PRESCRIPTION OF MULTIVARIATE MULTIFRACTAL BEHAVIOR

DANNY MALLITASIG

ABSTRACT. We present a result on the prescription of the bivariate multifractal spectrum of
two increasing and continuous functions. Then we explain how to prescribe the homogeneous
bivariate case. Finally, we generalize the main result to the multivariate case.

1. INTRODUCTION

Multifractal analysis mainly focuses on describing the local behaviors of a function, measure, or
stochastic process X on R?. In this context, the pointwise behavior of X at € R? is measured by
an exponent hx (x), which depends on the nature of the object. Then, one computes the mapping
ox (the multifractal or singularity spectrum of X) defined by

(1) ox(s) = dimy(Ex(s)), where Ex(s)={zecR?:hx(z)=s},se (0,400,

where dimy stands for the Hausdorff dimension. This mapping provides a hierarchy among the
level sets Ex(s), according to their size, measured by their Hausdorff dimension. The computation
of ox has been performed in diverse settings: Fourier/wavelet series, stochastic processes (Lévy [0]
and Markov processes, random cascade measures [15]), and dynamically defined measures (Gibbs
and invariant measures [5,23]). In this paper, we consider the convention dimpg (f)) = —co.

Given a point zp € R?, we say that a real-valued function f € Lf;c(Rd) belongs to the space
C*(z0) if there exist a constant C' = C(zg) > 0, a polynomial P of degree at most |s], and a
neighborhood V' of xg such that

|f(z) — P(x — x0)| < Clz —x0|®, forevery z € V.

Then, we may consider the pointwise Hélder exponent of f at xgy as the exponent quantifying its
regularity at this point, which is defined as follows

hy(zg) =sup{s > 0: f € C°(x¢)}.

The associated multifractal spectrum of f will be denoted as o¢(s), and it is defined as in (1). On
the other hand, if we consider a measure u supported on [0, 1], the exponents

s log(u(B(xo,7))) N log(p(B(x0,7)))

9

are known as the lower and upper local dimension, respectively, of the measure p at the point
xo € supp(p), where B(zo, ) is a Euclidean ball with center z¢ and radius . When these quantities
coincide, the common value is simply known as the limit local dimension and is denoted as d,,(xo).
We recall that supp(u) is defined as follows

supp(p) = {xo : w(B(zo,7)) >0 for every r > 0}.

The problem of multifractal prescription for a single object has been studied exhaustively by
many researchers. The first result was obtained in [16], where S. Jaffard constructed a function
with a prescribed multifractal spectrum using wavelet techniques and arguments from geometric
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number theory. Then, in [12], Buczolich and Seuret investigated the case of probability measures
with quite general multifractal spectra. In [4], J. Barral pursued this line of research by building
measures supported on Cantor sets that satisfy a multifractal formalism. More recently, Barral and
Seuret constructed function spaces in which Baire typical functions can have a prescribed multi-
fractal behavior and satisfy a multifractal formalism, solving the so-called Frisch-Parisi conjecture,
presented in [7]. In general terms, many advances have been achieved in uni-variate multifractal
theory.

On the other hand, a multivariate extension is mandatory because there are phenomena in which
data are intrinsically composed of a family of correlated signals. For instance, the signals captured
from brain activity in an electroencephalogram (EEG) reflect synchronized neural activity and

shared brain rhythms (see [2,21]).
That is why, in recent times, work has begun on a multivariate multifractal theory: given a
family (X;)1<i<n of n > 2 functions or Borel measures on R? and (sy,...,s,) € (0,400]" , one

investigates the dimensional properties of the set
Ex,. . .x,(81,...,80) :={x: hx,(x) = s;, for every i =1,...,n},

at which each X; has an identified pointwise behavior. Observe that
n
Exyx, (51500 y80) = [) Ex, (1)
i=1

Thus, the multivariate multifractal analysis consists in studying the intersection of the level sets
Ex,(s;), which can be fractal-like or lacunary sets (recent advances in this topic are achieved
in [24,25]). Such a delicate question shows up in various famous problems: Fiirstenberg conjectures
in dynamical systems, simultaneous Diophantine approximation, projections of sets, and hitting
probabilities of processes. It is absolutely not a direct issue because it involves studying several
objects simultaneously with different behaviors.

