak solutions in the natural homogeneous Sobolev space
H'(R3). The uniqueness of H!-solutions is a difficult and far from obvious open problem. Consequently, one
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of the main objectives of this article is to investigate the smoothing effect of any H*-solution. Moreover, in
contrast to [1], this smoothing effect is studied within a different framework, namely the Gevrey class. See
expression (6) below for the corresponding definition.

In the parabolic framework, since the seminal work of C. Foias and R. Temam [12], the Gevrey class
regularity of solutions has attracted considerable attention for a variety of time-dependent fluid models.
These include, among others, the classical Navier-Stokes equations, the Navier-Stokes-Voigt equations [20],
certain general dissipative equations [2], visco-elastic second-grade fluid models [27], the Newton-Boussinesq
system [17], the Boussinesq boundary layer system [23], and the classical Boussinesq system [32].

Despite the physical relevance and the mathematical complexity of these models, the contributions of
these works can be broadly classified into two main directions. On the one hand, the works [2, 12, 17, 20, 32]
show that, for initial data belonging to Sobolev spaces, the smoothing effects of the heat kernel (or related
kernels) yield an instantaneous Gevrey class regularity for the corresponding solutions for later times ¢ > 0.
On the other hand, the works [23, 27] establish that Gevrey class regularity imposed on the initial data is
propagated by the evolution and, in certain situations, may even improve for the corresponding solutions.

To the best of our knowledge, the Gevrey class regularity of the elliptic (stationary) counterparts of these
models has been much less explored, since most of the ideas used in the parabolic setting are no longer valid.
For the classical Navier-Stokes equations, which are obtained from the Boussinesq system (1) when 6 = 0:

(3) —Ai+divi@ge @)+ VP =f,  div(d) =0,

we may mention the work [20, Section 6], where the Gevrey class regularity is studied through the notion of
the global attractor of the parabolic Navier-StokesVoigt equations with space-periodic boundary conditions.
On the other hand, in the setting of the whole space R?, the work [7] directly establishes the existence

of Gevrey solutions to (3), provided that the external force j? satisfies suitable Gevrey class regularity
assumptions.

Main contributions. We show the persistence of Gevrey class regularity for any H!'-solution of the
coupled system (1), provided that the data f, g and g satisfy prescribed Gevrey class regularity assumptions.
Moreover, we distinguish between the non-homogeneous case, when f # 0 and g # 0, and the homogeneous
case, when f = g = 0. Both cases reveal new information about the radius of analyticity of the solutions.

As a by-product of the Gevrey class regularity, we also show that additional regularity assumptions on
the data yield regularity properties for H L_solutions measured in different functional frameworks, such as
the homogeneous Sobolev spaces WP (R3) and Holder spaces C* (R?), for suitable ranges of the parameters
s, p, and o.

Finally, for the homogeneous case of the Boussinesq system (1), we introduce new ideas to exploit the
Gevrey class regularity of H*'-solutions when studying their uniqueness, also known as a Liouwille-type
problem. We therefore provide a new result ensuring that H'-solutions of this system satisfying a low-
frequency control vanish identically, that is, 4 = 0 and § = 0. This result is also of interest for the
Navier-Stokes equations (3) when f = 0.

Statement of the results and discussions. We begin by establishing the existence of finite-energy
weak H!-solutions.

Proposition 1.1. Let f € H™*(R3) be such that div(f) = 0, g € H™1(R3), and g € L2(R3) N Hz(R3).
Then the system (1) has at least one finite-energy weak solution

ic H' (R, 6cH'(R® and P=P;+Pyc H?(R?+H (R?).

Moreover, for a numerical constant C > 0, this solution satisfies the following energy estimate:

(4) @2, < C (gl 181° 5 + 17120 ) . 181%: < Cllgly .
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and
1Pall ;3 < Cllalle,  1Pollzn < ClONglIEN -

Using the divergence-free property of f and 1, the pressure term P can be characterized by
(5) P = (—A)"div (div(d ® @) — (—A) " 'div(d g) := Py + Py,
yielding that each term has different regularity properties, according to the regularity of @, 6, and g.

The proof of this result is rather standard and follows from Schaefer’s fixed-point argument, using argu-
ments similar to those in [22, Theorem 16.2] for the Navier-Stokes equation (3). Here, the main novelty lies
in the different estimates required to handle the term 6 g in the first equation of (1).

Observe that this term mixes the data of the problem, given by the gravitational acceleration g, with
one of the unknowns of the system, namely the temperature 8. Therefore, we need the assumptions that
g€ L3(R3) and g € H2(R?). When comparing with the previous related work [1], the first assumption also
naturally appears to obtain a natural energy estimate on the solutions, given in (4). On the other hand, the
second assumption is essentially technical in order that some local-compactness properties required in the
Schaefer’s fixed-point argument to work.

It is worth mentioning that this result actually holds under the slightly more general assumption g €
L3(R3) instead of g € H=(R?). Nevertheless, this latter assumption provides a suitable framework when
working with the Gevrey class.

For a parameter 7 > 0, we define the weighted exponential operator e”V~% by the symbol e"l¢|. Thereafter,
for s € R, we use the characterization introduced in [12] to define the Gevrey class

(6) G:(R®) = {p € H'(R%): e'V~Rp c H*(R?)}.
er\/I

g
functions in G&(R3) are analytic, where r measures the radius of analyticity.

For |s| < 3, this is a Banach space endowed with its natural norm ‘ . Moreover, for s > 0 the

Our first main contribution is devoted to showing the persistence of analytical smoothing effects for any
H'-solution to the system (1). Specifically, we are interested in determining whether the given radius of
analyticity of the data f, g and g, denoted by r, increases or decreases compared with the obtained radius
of analyticity of H'-solutions, denoted by p.

Additionally, we investigate whether p depends only on the data or also on the solutions through their
H'-norms. To this end, we first consider the non-homogeneous case of the system (1), where f # 0 and

g #0.

Theorem 1.1. Let r > 0 and assume that the data in the non-homogeneous Boussinesq system (1) satisfy
(7) feG'®R®), geG M (R%, and geGP(R®).

Then there exists a parameter 0 < p < 2, depending only on ||ﬂ|G:1, lgllg-1s ||§HG and r, such that for

1
2

r

—

any finite-energy weak solution (@,60) € H'(R3) of the system (1), associated with f,g,& and satisfying the
energy control (/), it holds that

7€ GLRY), 0eGLRY), and P cG(R®)+GLRE).

It is interesting to observe that p is essentially smaller than r by a factor of % and, thanks to the energy

control (4), this radius of analyticity depends only on the data and is uniform for any associated H*-solution.
Of course, due to the identity (5), the pressure P also exhibits an analytic smoothing effect.
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Let us briefly explain the general strategy of the proof. Our main idea is to view the stationary Boussinesq
system (1) as a particular case of the time-dependent Boussinesq system:

—

0,7 — AT + Pdiv(i @ 0) = PW§) + P(H), div(s) =0, 00— AY+div(9 ) =g,
17(07 ) = 1707 19(07 ) = 1907

(®)

where, for ¢t > 0, (t,-) and (¢, -) denote the solution, ¥y and ¥ denote generic H' initial data, F(t, ), 9(t, )
and g(¢,-) are time-dependent external sources, and P stands for the well-known Leray projector.

By exploiting the Fujita-Kato theory of mild solutions in the space CtH;, and by designing suitable
external sources f(t,-), g(t,-) and g(¢,-) from the given Gevrey data f,g and g in Theorem 1.1, we prove

that the unique local-in-time solution (7,9) € C,H} arising from @, ¥y € H'(R®) exhibits an instantaneous
Gevrey smoothing effect for ¢t > 0.