Our subject of interest lies more precisely in the multivariate multifractal spectrum, which is
defined as follows

0Xy X, (81, ., 8p) i =dimy (Ex, .. x,(81,-..,8n))-

For instance, in [3,9], a case of two Gibbs measures p and v invariant under the same dynamical
system is studied. Here, the limit local dimension is used to define the level sets E,,(s1) and E, (s2).
Then, the Hausdorff dimension of the intersection was computed. Furthermore, in [22], we can find
some relevant preliminary results in multivariate analysis. More recently, in [18-20], some results
have been obtained concerning a multivariate case of families of functions and Bernoulli binomial
measures.

This paper presents a result extending the uni-variate construction of objects with a prescribed
multifractal spectrum to the bivariate case.

Let us say that a function ¢ : I x J C R?> — R, where I and J are two closed intervals, is
increasing in every direction if the function o(a, ) : 8 € J — o(a, f) is increasing for every « € I,
as well as the function o(-,38) : @ € I — o(a, B) for every g € J. Furthermore, we will say that
o is supported on I x J if o does not vanish in I x J and 0 = —o0 in its complement.

Definition 1.1. The set F consists of those functions o : (0,+00)? — (0,1] U {—oc0} for which
there exists a countable family of functions oy, : (0,+00)? — (0,1]U{—o0} verifying the following
properties:

1. For every n > 1, there exist two closed intervals In,fn such that supp(oy,) = I, X fn C
(0,1)2.
For everyn > 1, o, is continuous and increasing in every direction over its support.
It also holds that 0 < o, (e, ) < min{«, 8} for every (o, B) € supp(oy).
4. min{inf, min I,,, inf,, min fn} > 0.

w N
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5. o(a, B) = sup,, on(a, B) for every (a, ) € U, supp(on) -

The property 3 of the previous definition is a mandatory condition for an admissible bivariate
multifractal spectrum of two probability measures or two monotone functions because of Proposi-
tion 1.1 stated below. The continuous functions (provided that they satisfy items 3 and 4) of the
previous definition are examples of mappings belonging to F.

Proposition 1.1. [/1] Let u be a Borel probability measure on [0,1] and s € [0,1]. We define the
following set:

EE(S) ={z €10,1] : du() < s}.
Then, dimH(EE (5)) < s. In particular, o,(s) = dimp (E,(s)) < s.
Our main result is the following:
Theorem 1.1. Let T = [, anr] X [Bm, B, for some 0 < a < apr <1 and 0 < B, < Bar < 1.

Let o : (0,+00)? — (0,1] U {—00} be a continuous and increasing in every direction mapping,
supported on I, with the property

(3) 0 <o(a,f) <min{a, B} for every (a, B) € T.

Then, there exist two continuous increasing functions Z,Z - [0,1] — [0,1] such that Z(0) =
Z(0)=0,Z(1)=2Z(1)=1, and

047(a,B) =0o(a,B), for every (e, B) € (0,+00)*.

The functions constructed in the previous theorem oscillate on a set of Lebesgue measure zero
(a Cantor-like set). We can improve Theorem 1.1 by imposing a stronger property on Ogpz A
homogeneous behavior, in the sense defined below.

Definition 1.2. Letn > 1, Z1,Zs, ..., Z, be locally bounded functions on R*. They are said to be
homogeneously multivariate multifractal (for short, HMM) if the restriction of the functions
to any non-degenerate interval U has the same multivariate multifractal spectrum as the functions
on RY | i.e., for every (s1,...,5,) € (0,+00]";

dim g (m{x eU:hg(x)= sz}> = dimpy (ﬂ{m ERY: hy, (x) = sl}> .

i=1 i=1
If n =1, the function is simply said to be homogeneously multifractal (for short, HM).

Homogeneous spectra are very common (for instance, multifractal spectra of sample paths of
Lévy processes and fields [13,14,17], or real life signals coming from turbulence [1,3]). Thus, one
would like to obtain HMM functions, which is achieved in the following theorem.

Theorem 1.2. Let 0 € F. There exist two continuous increasing HMM functions Z, Z: [0,1] —
R whose bivariate multifractal spectrum is o.

Remark 1.1. [12] Let f € LS (R) be a locally bounded function and o € R. When the pointwise

loc
Hélder exponent hy(zo) < 1, it can be computed using the formula

z—mzo  log|z — xg]

On the other hand, we consider the Borel probability measures p and f supported on [0, 1] for
which

u(la.b]) = Z(b) — Z(a), and ji([a,b]) = Z(b) — Z(a),

for every 0 < a < b < 1, where Z and 7 are the functions constructed in Theorem 1.1. When
the pointwise Holder exponents of the functions Z and Z belong to the sub-intervals [a,,, aps] and
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[Bm, Bu], respectively, of (0, 1), comparing formulae (2) and (4), one sees that hz(z) = d,,(z) and
h(x) = d;(x). Theorem 1.1 then implies the following Corollary.