On the other hand, observe that the stationary solution (@,6) € H'(R®) of the stationary system (1)
satisfies (@,0) € C,H} and also solves the evolution system (8) with initial data (@,6). Therefore, by
uniqueness we have (7,9) = (4, 9).

This Gevrey class regularity of solutions also implies other smoothing effects, measured in other relevant
functional spaces. We recall that, for s € R and 1 < p < +00, the homogeneous Sobolev space WP (R3) is
defined by the norm |(—A)2(-)||z». On the other hand, for s > 0 and 0 < o < 1, the Hélder space C*(R?)
consists of functions ¢ whose fractional derivatives (—A)2 ¢ are Holder continuous with parameter o.

Corollary 1.1. Under the same hypotheses as in Theorem 1.1, let k € N and assume in addition that the
data in equation (1) satisfy:

9) flg.& € WH(R?) nWH=(R?).
Then the following statements hold.
(1) For any 0 <s<k+2 and 6 < p < +oo, we have

ae WHP(R%), 0eWP(R®) and P e W*P(R?) 4 Wmin(stLE+1).p(R3)

(2) Additionally, for 0 <s<k+1ando:=1-— % >0 (where 6 < p < 4+00), we have
@eC*(R®), 0eC* (R and P eC*(R?) +Cminlsho(R3),

In (9), the parameter k quantifies the initial regularity of the data and determines the maximal gain of
regularity for solutions. More precisely, one can obtain a gain of order k + 2 in the Sobolev space framework
and of order k + 1 in the Holder space framework. This (expected) improvement of regularity arises from
the regularizing effects of the Laplacian operator appearing in both equations of the system (1).

Now, we turn our attention to the homogeneous case of the Boussinesq system (1), assuming from now
on that f = g = 0. For clarity of exposition, we rewrite the resulting system:

o) ~AG+div(i® @)+ VP =0g,  div(d) =0,
10
—AG + div(01) = 0.

In complete analogy with Theorem 1.1, we study the analytical smoothing effects of H*-solutions to this
system. Nevertheless, in contrast to our previous result, note that assuming the energy control (4) would
render the analysis trivial, since we would only be considering the null solution @ = 0 and # = 0. To
overcome this issue, we remove the energy control (4), and we are able to state the following result for the

homogeneous case.
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1 .
Theorem 1.2. For r > 0 assume that § € G? (R3). Then, for any weak solution (@,0) € H*(R3) of the
homogeneous Boussinesq system (10) associated with g, there exists a parameter 0 < o < 2{, which depends
on gy 1l 161 and v, such that

e GLRY), 0ecGLRY) and PeG}RY)+GLRY).

In contrast to Theorem 1.1, the obtained radius of analyticity p is no longer uniform and depends on the
H'-norm of the solutions. For this fundamental reason, we have decided to state each theorem separately,
even though the strategy of the proof is the same as presented above. Of course, Corollary 1.1 also holds for
the system (10).

As already mentioned and to the best of our knowledge, the uniqueness of H L_solutions, the so-called
Liouville-type problem, remains out of reach for both the coupled system (10) and the stationary homoge-
neous Navier-Stokes equations (3) when f = 0.

Briefly, multiplying the first equation in (10) by @ and the second equation by 6, and using the divergence-
free property of , an integration by parts formally yields

(11) / div(# ® @) - @dw = 0, / div(0@) 0 dz = 0,
R3 R3

from which

/ V@i?de=0 and / IVO|? dz = 0,
R3 R3

suggesting that @,0 € H L(R3) must satisfy & = 0 and # = 0. Nevertheless, the sole assumption that
0,4 € H'(R®) does not seem sufficient to rigorously justify the identities in (11), and this fact makes the
Liouville-type problem in the H'-space a difficult open problem.

For the particular case of the Navier-Stokes equations (3), there is a vast amount of literature devoted to
the study of the Liouville-type problem in very different functional settings; see e.g. [6, 8, 18, 19, 29] and the
references therein. Most of these works do not include the space H'(R?) due to the difficulties mentioned
above. In contrast, despite the large variety of these functional settings, the main idea behind them is that
a priori decay properties of solutions in the space variable, commonly characterized by Lebesgue, Lorentz,
Morrey, and related spaces, imply the identity @ = 0 for smooth C2-solutions of (3).

In this context, our second main contribution is to provide an application of the Gevrey smoothing effect
to the study of the Liouville-type problem for the system (10), and, as a by-product, for the equation (3),
in the critical space H'(R?).

In our next result, differing from the previously mentioned works, we show that H'-solutions to (10)
vanish identically, provided that an a priori control on the frequency variable holds.

Theorem 1.3. Let (@,0) € H'(R3) be a weak solution of the homogeneous Boussinesq system (10), associ-

1
ated with the gravitational acceleration g € G (R?) for some r > 0.

For any k € N, define the dyadic annulus
(12) G, = {g eR?: 2D < g < 2*’0} .
Let C' > 0 be a generic constant independent of k. If it holds that

(13) < C2k,

ad
L (6k) L= (6%)

then we have @ =0 and 8 = 0.
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We now briefly explain the idea of the proof in connection with the previous result. The hypothesis
that (#,0) € H'(R?) and g € Gr (R?) directly implies that (@,0) € G}(R?) thanks to Theorem 1.2. This
information, together with the low-frequency control given in assumption (13), allows us to derive sharp
estimates showing that (i7,0) € B! (R?).

This homogeneous Besov space plays an important role in the theoretical study of the Navier—Stokes
equations (both in the stationary and evolution cases), as it is the largest scale-invariant space for these
equations; see [3, 22] for further references.

Returning to our study, the fact that (@,0) € H'(R3) N B;O{OO(R?’) now justifies the identities in (11),
yielding ¥ = 0 and 6 = 0.

The frequency control on H'-solutions seems to be a new idea for exploring the Liouville-type problem.
To the best of our knowledge, this type of tool has only been used in the recent work [30]. Among other
interesting results, the Liouville-type problem is solved for H'-solutions of the Navier-Stokes equations
satisfying

(14) lim inf 2~ HskaH < foo,

k——oo Lo (R3)
where, for any k € Z, the operator Sk denotes the standard low-frequency cut-off operator in the homogeneous
Littlewood—Paley decomposition. See [30, Theorem 1.1 and Corollary 1.1] for details.

In the particular case when § = 0 and g = 0, Theorem 1.3 directly applies to the Navier—Stokes equations
(3) provided that any weak H'-solution satisfies (13). Comparing this assumption with (14), the main
difference is that in (13) we consider the L*°-norm in the Fourier variable, while in (14) this norm is taken in
the space variable. Moreover, in (14), when k& — —oco and consequently 27% — +o0, this control essentially
imposes a fast decay of ||Skﬁ||Loo(Rs). Conversely, in (13) we allow the quantity ||ZT||Lm(<gk) to grow like 2*
as k — +oo0.

Some conclusions and possible future research. As already mentioned, when 6 = 0 and g€ = 0
all the results stated above hold in the particular framework of the stationary Navier—Stokes equation (3),
providing new regularity criteria and a Liouville-type result for this equation.

Within the setting of the Boussinesq system (1), we highlight that the gravitational acceleration vector
g plays an important role in the present study through suitable decay and regularity assumptions on this
term. It is therefore natural to ask what happens when this term is replaced by the fixed vertical vector
€3 := (0,0, 1), which is also commonly used in Boussinesq models. To the best of our knowledge, the answer
to this question is not trivial in the case of the whole space R3.

The ideas presented above to study the Gevrey smoothing effect of stationary solutions could be adapted
to other relevant physical models in fluid dynamics. Some of them were mentioned in the Setting section.
From a mathematical point of view, we believe that the visco-elastic second-grade fluid model studied in
[27] is of particular interest, since, as highlighted in that work, the structure of this model presents weaker
regularizing effects, leading to new difficulties.

On the other hand, as pointed out in [30], it is also of interest to study new Liouville-type results under
frequency assumptions such as (13) and (14) for the fractional version of the Navier-Stokes equations and
related models.

Organization of the article. In Section 2 we summarize some well-known useful facts. Section 4 is
devoted to the proof of Theorem 1.1 and Corollary 1.1, while in Section 5 we give a short proof of Theorem
1.2. Finally, Section 6 is devoted to the proof of Theorem 1.3.
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2. PRELIMINARIES

In this section we summarize some well-known results that will be used in the sequel. We begin by stating
some heat kernel estimates. For a proof, see [22, Lemma 7.2].

Lemma 2.1 (Heat kernel estimates). The following estimates hold.
(1) Let ¢ € L} ([0, 400[, H'(R3)). For any t > 0, we have

loc
" t
|[ en2pmaar| < [ 1ol
0 H1 0

(2) Let ¢ € L2, ([0, +oo[, L*(R?)). For any t > 0, we have

loc
t t 3
| [ en2omaar| <o ([ otrolear)
0 H1 0

Next, we state the following fractional version of the Leibniz rule, known as the Kato—Ponce inequality.
A proof can be found in [16, 26].

Lemma 2.2 (Fractional Leibniz rule). Let s > 0, 1 < p < 400 and 1 < pg,p1,q0,q1 < +00. Then there
exists a constant C' > 0 such that

[(=A)2 (1 02)|| 1o S C |[(=A)2 01| 0y ll2llzre + Cllgrllza [[(=A)7 02|, -
i1, 1 _ 1,1
where;_m +:D2 T +qz'
Finally, we shall use the following result linking Morrey spaces and the Hlder regularity of functions. For

a proof see [14, Proposition 3.4]. Recall that for 1 < p < 400 the homogeneous Morrey space MLp (R3) is
defined as the space of locally finite Borel measures dyu such that

3

1
(15) sup Re 7/ dlpl(z) | < 4oo.
20€R3, R>0 |B(z0, R)| JB(wo,R)

Lemma 2.3 (Holder regularity). Let ¢ € S'(R3) such that Vo € MYP(R3), with p > 3. There exists a
constant C > 0 such that for all z,y € R we have

lo(x) — o) < CIVellyuplz —y' 7.
3. EXISTENCE OF FINITE-ENERGY WEAK SOLUTIONS: PROOF OF PROPOSITION 1.1

We consider the following approximate system. Let ¢ € C5°(R?) be a cut-off function satisfying ¢(z) = 1
when [z] <1, ¢() = 0 when |z > 2, and 0 < ¢(x) < 1 for all z € R®. For R > 1, we define ¢r(z) = ¢ ().
Then, for R > 1 consider the system:

— AT+ P((¢rid) - V(¢rd)) = P(pr0E) + f,  div(@) =0,

—A0 + ¢ri - V(ord) = g.

Observe that we have inserted ¢r as a multiplicative factor for both « and 6. In addition, for the sake of
simplicity, we have substituted the expressions div(# ® @) and div(0%) with (@ - V), and @ - V6.

(16)

Note that, as R — 400, solutions of this system formally converge to a solution of the original Boussinesq
system (1). In this framework, with R > 1 fixed, we begin by constructing solutions to the system (16).

We construct these solutions by means of Schaefer’s fixed-point theorem, stated below. For a proof, see
[22, Theorem 16.1].

Theorem 3.1 (Schaefer’s fixed point). Let E be a Banach space and let T : E — E be an operator satisfying:
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(1) T is continuous and compact.
(2) There exists a constant M > 0 such that, for any parameter 0 < X\ < 1, ife = X\T'(e), then |le|p < M.

Then, the fixed-point problem e = T'(e) admits at least one solution e € E.
In the setting of this theorem, we define the Banach space
E= {(a, 6) € HY(R?) : div(@) = o},
equipped with its usual norm.

On the other hand, we rewrite the system (16) as the following fixed-point problem:

—

i = —(=A)"P(((¢n) - V)éni) + (—A) P(6r0E) + (~2) 7 (f),

0 = —(=A)"(¢rii - V(or0)) + (-A)"!(9),

where, from the right-hand side, we define the operator

—

TR~( Z > _ —(—A)‘lﬂ”(((mﬁ)ﬁ)%a’) + (=A)'P(orOE) + (—A)"L(f)

—(=A)"Y(¢ril - V($r0)) + (—A) " (g)
In the next technical lemmas, we verify that the operator Tp g(-) fulfills all the hypotheses stated in
Theorem 3.1.

Lemma 3.1. Let R>1 and g € L2(R3) N Hz (R3). Then the operator Trg(-) : E — E is continuous and
compact.

Proof. We split the operator Tx g(-) as
. ( i ) ~(=8) P ((6n) - V)onid) + (=2) () . < (—2)"'P(¢r0 g) )
R,g 0 = . .
~(=8)7 (rT - V(6r0)) + (~A)(9) 0
By [22, Theorem 16.1] we know that the operator —(—A)_llP’((((bR{[) -§)¢Rﬁ) +(=A)"L(f) is continuous
and compact in the Banach space {# € H'(R?) : div(@) = 0}.
Since the operator —(—A)~! (¢ri- V(r0)) + (—A)~*(g) is structurally equal to the previous one (¢ and

=

g have the same hypotheses as @ and f), we also have that this operator is continuous and compact in the
space F defined above.

Consequently, it is sufficient to prove that the operator (—A)_llP’(quG g) is continuous and compact in
HY(R3). In the sequel, we will use a generic constant C' > 0, which depends on R and may change from one
line to the next.

Continuity. For any 6 € H*(R3), using the continuous embeddings L3 (R3) ¢ H~1(R3), H(R3) c L5(R3)

and Hélder inequalities (with 2 = & + 2), we directly obtain

[(=2)""P(¢rOE) ;1 <CllorbEll -1 < Cllorbgll, s < CliorllL=l10€ll, ¢
<Clolle 121, 3 < Clolln 1], 5.
Compactness. Let (0,)nen be a sequence in H'(R3) which, for any n € N, satisfies
a7) 00l < .

for a constant K > 0. We will prove that there exists a subsequence (60, )xen such that (fA)’llP’(gbR@nk §)
converges in the strong topology of H'(R?3).
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First, we prove that the sequence (¢z0n)nen is also uniformly bounded in H L(R?). Using Hélder inequal-
ities (with § = % + ¢) and (17), for any n € N we write

as) 1680 1 < CIV (@rOn) |22 < CI(VOR)0nl|z2 + |6rV 0| 12
< CIVorllrsllbullze + C lénll= Va2 < C [0allf < CK.

On the other hand, let Bgr := {z € R? : |z| < 8R}. We prove that there exists a subsequence such that
(¢ROn, )ken converges in the strong topology of LP(Bgg), for any 1 < p < 6.

Indeed, by definition of the cut-off function ¢g, for any n € N we have supp(¢rf,) C Bsgr. Then, the
desired convergence follows from the uniform bound proved in (18) and the RellichKondrashov theorem (see
[5, Theorem IX.16]) in the Sobolev space H'(Bsg).

With this convergence property at hand, the convergence of (—A)™*P(¢ g0y, g) follows from the following

inequality, where we also use Holder inequalities (with % = % + %) and the continuous embedding H 2 (R?) C
L3(R3) :

[(=2)"'P(¢r0n, §)|| 1 < ClloRIn, Ell -1 < ClloROn, Ell ¢ < Clléorbn,llz2 1EllLe < C llorbn, 2 €]l 3 -
Thus, we conclude the compactness of the operator (fA)*l]P’(qS RrO g’), and Lemma 3.1 is now proven. [
Lemma 3.2. For any parameter 0 < A < 1, let (i,0) € E be such that
(5)=xme(5)

Then, for a numerical constant C' > 0, it holds that
(19) @2 < C (Il &3+ 17152)  and 10l < Cllgln.
Proof. From the identity above, it follows that (i, #) satisfies the system

—Aii = —\P((¢riD) - V(pril)) + \P(pr0 ) + Af,  div(i) =0,

—AO = ARl - V(drb) + Ag.