Corollary 1.1. Let T’ = [, apr] X [Bm, Bar], for some 0 < ap < apr <1 and 0 < B, < Bar < 1.
Let o : (0,1)2 — (0,1] U {—oc} be a continuous and increasing in every direction mapping,
supported on I, with the property

0 <o(a,f) <min{a, B} for every (a, B) € T.
Then, there exist two Borel probability measures p, i supported on [0,1] such that

ouila, f) =a(a,B), for every (, 8) € (0,1)%.

The proof of Theorem 1.1 is presented in the following sections: Section 2 contains some no-
tations that will be used throughout the document, as well as some known results. Then, we
simultaneously construct the continuous increasing functions Z and Z , which were announced in
Theorem 1.1. The idea is to construct, in every generation n, a function Z, that oscillates over
numerous intervals (making up the n-th generation of a Cantor set), each of which contains many
oscillations of the other function Zn. Then, we consider Z and Z as the sum of all Z, and ZL,
respectively. Later, we study their pointwise Holder regularity in Section 3. Next, the bivariate
spectrum is computed in Sections 4 and 5. Further, the proof of Theorem 1.2 is presented in
Section 6. Finally, we discuss some remarks and possible extensions of this work in Section 7.

2. CONSTRUCTION OF THE MAIN FUNCTIONS

2.1. Notations. Let x € R, § > 0, and s > 0 be three real numbers, and Q C R. We shall
consider the following notation: £ is the Lebesgue measure in dimension 1, and Hj stands for the
s-dimensional Hausdorff d-premeasure. Then, || and #Q are the diameter and the cardinality of
Q, respectively. _

Let j > 1 and k € {0,...,2? — 1} be two integers, and 0 < a < 1 be a positive real number.
First, we set I; x = [k277, (k + 1)277) as the usual dyadic interval, a; (a) == (k + 1)277 — 277/
and introduce the following interval

Lik(a) = [an(a), (k +1)277].
SO, Ij,k(O{) C m and ‘[j,k'(a” = 27j/a.
2.2. First step. We start by assuming that I' = [ay,,, anr] X [Bm, Ba], for some 0 < o, < app < 1
and 0 < B, < fBu < 1. Let us also consider a continuous increasing in every direction mapping
o :(0,+00)? — (0,1] U {—o0} supported on T, with the property (3).
We now define the continuous function

(5) U(Q) = 5mrﬁnﬂa§ﬂM ole B)

Furthermore, for every integer n > 1, we consider two sets of points {a, ; ?:01 and {Bn,f}?iol that
are equally spaced in [a,, an] and [Bn, Ba], respectively (see Figure 1). We then set

Qn0 = Qm, Qnptl =AM, Bno:=pFm and PBnns1 = Bu.

Next, we set for every n > 1 and every 1 < i,/ < n,

(6) Onyi = 0(an)(1—107"), and G := (i, Bne)(l —107").

We begin by defining two functions Z; and 21 on [0,1]: one that oscillates over numerous
intervals, each of which contains many oscillations of the other function. In order to achieve this,
we define g > 0 as

(7) g0 := min{an /2, (1 — arr)/2, Bm/2, (1 — Bar)/2},
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BM - ﬁn,n-‘rl

ﬁm = ﬁn,O

Am = Qn0 Qng QN = Op nt1
FIGURE 1. The compact set T'.

and we choose an integer J; (depending on «; 1) so large that

apr—am

71,1
(8) 210 < min{27 e 2 Y gy < 950,

Then, we consider the following set of integers:

Tiq:= {k €{0,...,27t —1} : k is a multiple of 2“1(17%” } ;

where |J; (1 — 222 )| stands for the integer part of J; (1 — 22 ),
1,1

Q1,1

01,1
The set 77,1 is well defined and not empty, thanks to (3) and (6). Since 27107 is much bigger
than 1, we have that

o1, 71,1
J1 1,1 J1 s

1 g o 711
9) SR < H#T <227 A

2
From the condition imposed on J; in (8), there exists a real number 0 < e; < 1/10 such that
SRS (TR )

Then, the first generation of the first Cantor set is given by

Ci= U Iy, k(a1).

k€T 1
Definition 2.1. The function Z; is defined as follows: if k € {0,...,27* —1}\ T1 1,
Zi(z)=2"ta, x €Iy,
and if k € Tiq,
2-1p2~N if v € k277, ag, w(ar)),

1—aq 1

Z@) = g ((k 42 R ) o ket 1)2—J1)> if z € Iy, p(ony).
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The function Z; is piecewise affine: it is linear outside the first generation of the first Cantor
set C; and constant on the complement of each interval I, x(aq,1) that makes up C;. Then, the
oscillatory behavior occurs on Cj.

Next, let us choose an integer jl (depending on Ji, a1 1, f1,1, and €1) so large that

—Bm
2 .

(10)

—1 7
Ty (01’1 )‘ <o Ty ghen < J < 4fy <9005 9% < 9B
Q1,1 Bia

It means that the integer jl is intuitively much larger than J;.
Then, we consider the following set of integers
- - ~ ~ T (1 _%1,1,1
7'1(11) = {k €{0,...,27" — 1} : k is a multiple of 2“1(1 PLa )] and I3 7 C Cl} ,
which is well defined by (3) and (6). By construction, each interval I, j (a1 1) of C; contains

UIJl,k;(al’l)‘/gL]’lJ = {2 Ji/o, 1/(51 1 1J intervals of the form I~ =, where k € 7'1 . and 51 11 =

Ji,k
2_J1+LJ1(1_%)J. By summing over all k& € 771, we obtain the following estimate for the
cardinality of 7~'1(11)
1
2
From the estimate (9), the last inequality implies

2J1 /311 —Ji/a11 #7-11 < #7-1(1) <2. 2J1 [;11 —Ji/a11 #7—171.

91,1 1

01,1 51,
922, 2‘]1 511 +J1<a11 ai, 1) < #7—1(1 <22 2J1 511 -+ 1(0411 O¢1,1)

9

and from the condition (10) it holds
1 F 1) T ) G Ore),
We finally define the first generation of the second Cantor set as

U I.TI,E(51,1)7
FeT Y
which is clearly a subset of C; because of the definition of 7~](11)
Definition 2.2. The function Z, is then defined as follows: if k € {0, ... —1}\ ,71(1)
Zy(z) =27z, z¢€ I %
and if k € '71(11)
2-152— N if v € k2" a3, 7(B11)),

Zi(z) = 9-1 ((7&—1— 12~ 2‘71(1761‘%) (x — (k+ 1)2—J~1)) ifr € Ijl,;(ﬁm)-

The function Z; is defined analogously to Z1, in such a way that it oscillates on the intervals
Ijl 7(B1,1) which are contained in the intervals I, x(c1,1), where Z; oscillates.

Remark 2.1. By construction, both functions Z; and Z1 are continuous and piecewise affine. One

set wr, (o (Z1) and WIs (B )(Z1) as the oscillations of Z1 on the interval I, x(a11) and Z3
(o, 15 (B,

on Iy 7;(51,1), respectively, which verify

Wiy tan ) (Z1) = 27 g k(o g) |t (resp. wi; (s, )(Z1) =275 7(Buy) ).
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D e e e e =

x2S
~
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|

Iy, r(n1)

FIGURE 2. The functions Z; and Zl on Iy, j for some k € Ty 1.

Figure 2 represents the behavior of Z; and Zl in some interval I, x(aq,1) containing Ifl —,5(6171),

for some k € 71,1 and ke ’7~'1(11)

2.3. Second step. Let n > 2 be an integer and ¢, ..., q,—1 be the first n — 1 prime numbers. We
assume that the following properties have been proven:
1. There exist two increasing sequences of integers {J,}1<p<n—1 and {jp}lgpgnq that verify

the following conditions (with the convention Jy = 0) for every 1 < p < n — 1 (recall ¢
defined in (7)):

(11) 2jp71/ﬁm S Jp S 4pJp S 2€0Jp S 2Jp/am S (7;0 S 4p<7p S 2{:‘0]}77
2772 < min {2‘]?%2;% , 270 /107 2‘717%} , and ﬁ < min {2‘]?(0‘11\41) , 2‘7"(%70 } .