As (@,0) € H'(R3), a standard energy estimate yields

(20) s =X [ 60 s+ MF. s
and
(21) 1613 = Algs6) -1

where, from the divergence-free property of i, we have used the identities
/ P((¢ri) - V(pra)) - @dr =0 and / G- V(ph)odx = 0.
R3 R3
From identity (21), as 0 < A < 1 and by the H~' — H' duality, we directly obtain

101172 < Cllgll g2

Thereafter, from identity (20), using the H-'— ! duality together with Holder inequalities (with 1 = % + %
and 3 =1 + 2), we write

1017, < Mlerogll g 1@lze + ClIN - 10 e < Mlorllz 101 ze €l 5 Iallze + 11z 1] o

<C0lgligl g 1@l g + Cllf -1 lall g < Cllgll - €1, g 10 g2 + ClLA - Ml g1
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hence, we obtain
Il < € (gl I8l 5+ 1715-1)
O
End of the proof of Proposition 1.1. With Lemmas 3.1 and 3.2 at hand, a direct application of Theorem

3.1 yields the existence of a solution (#, §) € E to the equation ( Z ) =Trg ( z )

Therefore, for fixed R > 1, it follows that the system (16) admits a solution (Zr,6r) € H'(R?). Moreover,
from (19), the family of solutions (@, r)r>1 is uniformly bounded in H!(IR3).

Using this uniform bound and applying a standard passing-to-the-limit argument as R — +oo (see, for
instance, [11, Theorem 4] and [22, Theorem 16.2]), we obtain a limit (@,0) € H'(R3). Moreover, using well-
known properties of the Leray projector (see [22, Lemma 6.3]), there exists P € D'(R?) such that (i, 6, P)
verifies the Boussinesq system (1) in the sense of distributions.

Finally, we study the pressure P given in (5). As @ € H'(R?), by product laws in homogeneous Sobolev
spaces we have that @ ® @ € Hz; therefore, we obtain ”P'IHH% < C’||i[||?{1 On the other hand, as 6 €

H'(R?) c LS(R%) and g € L3(R®), from Holder inequalities we have §g € L?(R®); hence, |Psllz <
CllOl 1€l zs < CNON g lIEl ;1 -

Proposition 1.1 is now proven.

4. ANALYTICITY OF WEAK HI—SOLUTIONS IN THE NON-HOMOGENEOUS CASE
4.1. Proof of Theorem 1.1. The proof is divided into the following steps.

Step 1. Fujita-Kato mild solutions for the evolution problem. We consider the evolution problem for the
Boussinesq system

Within this framework, we begin by constructing local-in-time solutions in the space CyH, L. The proof of
this result is standard and essentially follows the same arguments as in the case of the classical NavierStokes
equation (when ¢ = 0). See [22, Theorem 7.1]. Nevertheless, for the reader’s convenience, we provide a
sketch of the proof, including the estimates on P(¢ §).

Proposition 4.1. Let @, 9y € H*(R3), where div(7) = 0, f,g € c([o, 1HY(R?) and § € c([o, 1],H%(R3)),
Define the quantities

(22) 80.:=C (Ioll s + 190l 711 + Wl gorrs + lloll ers)  and 0 := Cdl

where C > 0 is a numerical constant. Then, there exists a time

1 1 1
2 To = — mi 1, — ——
(23) " 2“““( {050 (3770)2> >0,

and a pair (7,9) € C([0,Tp), H'(R?)) which is the unique solution of the system (8).

Proof. The system (8) can be rewritten in the following mild formulation:

t t
() = e+ / t=DAPF) (7, )dr — / =P div (5 © 7)(r, ) dr
0 0

(24) +/Ot e(th)AIP’(ﬁ g(r,))dr,

t t
It,) = ePy+ / et Ag(7, Ydr — / e div(9 T)(, -)dr,
0 0
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where 2 1= hy(-) * o, with hy(-) denoting the well-known heat kernel.
In order to construct a solution (1, ¥) of this system, we use the following version of the Picard fixed-point
scheme. For a proof, see [9, Theorem 3.2].

Theorem 4.1 (Picard’s fixed-point). Let (E,|| - ||g) be a Banach space and ey € E. Let |leo||lp < 0.
Moreover, let B: Ex E — E be a bilinear form and L : E — E be a linear form such that, for any e, f € E,

they satisfy.
1B(e; f)le < Callelle|lfllz  and|L(e)llz < CLllel| e
If the constants Cp > 0 and Cr, > 0 satisfy:

1
(25) 0<CL<§, 0<9Cg <1 and CL+6($CB<1,

then the equation
e=-¢eo9+ Ble,e) + L(e),
admits a solution e € E, which is uniquely determined by |le||g < 30.

Within the framework of this theorem, we define the expressions:

t
; e + /0 eDAPF) (7, )dr
(26) e:= ( ) , €o =
¥

_ t e(t—T)AIP’diV(U® 0)(1,-)dT te(t—T)A .
(27) B(e,e) := /0 L) = /0 P g(r,-))d

t
— / DA div(9 7 (7, -)dr 0
0

Thereafter, for a time 0 < T' < 1, which we will later fix as in (23), we consider the Banach space

By = (C((0,T), H'(®®) x (10, T], 1 (®), llellr := 17 e + 191 ) -

t
e, +/ e(t_T)Ag(T7 dr
0

In the following technical lemmas, we estimate each term defined above in the norm || - || ...

Lemma 4.1. Let ey be defined as in (26) and let § > 0 be the quantity defined in (22). For 0 < T <1 the
following estimate holds:
leoll 2 < 6.

The proof of this estimate directly follows from well-known properties of the heat kernel and the first part
of Lemma 2.1 to deal with the external forces terms.

Lemma 4.2. Let B(-,-) be the bilinear form defined in (27). Then, it holds that:
1
1B(e,e)ller < CTHel s, lleller
with C' > 0 a numerical constant.

Proof. Note that both components of B(-,-) are completely similar in their structure. Consequently, it is
enough to focus on the first one. For 0 < ¢t < T fixed, using well-known properties of the heat kernel and
the Leray projector, we write

dr

t
/ e=NAPAiv (7 @ 7)(r, -)dr L

<c/ H|£|2e (t=7)

< ¢ [ g el

(28) H

~

I (SHGEGICS! dTgc/O (t=m)"F |5 T(r, )|, dr.
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Then, by the product laws in homogeneous Sobolev spaces, we obtain

t t
¢ [(t=ry 170 a )l dr <O [ (=)l 15 Y d

t 2
sc(/ <t—r>—idf) ( sup |v<r,->H1) < OTHe|%,.
0

0<7<T

(29)

from which the desired estimate follows. O
Lemma 4.3. Let L(-) be the linear form defined in (27), where § € CtHI%, Then, we have
1o
L@y < CTH,_ 4 el

Proof. For 0 < t < T fixed, using the second part of Lemma 2.1, Hlder inequalities (with % = é—i— %) together

with the continuous Sobolev embedding H'(R3) ¢ L5(R3) and Hz (R3) c L3(R3), we write
¢
‘ [ o p ) ar

0
1 - 1.
<ot ( sup ||19<T,->|Le||g||m) <OTHE .y leller
0<r<t Ly Hy

< C19§m < Ot ( sup [[9(r, ~>a|m)

H 0<r<t

O

Returning to the framework of Theorem 4.1, from Lemmas 4.2 and 4.3 we define Cp := CT1 and
CL:=CT= ||§||L b respectively. Then, setting the time T" as in Ty, we satisfy all the conditions stated in
t

T

(25), yielding the existence of a solution (¥, %) € C([0, To], H'(R?)) to the system (24).