2. For every 1 < i,/ < p and every 1 < p <n — 1, the following sets of integers

Toi = kefo,....,27» —1}: k—gq isamultiple0f2[‘I’J<1_<Xz::)J7 ,
’ and IJP’k; C Cpfl

_ _ _ T (1_%p.i.t
~wy ) ke{o,...,27» —1}: k— q is a multiple of 2M’(1 Pr.t )J,
pii and I3 7 C (UkeTm IJp,k(ap,i)> NCp-1

are well defined. In addition, the family of sets 7, ; (resp. ’7;(’?) is pairwise disjoint with
respect to the index ¢ (resp. to the indices i and £). Moreover, there exists a decreasing
sequence of positive numbers {e,}1<p<n—1 such that €, < 1077, and the sets of integers
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Tp.: and ’7'(6») verify the following estimates for every 1 < i,/ <pandevery 1 <p<n-—1

T Opyil oy . T OpLil
(12)  2en 07 < <ot ang 9 HITOT) Wy O g O

)

3. Consider the p-th generation of the Cantor sets as follows

= J U Inxlap:), and Cp = U U 15, 7xBn.e).

1<i<p k€T, 1< 0<p ;e 7O
Pyt

The two set sequences {Cp}1<p<n_1 and {Cp}1<p<n_1 are decreasing, and C, C C, for every

1<p<n-—1. B
4. For every 1 < p <n — 1, the functions Z, and Z, are defined as follows:
a. If k € {0,. P—l}\UTZ,

Zp(x) =27 va HARS IJp,k;

and if k € T, ; for some 1 <17 < p,

27pk27Jp ifz e [kQ*JP,aJp,k(ozp,i)),
Zyw) =4 - gy () )
27P [ (k+1)277» +2 vi J(x—(k+1)277») ifx el k(ap)
7(0)
beke{O P—l}\UMﬁ”,
Zp( )—2_pI, .IEIL’I;E,
and if k € 72{? for some 1 < 4,4 < p,
N 2-PE9—Jp if 2 € [k2- Tp ;a5 (ﬁp, ),
Zp(x) = ~ 7 7 (=fee

P ((k: +1)277 4 2J”( Bp.t )(x — (E + 1)2jp)) ifezely E(ﬁpvé)'
P
Now, let us construct the next generation of the Cantor sets together with the functions Z,, and

Zn. We first define the sets 7, ; and 7759 for each 1 <4,/ < n. Let ¢, be the n-th prime number.

We choose a small 0 < &, < 107" and an integer J,, (depending on jn,l, Jn—1 and €,_1) large
enough such that

nminggicp, G -1 . it (1) -
< 2 = = n—1,i
(13) n—1 .
J . . U,, 1,i (I+ep_1)—1 2&‘an ming<i<n ﬁ_l
< g TR < —
n —
and also,
(14)
- n 1 Jn(2——1
9JIn—1/Bm < J, <d4nJ, < 2€0J1L’ on+2 mln{QJ 2Jn/10 }, = <9 n(a]\/l )

Then, we can define for every 1 < i < n the set

T = kefo,...,27» —1}: k—g isamultipleof2p"(17“211”, )
' and IJmk CCp-1

The following lemma establishes that the family {7, ;}; is pairwise disjoint. It will be useful to
properly define the function Z,, and the n-th generation C,.
A similar proof is given in [12]. We include it for completeness.

Lemma 2.1. 7,; N7, ; =0, for every i # j.
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_ o
Proof. Let i # j be two integers and we assume without loss of generality that 2[(]” (1 “n.j >J <
2LJ"<1_?:1')J. If there exists an integer g € 7, ; N 7T, ;, then it can be written as

on,i

q=q;+ mi2[J"(1_W)J7 and q=q; + ijLJ"(l_Z::;)J,

for some integers m;, m;. Hence we obtain

o

0 < - 20 |y gl (=22 Lo (-2,

b

_In.j
which implies that |¢; — g;| > 2“"(1 “w‘)J. By (3) and (6), 1 — 0y j/0n,; > 107™. So, from the
_In,g
second condition in (14), 2 In (1 g )J > 27+1 Tt contradicts Bertrand’s postulate about prime
numbers because it actually holds that |g; — ¢;| < g, < 271 O

So the n-th generation of the Cantor set for Z,, is given by

C, = U U IJn,k(O‘n,i)a

1<i<n k€Tn,i
Remark 2.2. By construction, C,, C C,—1 but there may be intervals of C,, not belonging to Cn_1.
Definition 2.3. We define the function Z, as follows: if k € {0,...,27» — 1} \ U, Tn.:,
Zn(x)=2""2x, z€lj k
and if k € T, ; for some 1 <i<n,
2 "2~ In if v € k277 ay, k(oms)),

l—ap,

S ((k I el e f 1>2—"“>> if € Iy, k(cns)-

We finally present an estimate for #7,, ;. Similar to the first step, we realize again that each in-
terval I, |k (n_1,) of Cp—y contains ||1;, , w(n_1,¢)|/0n;| = [27/=1/®n—147 /5, ;| intervals
of the form I, i, where k € Ty, ;, and 6, ; is defined as

Loyt <5 =2 ol (1-52)] < g

(15)

2
By summing over 1 < ¢/ < n—1 and k¥’ € T,_1,, we obtain the following estimate for the
cardinality of 7Ty, ;:

]' —J, /a ! ‘]" Un,iv —J /O( ! J"l Unﬂ‘-’
5 ' Z (#%—1,i/)2 n-l n=Ldt . 2 n.i S #7-71,,1 S 2 N Z (#7;1_172’/)2 n—1 n—1,i’ . 2 An,q ,
1<i’<n—1 1<i'<n—1
and from the hypothesis on #7,,_1 - in (12) and the condition (13) we obtain
Tn,i _ Tn,i
(16) e 07 <y s < 9T,
Next, we choose J,, (depending on Jy,, J,_1, €n, and &,_1) so large that
(17)
T i Fn,i ; Tni = . Fp1,if 00 (1=En—1)—1
2—(6n,Jn miny<; e<n %—2) < 2J" mmlgig"(”?i‘7%1%@>+J"’1mm19'~"§"*1( - 113n_1)[, )
) Inyi 1 7 Tp_1,il ¢ (Iten—1)-1
< 2Jn maxi<i<n (anﬂ. nd )+Jn—1 maxy <,/ g/ <n_1 < ER—”

. i,k
2€an mini<ii<n g0 2

= (n—1)2 ’
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and also,
—Bm 1
—+1 J—
’ 1—923—n
Further, we can define for every 1 <i,¢ < n the set of integers

(18) 9In/om < T < dn, < 2°00n 9n < 9Tn" <ol (1)

n,i b

ke {0,...,2‘7“ —1}: k—qe 1samult1pleof2[ <17 Pn.e )J
ond 13 © (User,, T aon)) 1o

We have a result similar to Lemma 2.1, establishing that the family {7~'( )}z ¢ is pairwise disjoint.

FO .

It will be useful to properly define the function Z, and the n-th generation Ch.

Lemma 2.2. T(Z N 7;(6, =0 for every pair (i,£) # (', 0').

Proof. Let i # 4,1 < £,4' < n (one may have £ = ¢') and k€ ’72(? be five integers. Then the
interval I 7 is contained in some interval I, k(n), where k € T, ;. Since such an interval does

not mtersect any interval of the form Iy, p/(ay, i), where K’ € Ty, i, then 72“2 N 7755,) = (). The
proof of the other case (when ¢ = i’ and ¢ # ¢') is completely analogous to that of Lemma 2.1. O

Hence, we define the n-th generation C~ as follows

= U U 75260

1<i,<n kET([?

Remark 2.3. We note that by constmction, Cn is a subset of Cri. Moreover, every interval of
the form I5 A%(ﬁn’g) where k € T is contained in C,. So, C, C C,.

TL'L7

Definition 2.4. The function Z, is defined as follows: if k € {0,--- —1}\ UZ y n l ,

Zn(x) = 27”7;7 LS IJ e

and sz € ﬁﬁ) for some 1 < i, <n,
2=k~ JIn ifx € [kQ_J“, ajm'];(ﬁn,f))a

Zn(l‘) = ((]{ + 1)2 Jn + 2~"(11B%/)(x — (7@: + 1)2_‘7’7)> ZfI S Ijm%(ﬁn,f)'

Remark 2.4. By construction, both functions Z, and Zn are continuous, piecewise affine, and

the oscillations of Zy, (resp. Zy) on the interval 15, k(cni) (resp. I3 7(Bnyi)) verify

wIJn,k(an,i)(Zn) = 2_H|IJn,k(an,i)‘an'i (resp. ijnwﬁ(ﬁn,Z)(Zn) = 2_n|Iij(ﬁn’z) Bnl)'

We now proceed to estimate the cardinality of ﬁﬁ). From Remarks 2.2 and 2.3, the number of
integers in ﬁf? is given by the number of dyadic points k2= », where keT"

n.i+ belonging to some
interval I, , (an i) of Cp, that is contained in Cr—1. We thus find that

1 IJkaz K ~(/ [Jkal K
5. Z | N(Anz)| S#,Ez(,z)g Z ‘ g(nz”,
kE€Tn,i: 11, 1CCn1 moi,¢ k€Tn,i: 1, 1kCCn1 il
where
T Fnil 7 Fni,l 7 i
(19) LIPS < Opigi=2" Tn 2“"(1_ )l <9 Tl

B =
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So, we get

4T

< < 2.