The uniqueness of this solution follows from known arguments as in [22, Proposition 7.1]. Proposition 4.1
is thus proven. ([l

Step 2. Geuvrey estimates for Fujita-Kato mild solutions. In the following proposition, we prove that
the solution obtained in the proposition above belongs to a certain Gevrey class, provided that the external
forces f, g and the gravitational acceleration g satisfy additional Gevrey regularity. To this end, for the
parameter r > 0, recall that we define the operator erm() by the symbol erVilel,

Proposition 4.2. Under the same hypotheses as in Proposition 4.1, let v > 0 be a parameter and assume
in addition that

(30) VIR (F, g) €C([0,1], H\(R%)) and V"2 gec(0,1], B3 (R3).

Define the quantities

. r? = . . rv—tA rv/—tA
(31) b= (e 4 1) (Wl + Wl + 57+ e, )
and
L rv/—tA 2
(32) m=C e g

where C > 0 is a numerical constant. Then, for the time 0 < Ty < 1 given in (23), there exists a time

1 1 1
33 Ty =-min(1, — —— ) <,
(33) =3 ( 05,)7 (3771)2> 0

such that the solution (%,9) € C([0,To], H'(R®)) of the system (8), constructed in Proposition j.1, satisfies
(34) eI (5,9) € C(]0,T1], H'(R?)).
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Proof. We begin by explaining the general strategy of the proof. Using the formalism of the fixed-point
problem

e =eg+ Blu,u) + L(e),
defined in (26) and (27), for a time 0 < T" < T, < 1, which we will later fix as T;, we shall construct a
solution e := (9, 9) via Picard’s fixed-point argument (see again Theorem 4.1) in the Banach space

rv —tA

e

Fr = {‘F’ € C([0.T), H'(R?)) : V"2 € C(10,T], H'(R?)) and |||y, 1=

< .
Qp‘ Lo H +oo}
Thereafter, since we have the continuous embedding Fr C C([O,Tl],H 1(R3)), the uniqueness of solutions
in this larger space yields the identity (7,7) = (@,7) in the interval of time [0,7}]. From this identity, we

obtain the desired conclusion (34).

Lemma 4.4. Let 7,99 € H'(R?), f,g € C([0,1], H'(R®)) be the same initial data as in Proposition 4.1,
and let eq defined in (26). Assume (30) and define the quantity §1 as in (31). Then, for 0 < T <1 it holds
that

leollpp < 01

Proof. For y € H'(R?), using well-known properties of the heat kernel, for 0 < t < T we write

er\/—tAetAUOH = H |§‘erﬁ\f\e—t\£|2%0
H! L?
_ H |£‘er|ﬁf\*\\/{§|2%()‘ . ) + H |§|er\\/f§\*|\/iﬁ|2%0 , -
r2(Jel< ) L2 (1g1> %)

For the first term, since |¢| < 2=, we have erVIEI=IVEEP < erIViEl < ¢ For the second term, since |¢] >
we obtain 7|v/Z€| — [v€|? < 0, hence "l VIEI=IVEEP < 1.

r_
Vi

The expression ‘ eV _tAetAﬂOHHl follows from the same arguments. Therefore, we can write
+

‘ Ly H?

On the other hand, by assumption (30), the first part of Lemma 2.1 and as 0 < T < 1, we directly obtain

' t
oVIA (/ e(tf-r)A]P)(F)(T’ ~)d7’) . JREVETIN </ e(t—‘r)Ag(T7 .)d’7'>
0 Lo Hy 0

=¢ (‘ L?H;>'

Lemma 4.5. Let B(-,-) be the bilinear form defined in (27). Then it holds that

1
||B(e7e)||FT <CT+ ||e||FT HeHFT'

eV —tAetA 7—)'0

2 —
VT2gg|| <@ 1) (0l Dol

+

L HL

rv—tA

ermﬂ

o+
L HY,

eV

Proof. The proof follows the same arguments as in the proof of Lemma 4.2. From the estimates given in
(28) and well-known properties of the heat kernel, for any © € Fr we write

‘ t
RAVEIN (/ e=MAPdiv (T ® U)(T,~)d7> ’ < C/ (t—7)73
1 0

0
To control the last expression, observe that for any &, € R? we have erVilel < er‘/ﬂi_"'e“/ﬂ"‘; hence we
obtain the pointwise inequality

er\/z|f|(5*5)(7_7€)‘ < ((e’“ﬁlélﬁl) « (ermfua)) (1,9).

dr.

[ €1 eVl G < D), )|

L2

(35)
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Using this inequality and following the same arguments as in (29), we have

t
c/@—r)—% €2 eV HIG D) (r, )| | dr
0 L2
t
— o3 et ((ervies rVaEl (5 ‘
<o [=nt[et (V@) « (VI9R0)) o), dr
gc/t(t—T)—i (i) (efﬂf|5|)v(7,-)H dr
0 g3
t . o\ V A\ V
<c [w-n | (@) o | () @) o
0 i i
t
:C’/ (t—7)7% etvitA’ﬁ(T")H_ etvitA’lj(T")H_ dr
0 H1 At
<CTH |ellf,.
t
The other term / e=MAdiv(J 6)(r, -)dr is treated in the same manner. O
0

Lemma 4.6. Let L(-) be the linear form defined in (27), where § € CtHw%, Assume (30) and define my as in
(32). Then, it holds that

1
IL(e)lpr <m T |le]| oy
Proof. Applying the second part of Lemma 2.1 and the pointwise inequality

(36) VG £ (&) < (e 0)) « (eT)) ) (7,8),

we write

t
VTR ( / =IAP(y(7, ) g)dT)H <c|
H1

0

o (53)

LiL;

< C‘ (ervaela) (Vi)

LIL3
From Hélder’s inequalities (with £ = & 4 1), together with the continuous Sobolev embeddings HY(R3) C
LS(R3) and H2(R3) C L3(R?), we obtain

C’ (erﬁ|s||3|)v (ewﬂa@)v <Cit ’ (erﬁ|s||5|)v (erm&@)v
LIL2 Lo Lg L L3
1 ~\V =\ V
<CT? (er\/f|§||§|> (erx/f|§||19|>
L& HZ Ly H}
—COT= er\/—tAg' er\/_tAqg‘
L°H2 L H1
<m T |lellr,
O
With Lemmas 4.4, 4.5, and 4.6 at hand, we set the time T" to be Ty given in (33). Proposition 4.2 now
follows from Theorem 4.1. O

Step 3. Gevrey regularity for H'-stationary solutions. Let (u,0) € HI(R?’) be a solution of the stationary
Boussinesq system (1) associated with the external forces f,g € H~1(R?) and the gravitational acceleration
g e L3(R3) N Hz2(R3).
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Lemma 4.7. Assume that f,g and g satisfy (7) for a parameter r > 0. For any 0 <t <1, define
?(tv ) = ei% - (6% 7tAfﬂ) ) g(ta ) = 67% —a (6 3 7tAg)

gt ) := e~ FVIA ( *mg) )

Then it holds that §,g € c([o, 1],H1(]R3)), g € C([o, 1],H%(R3)), and they satisfy (30) with the parameter
2{. More precisely, there ezists a constant C, > 0, depending only on r, such that

o, ),

Proof. Since f,g and g are tlme independent functions, and since we have the continuous embeddings
Glzr \[( 3) ¢ H'(R?) and G; \[( 3) € Hz(R3), it is sufficient to verify that f,g, and g satisfy (30) with

the parameter %

3

e < Iy

and He%mg‘

co fr1 —1
L H! =

2r

For f(t,-) and g(t,-), for any 0 < ¢ < 1 we write

1£|%e 2(Z V)l

(e 0 + e, ) de
= [P0 (1o + o) de
< [ 1epel¥el (1Flor +aer) de

/ €] 2 ¢ e?l (|}”<5>|2+|§<5>|2) de

<23r) /e (IF0F + o)
= (2) / lfl‘le?"%ﬁ' (l?@)? - |a<5>2) ¢

<G (ﬁg) Hi;l '

For (t,-), as 0 < t < 1 we have vt < 3. We thus write

—» 23
6y = [ 169 Feof e < [ el

Since we have f,g € c([o, 1],H1(R3)) and § € C([0, 1],H%(R3)), within the framework of Proposition
4.1 we set the initial data (o, Vo) = (@, 0), which yields a time 0 < Ty < 1 and a unique solution (7,9) €
C([0, Ty}, H' (R?)) for the evolution Boussinesq system (8).

1
G&
3

g©) de <P,

o

O

Additionally, since f,g, and ¢ satisfy (30) with the parameter =L, Proposition 4.2 ensures the existence of
a time 0 < T7 < T} such that

e® VIR (5,9) € ([0, Ta], H(R?)).

On the other hand, observe that the stationary solution (@, 0) € H'(R3) satisfies (i, 6) € C([0, Tp], H' (R3))
and also solves the evolution Boussinesq system (8) with initial data (u,6). Therefore, by uniqueness we
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have (0,¢) = (i, 0), and hence we can write
5V (@,0) e ([0, Th), HY(R?)).

At this point, recall that the time T3, defined in (33), depends on the quantity d; given in (31), which
ultimately depends on the H!'-norms of the initial data in (8). In the present case, the quantity J; depends
on ||| g2 and [[0]] g1 -

In order to make the time 77 independent of the solution (i, ), we proceed as follows. Assuming the
energy estimate (4) and using the first control given in (37), we redefine the quantity d; as

(79)]...)

Similarly, for the quantity 7; given in (32), using the second control in (37), we redefine

r2 o £
o1i= 0 +1) (ol 18l 5 + 17l + lallaos +

m = CT||§||G§ :
Thereafter, the time 7} given in (33) no longer depends on (, 6).

In this setting, since (u, ) are time-independent functions, by fixing t = T} and setting p := 2{Tl, we
conclude that
(u,0) € G})(RB).
Finally, for the pressure term P characterized in (5), from the pointwise inequality (35) and the product
laws in homogeneous Sobolev spaces, we have

HPﬁHGé < C’HFLH%:;'

Similarly, from the pointwise inequality (36) and the fact that p < r, we obtain
I1Bsllc; < C 161y 121 43 < C 6l 1],y
Theorem 1.1 is now proven.

4.2. Proof of Corollary 1.1.

4.2.1. First part. For clarity, we divide the proof into the following steps, which are established in the next
technical propositions.

Step 1. Global boundedness of @ and 6. From Theorem 1.1 we have that (@,0) € G}(R?). Using this
fact, we obtain the following result.

Proposition 4.3. It holds that (5, é\) € LY(R3) and consequently (i,0) € L>°(R3).

Proof. Since @ and 0 satisfy the same hypothesis, it is enough to focus on the second function. Applying the
Cauchy-Schwarz inequality, we write

[ arde= [ jertene Ifep'5'5(£)ld§§( / |§|2e29'f'd5)2< / |s|2e2ﬂ'€'|5<£>|2ds)2<+oo.
R3 R3 R3 R3
[}

Step 2. Higher-order derivative estimates. Since (@,60) € H'(R?) ¢ L5(R®) and (@,0) € L®(R?), we
have (i,0) € LP(R?) for any 6 < p < +o0o. Then we will prove that (i, 0) € W*+2P(R3), which yields the
desired result by standard interpolation in homogeneous Sobolev spaces.

Proposition 4.4. For k € N assume (9). Then, for any 6 < p < +0o, we have (,0) € WFt22(R3).
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Proof. Observe that (i, ) can be rewritten as the fixed-point equations:
0 = —(=A)"'div(0a) + (-A) " (9),
@ = —(—A)""Pdiv(@ ® @) + (~A) () + (~A)'P(4g).

We will use these equations to prove that, for any multi-index |a| < k + 2, we have (9“1, 0%0) € LP(R3).
To this end, in the following technical lemmas we perform an iteration process with respect to |a].

(38)

Lemma 4.8 (The initial case for k = 0). Assuming (9) and since (ii,0) € H'(R*)NL®(R3), for any |a| < 2
and 6 < p < +o0, we have (0%, 0*0) € LP(R3).
Proof. For clarity, we consider the cases || = 1 and |a| = 2 separately.
e Let || = 1. From the first equation in (38), we write
0%0 = —(—A)"1o*div(0 @) + (—A)~19%(g),
where we must verify that each term on the right-hand side belongs to LP(R3).

For the first term, since (i,0) € LP(R?) N L>°(R3) we have 6@ € LP(R?), and since the operator
—(—A)~'9*div(-) can be written as a linear combination of the Riesz transforms R;R; (where
R; := (—A)"20;), we obtain that —(—A)~19div(6 @) € LP(R3).

For the second term, since g € G, *(R?) also satisfies (9), we have
g€ GIIRHNWL2R?) c A Y(R?) n W b>(R?) ¢ W~LP(R?),
which implies that (—A)~*9%(g) € LP(R?). Collecting these facts, we obtain that 6 € W'?(R?).
Similarly, from the second equation in (38) we write
9% = —(—A)"'PEdiv(d @ @) + (—A)TLO%(f) + (—A) T Po” (08).
The first and the second terms follow from the same arguments as above. For the third term, observe

1 .
first that we have g € G# (R?) C Hz(R?) C L3(R3). Then, by well-known properties of the Riesz
transform, the Hardy-Littlewood—Sobolev inequalities and Holder’s inequality, and since § € LP(R?)
for any 6 < p < 400, we obtain

I(=2)7'PO*(08)]l1r < Cl(=A)"2(08)1» < Clogl, g <Cloller gl s

3+p
We thus obtain that @ € W1P(R3).

o Let |a| = 2. We split o = a3 + aa, where |o;| = |aa| = 1. Then, since (@, ) € W'?(R?) N L>®°(R?),
we can write

[(=A)~todiv(0@)||Lr = ||(=A) "0 divO*2 (0 @)||L» < C||0°2(0)]||Lr
< C (l[tllyirr.p 1101 Lo + 122l oo [101lyir10) -
Similarly, we have
[(=A)""Po*div(d ® @) e < Cllillyiap [[@] Lo

For the remaining terms in the system (38), observe that the operators (—A)~1P9%(-) and
(—=A)719%(-) can be written as linear combinations of Riesz transforms. Consequently, the desired
result follows from the already known properties of 0, f, g and &.

(]

Lemma 4.9 (The iterative process for k > 1). Assume (9). In addition, for 1 < m <k and for any |a| < m,
assume that (0%, 0*0) € LP(R3) for any 6 < p < +00. Then the result also holds for |a| < k + 2.
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Proof. The proof follows very similar arguments to those used in the proof of the previous lemma. For the
reader’s convenience, we only sketch the main estimates for |a| < k + 1.

In the system (38), we first consider the bilinear terms involving # and 6, then the linear term involving
0 and g, and finally the data terms involving f and g.