(20) .
' #{k S 7;L,’L' : IJn,k C Cn—l}

= Gnit
2Jn%_~]n/an,i

N | =

Similarly, the number of integers k € 7y, ; such that I, C 5n—1 verifies

1. #{k€Tni: L7,k CChn} <1
2 - |Ijn71,k/(5n71,e')‘ -
2oiin e <n— Z;«e%@ S i
This provides the bound
1 k T Co
(21) 5 < #{ € 7;L,z Jnk CCn 1} < 9.

—Tn-1/Bpor e Tnat =)
219/,@/9—1 2 e #7:171,1"

By combining (20) and (21), we have

92 < <22

4T

il 7 Tni 1
= —Jn—1/Br—1,00+JIn - (£
( ) i n—1,

Bn,e An,i Yng

Tn

219/,@/9—1 2

Finally, from the condition (17) and by the assumption on #ﬁﬁ’ , in (12), the following estimate

for the cardinality of ’72(’? holds:

P < a7 < oh

T Tnik
Jn 5= (1—¢n

Sn.il
Bn,e Bn,e (1+6”)_

(22) 2

We have then proven that the induction properties from 1 to 4 (listed at the beginning of Section
2.3) are still true at step n. This concludes the induction.

2.4. Final step. We set

C=(C2(Cn=:C,
n>1 n>1

defining two Cantor sets. In addition, we define the main mappings Z, Z: [0,1] — [0,1] as

Z(x) = Zu(x) and Z(z)=_ Zn().

n>1 n>1
Proposition 2.1. The functions Z and Z are continuous and strictly increasing on [0, 1].

Proof. The continuity holds since Z is a uniform limit of continuous functions. Indeed,
N

7=y 2,
n=1

Let x < y be two points in [0, 1]. There exists an integer N > 1 such that 2 -27/» < |z — gy for
every n > N. It means that the interval [0, 1] contains at least one dyadic interval of the form
I;, k, for every n > N. Then, as Z, is non-decreasing, wi, ,)(Zn) > wr,, ,(Zn) = 2-n2=In 5 0,
which implies that

< Z Zn, < 2*N+2, for every N > 1.
0o n>N+1

Zn(x) < Zy(y), for every m > N.

So, Z is strictly increasing by definition.
The proof of the continuity and monotonicity properties for Z is completely analogous. (|
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3. POINTWISE REGULARITY PROPERTIES OF THE MAIN FUNCTIONS

In this section, we study the pointwise regularity of the functions Z and Z defined in the last
section. We start with a result showing the smoothness of the functions outside the Cantor sets.

Proposition 3.1. There ezists a countable set D C [0,1]\ C (resp. D C [0,1]\ C) where the
pointwise Holder exponent of Z (resp. Z) is 1. In addition, its pointwise Holder exponent is 400
on [0,1]\ (CUD) (resp. [0,1]\ (CUD)).

Proof. When z¢ ¢ C, the compactness of C yields a neighborhood A of zg and an integer N,, =:
N > 0 such that no point in N; belongs to any interval I, i(cn,;) for k € T,;, 1 < i < n, for
every n > N (we assume that the integer N is the smallest one to verify this condition). This
means that 3 ., Z, is a linear function (with slope 27N) in M.

Now, we study the local behavior of Z,, for every 1 <mn < N.

Analysis of Zy. We first note that there exists a unique integer k := k(zo) € {0,...,2/% —1}
such that « € I, . Next, we distinguish two cases:

Case 1: k ¢ |J, Tv,i- Hence, there exists a small enough neighborhood N5 of g such that Zy
is a linear function with slope 27 V. Indeed, if g # k277¥, it is obvious because (K277~ (k +
1)27/~) is open. If xg = k277~ then k — 1 ¢ |J, Tw,; (otherwise, x € I, x—1(an;), which is a
contradiction). So, there still exists a small enough neighborhood of zy such that Zx is a linear
function with slope 27,

Case 2: k € |J; Tn,i- We consider two sub-cases.

Case 2.A: If xy # k27/V there exists a small enough neighborhood A5 of xy such that the
function Zy is a constant equal to 27N k277~,

Case 2.B: If 7p = k27/~ then k — 1 ¢ \U; Tw,i by the same argument as the previous case.
However, for every £ > 0 small enough,

B 2N, if x € (xg — €, 20],
Zn(z) = { 2=NEo—In ifgx e (w0, w0 + €.

In this case, Zn exhibits a 'local angle’ in xg.

Analysis of Y, ., - y_1 Zn. Since N is the smallest integer from which no point in Ay belongs
to any generation of the Cantor set C, there exists k' € Tn—1, for some 1 <4’ < N —1, such that
z €l ,w(an—1). We again distinguish two cases:

Case 1: zg € int(I;, , x(an—1,)). So, there exists a small enough neighborhood of zy such
that >, ., - y_1 Zn is an affine function.

Case 2: g is the lower or the upper bound of the interval Iyy 1k (an—1,:). We obtain a result
similar to that of case 2 in the analysis of Zy, so the function >, <n<N_1 Zn Will again exhibit a
"local peak’ in xg. o

Let us denote as D the set of the points where the function Z has a ’local angle’. We observe
that D is countable because such behavior occurs either at dyadic points or at the lower bounds of
the intervals of the form I, (o, ;). Furthermore, it is clear that the function Z is locally Lipschitz
continuous around the points in D, so its pointwise Holder exponent is 1.

Finally, outside the Cantor set C and the countable set D, the function Z will be either affine
or even linear. Therefore, its pointwise Holder exponent in these points will be +oo.

The proof for the function Z is completely analogous. O
Definition 3.1. For every N > 0,1 < ig,4g < N+ 1,k € TNJ'O,E € ~1\(,£20) and r > 0, we define the
r-neighborhood of the intervals 1y k(an,i,) and I3 7(Bn.e,) as follows

IJN’]{;(i07 T‘) = IJN)k<aN’Z'O) + B(Oﬂ"), and IjN’E(fo,T) = IjN,'IE(BN’ZO) + B(O,’I“).



PRESCRIPTION OF MULTIVARIATE MULTIFRACTAL BEHAVIOR 13

We also define the following sets
5N7i07T(Z) ={z €0,1]: wB(m,r)(Z) > (2r)*Nio ),
gN,é[),T-(z) ={ze€][0,1]: wB(w)T)(Z) > (QT)ﬁN,zO}’

N
CNjip i= U U Ipyilang), and Cy, ::U U U I, (B,

1<ig KETN,i i=14<lg keff‘zsjg)_
N
Moo U U foatin) ot Srrie U U Troattr
i<ig kETN,: i=10<4ly k67~—1§,£)~

Heuristically, Cn ;, (resp. 5]\]7@0) is made of all the intervals on which Z (resp. Z ) has points

with a Holder exponent less than ay ;, (resp. By, ) at scale 27/~ (resp. 277v).

Remark 3.1. Let N > 1 andr > 0. We first notice that (5, Cn,n+1 = C and (x>, 5N,N+1 =C.
In addition, we set Cn,1 = C~N,1 =Ny, = ./\N/'N,Lr = 0.

We now prove two important lemmas allowing us to locate the points around which Z and Z
have an oscillation of a given size. These constitute the core of the bivariate spectrum computation.

Lemma 3.1. Let 0 <r < 9—Js—1 and N > 5 be the unique integer such that
(23) 9= v+ < 9p < 27N,
and 1 < fly < N + 1. Then, the following affirmations hold:

i If 27#% < 2r < 27IN/BNo | then, ENton(Z) C Ntyr-

J, ~ ~ ~
i, If 2r < 2 FRCCmD or if 25 > 27IN/BNuo | then E gy 0 (Z) = 0.

iii. Ifzx € 51\/7@0, then there exists 0 < r’ < 9—IN/BN.to sych that = € ENNJO’T/(Z).

Proof. Let x € [0,1], 0 < r < 2"75*1, and N > 5 be the only integer satisfying (23).
Step 1. Estimates of the oscillations of Z. We start by studying the possible values of

the oscillations wp(y,)(Z). We fix the index £y € {1,..., N + 1} and look for the locations of the
points in €y r(Z). B B

Since every function Z,, is non-decreasing, wp(z,r)(Z) = >, >1 WB(x,r)(Zn). So, it is enough to
study the value wB(m}r)(Zn) according to the value of n. -

Estimate of ) - ., wB(IVT)(Zn). We notice that B(z, ) is covered by at most 27“/2_