By splitting oo = g + ag, where |a;| = 1 and |az| = k, and using the Leibniz rule, we write
H(—A)—laa div((‘)ﬂ‘)HLp = ||(—A)_18a1 div@az(Qﬁ)HLP < Co*2(09)| e
<C Y Canpl0®00> i, ,
|B|<k

where C,, g > 0 is a numerical constant depending on the multi-indices oz and 3. From our assumption on
@ and 6, we have 070 € L% (R3) and 0°2 P4 € L?P(R?) (just write 2p instead of p). Therefore, by Holder’s
inequality, we obtain

C Y Cosis 000, <€ 3 Con |00l 075 ., < 0.
IBI<k 1Bl<k
As before, the term (—A)~'Pdiv(# ® @) follows the same estimates.
For the term (—A)~'P9*(6 g), we split @ = a; + g, where |oq| = 2 and |az| = k — 1. Then, using the

same arguments as above we write

[(=2)"Po* (08) ]| ,p < Cl0**(0E)llr <C D Canp

1Bl<k—1

1070 L2n |0°2 78] 2.

Here, the term [|0%2~Ag| 12 is well-controlled since we can verify that

(39) geW™P(R3),  forany 1 <m <kand6<p< +oc.

1 .
Indeed, since g € G7? (R3), we first obtain that g € W™?2(R3) by writing

/ FGRE / JgPmre el gl eriel g e) [2de
R3 R3

< <sup |§2’"—1e—2r'5'> / 1€1e271€1|&(¢)|2dE < oo
R3

£ER?

Thereafter, from assumption (9) we also have that g € W™ (R?), which yields g € W™?(R3) for any
6 <p<+oo.

For the term (—A)~10%(f, g), recall that we have (f,g) € G;71(R3) and, by assumption (9), we also have
(f,g) € WF=1.(R3). Therefore, following the arguments above, we obtain (f,g) € W*~1P(R3). Thereafter,
we split & = a; + ag, where |ag| =2 and |as| = k — 1, to get

I(=2)710*(f9)llzr < C10°*(f,9)lzr < CI(F-9)llyirn—r.r-

We thus obtain that (@,0) € W*t1P(R3) and, by repeating this process, we reach the desired conclusion
(@,0) € Wkt2p(R3), O

From Lemmas 4.8 and 4.9, we conclude the proof of Proposition 4.4. (I
To complete the proof of the first part of Corollary 1.1, we study the regularity of the pressure P.

Lemma 4.10. Let P be the pressure term characterized in (5) through i,0 and g. Since (ii,0) € LP(R3) N
L= (R?) N WET2P(R?) and & satisfies (9), it holds that P € LP(R3) N WHF+2P(R3) 4 LP(R3) N WHF—LP(R3).
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Proof. From (5) we have
P = (—A)"tdiv (div(d ® @) — (—A) " 'div(d g) := Py + Py.

For the first term on the right-hand side, since @ € LP(R3) N L>°(R3) N W*+2P(R3), applying Hélder
inequalities and Lemma 2.2 (with py = ¢2 = p, po = ¢1 = o0 and s = k + 2) we obtain that P; €
LP(R?) N WHE+2P(R3).

For the second term, on the one hand recall that § € LP(R3) N L (R3) N W**2?(R3). On the other hand,

1
since g € G7 (R?), following the same arguments as in the proof of Proposition 4.3, we have g € L>=(R3).
Additionally, by (39) we have g € Wkp(R3). Thereafter, using again Holder inequalities and Lemma 2.2,
we obtain 0 g € LP(R3) N W*P(R?), which yields Py € WHP(R3) N Wk+LP(R3). O

The first part of Corollary 1.1 is thus proven.
4.2.2. Second part. Holder regularity of weak H'-solutions is now a direct consequence of the first part of
Corollary 1.1 and Lemma 2.3.

Recall that the Lebesgue space LP(R3) continuously embeds into the Morrey space MLp (R3) defined in
(15). Therefore, for any 0 < s < k+1 and 6 < p < 400, defining o :=1 — %, we write

+ 9” [z —y|7.
p

(=25 (6(x) = 0(y))| < CIIV(=2)30 s |7 — 7 < C

[EN

Similarly, for the velocity @ and the pressure P we obtain that @ € C*°(R?®) and P € C*°(R?) +
Cmin(s:k).o (R3) respectively. The second part of Corollary 1.1 is now proven.

5. ANALYTICITY OF WEAK Hl-SOLUTIONS IN THE HOMOGENEOUS CASE: PROOF OF THEOREM 1.2

The proof essentially follows the same steps as in the proof of Theorem 1.1. Consequently, we only detail
the main points.

First, we state a unified analogous version of Propositions 4.1 and 4.2 for the evolution homogeneous
Boussinesq system:

00 — AT+ Pdiv(f® ) =PW§), div(d) =0,
(40) 9,9 — AV + div(9§) = 0,
17(07 ) = 1707 19(0, ) = 190'

Proposition 5.1. Let 7,99 € H'(R?) with div(¥) = 0, and let § € c([o, 1],H%(R3)), Then the following
statements hold:
(1) Define the quantities

. - 1 . 1 1
do .= C (||Uo]l g2 + Dol 1), 1m0 := C”gHLch;%’ and Ty := 5 min (1, ) .
Then the system (40) has a unique solution (¥,9) € C([0,To], H'(R?)).

1
(2) Letr >0, and assume in addition that § € G? (R?). Define
2 R /IA =
o= Ce” +1) ([Tl + [10oll ), m = Clle™ "]

1 1 1
T) := - min <T0, S ) .

1’
oo Fr2
L°H 2

2 (901)*" (3m1)?
Then the solution obtained in the first part satisfies

eV (5,9) € (0, Th], H(R?)).
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Within this framework, for any solution (@, ) € H'(R?) of the homogeneous Boussinesq system (10), we
proceed as in Step 3 of the proof of Theorem 1.1. Nevertheless, in this case the time 77 depends on ||| 71,
16| g2, and H§||G_%. Consequently, the quantity

2r
=T
0 3 15

also depends on ||| 1 and ||0]| 1. This completes the proof of Theorem 1.2.

6. LIOUVILLE-TYPE THEOREM FOR WEAK HI—SOLUTIONS: PROOF OF THEOREM 1.3

. 1
Let (i7,60) € HY(R3) be a weak solution of the system (24), with g € G? (R3) for some fixed 7 > 0. Then,
by Theorem 1.2, there exists 0 < p < 22—’” such that

(,0) € G;(Rg).
With this fact, from Proposition 4.3 it holds that
(E’, (?) e L(R%).

Using this information, we can prove the following technical result. Here we recall that the homogeneous
Besov space B! (R?) is defined as the space of tempered distributions ¢ € §'(R?) satisfying

1
ol =1 == supt2 et2 || < +00.
: >0

Lemma 6.1. Let (5’, é\) € LY(R?). Assume in addition that (13) holds. Then, we have (i,0) € B;O{OO(RS),

Proof. Let t > 0. Then, we write

1 = 1 _ 2 [ A 1 _ 2 _ ~ A
th | @0)] . <t? e (@) =1} |igle "1 (79)
12 SR L SR
-l e @), <] e )
Ll Lo L1
<c e @),
L1
To control this last expression, we split
-1 (57 -1 (57 -1 (55
=1 @)y = 1697 @Oy = 4 2
H 1 (i o =IOy TR0y = 11 52

where we estimate each term separately.

To study I, for any k¥ € N we consider the annulus % defined in (12) and use the following dyadic

decomposition
n=Y [ le (@6) @
2, o ()

By definition of %}, for any £ € € we have 2~ (F+1) < €] <27% hence |¢|~1 < 25!, Then we obtain

o k1 >0 S~ (7.5
neyo [ (@0)@i<c 22 [(@9)],. (/%)

—+oo +oo
<oy 2@, 2 e @), . -
- kzzo A RS N kzzo M pe



22 NESTOR ACEVEDO, MANUEL FERNANDO CORTEZ AND OSCAR JARRIN

Finally, by assumption (13), we have

+oo +oo
L<CY 272k =0 Y a7k < oo,
k=0 k=0

A

To study I, since (ﬁ’, 9) € LY(R?) and [¢] > 1, we directly have

<)@

+00.

Li(j¢1>1)
O

Once we have that (i, 0) € BO_O{OO(R?’), the proof of Proposition 77 concludes as follows. As we also have
(7,0) € H'(R®), applying the improved Sobolev inequalities (see [13]) we can write

I(@, 0)]]2, < +oc.

1@, 0)[| Lo < ClI(@, 0)I1 % 15

Hfé;ol.oo

Returning to the second equation in the Boussinesq system (10), as (i, 6) € L*(R3), a simple computation
yields that div(@ @) € H~*(R?). From a standard energy estimate we find that [5, [V6]? dz = 0, which implies
that # = 0 due to the well-known Sobolev embedding H'(R?) c LS(R?).

Once we have 6 = 0, the first equation of the Boussinesq system (10) reduces to the classical NavierStokes
equations, where the fact that @ € L*(R?) together with its divergence-free property yields that i = 0. See
[8, Theorem 1].

Theorem 1.3 is proven.

Statements and Declaration. Data sharing does not apply to this article as no datasets were generated
or analyzed during the current study. In addition, the authors declare that they have no conflicts of interest,
and all of them have equally contributed to this paper.

REFERENCES

[1] P. Acevedo, C. Amrouche & C. Conca. Boussinesq system with non-homogeneous boundary conditions. Applied Mathe-
matics Letters, Volume 53: 39-44 (2016).
[2] A. Biswas Gevrey regularity for a class of dissipative equations with applications to decay. J. Differential Equations, 253:
2739-2764 (2012).
[3] J. Bourgain and N. Pavlovié¢. Ill-posedness of the NavierStokes equations in a critical space in 3D, J. Funct. Anal. 255
no. 9, 2233-2247. (2008).
[4] J. Boussinesq. Thorie analytique de la chaleur: mise en harmonie avec la thermodynamique et avec la thorie mcanique de
la lumire. Volume 2. Gauthier-Villars, Paris, (1903).
[5] H. Brezis. Analyse Fonctionnelle, Thorie et applications. Dunod, (1999).
[6] D. Chae and J. Wolf. On Liouville type theorems for the steady NavierStokes equations in R3. J. Differ. Equ. 261, 55415560,
(2016).
[7] D. Chamorro, O. Jarrn, and P.-G. Lemari-Rieusset. Frequency decay for NavierStokes stationary solutions C. R. Math.
Acad. Sci. Paris 357 (2), 175179, (2019).
[8] D. Chamorro, O. Jarrn, and P.-G. Lemarié-Rieusset. Some Liouville theorems for stationary NavierStokes equations in
Lebesgue and Morrey spaces. Ann. Inst. H. Poincar Anal. Non Linaire 38 (3), 689710 (2021).
[9] D. Chamorro and M. Yangari. Some ezistence and regularity results for a non-local transport-diffusion equation with
fractional derivatives in time and space. J. Differ. Equ. 428: 389421 (2025).
[10] S. Chandrasekhar. Hydrodynamic and Hydromagnetic Stability. The International Series of Monographs on Physics. Claren-
don Press, Oxford, (1961).
[11] M. F. Cortez and O. Jarrn and. On the long-time behavior for a damped Navier-Stokes-Bardina model. Discrete Contin.
Dyn. Syst. 42, no. 8, 36613707 (2022).
[12] C. Foias and R. Temam. Gevrey class regularity for the solutions of the Navier-Stokes equations. J. Funct. Anal, 8T7:
359-369 (1989).
[13] P. Gérard, Y. Meyer and F. Oru. Improved Sobolev inequalities. Seminary of partial differential equations. Vol. 1-8 (1996-
1997).



STATIONARY GRAVITATIONAL BOUSSINESQ SYSTEM 23

[14] Y. Giga and T. Miyakawa. Navier-stokes flow in R3 with measures as initial vorticity and morrey spaces. Communications

in Partial Differential Equations, 14:5, 577-618 (1989).

[15] M.I. Gil. Solvability of a system of stationary Boussinesq equations. J. Differential Equations 271: 13771382 (1991).
[16] L. Grafakos and S. Oh. The KatoPonce inequality. Comm. Partial Differential Equations 39, no. 6, 1128-1157 (2014).
[17] B. Guo and B. Wang. Gevrey class regularity and approzimate inertial manifolds for the NewtonBoussinesq equations

(18]
(19]
20]
(21]

[22]
(23]

[24]
[25]
[26]
27]
28]
[29]
(30]

(31]
(32]

Chinese Ann. Math. Ser. B 19 (2), 179188, (1998).

O. Jarrn. A remark on the Liouville problem for stationary NavierStokes equations in Lorentz and Morrey spaces. J. Math.
Anal. Appl. 486, 123871, (2020)

O. Jarrn. A short note on the Liouville problem for the steady-state NavierStokes equations. Arch. Math. 121, 303315,
(2023).

V. K. Kalantarov, B. Levant, and E. S. Titi. Gevrey regularity for the attractor of the 3D NavierStokesVoigt equations.
J. Nonlinear Sci. 19 (2), 133152, (2009).

H. Kim, The existence and uniqueness of very weak solutions of the stationary Boussinesq system, Nonlinear Anal. 75 (1),
317330, (2012).

P.G. Lemarié-Rieusset. The Navier-Stokes Problem in the 21st Century. Chapman & Hall/CRC, (2016).

Q. Li, P. Wang, and X. Xu, Local well-posedness in Gevrey function spaces for 3D Boussinesq boundary layer system, J.
Differential Equations 450, 113725, (2026).

H. Morimoto. On the existence of weak solutions of equation of natural convection. J. Fac. Sci. Univ. Tokyo 36: 87102
(1989).

H. Morimoto, On the existence and uniqueness of the stationary solution to the equations of natural convection. Tokyo J.
Math. 14: 365375 (1991).

V. Naibo and A. Thomson. CoifmanMeyer multipliers: Leibniz-type rules and applications to scattering of solutions to
PDEs. Trans. Amer. Math. Soc. 372, no. 8, 54535481 (2019).

M. Paicu and V. Vicol. Analyticity and Gevrey-class regularity for the second-grade fluid equations. J. Math. Fluid Mech.,
13: 533-555 (2011).

J. Pedlosky. Geophysical Fluid Dynamics. 2nd ed., Springer, (1987).

G. Seregin. Liouville type theorem for stationary NavierStokes equations Nonlinearity 29, 21912195, (2016).

W. Tan, New Liouville type theorems for the stationary NavierStokes equations, arXiv:2501.03609 (2025).

G. K. Vallis. Atmospheric and Oceanic Fluid Dynamics. 2nd ed., Cambridge University Press, (2017).

Y. Zhou. Analytical smoothing effect of solution for the Boussinesq equations. Acta Math. Sin. (Engl. Ser.) 24 (11),
1777-1790, (2008).

E-mail address: nestor.acevedo@udla.edu.ec
E-mail address: manuel.cortez@epn.edu.ec
E-mail address: oscar.jarrin@udla.edu.ec



	1. Introduction
	2. Preliminaries
	3. Existence of finite-energy weak solutions: proof of Proposition 1.1
	4. Analyticity of weak 1-solutions in the non-homogeneous case
	4.1. Proof of Theorem 1.1
	4.2. Proof of Corollary 1.1

	5. Analyticity of weak 1-solutions in the homogeneous case: proof of Theorem 1.2
	6. Liouville-type theorem for weak 1-solutions: proof of Theorem 1.3
	References

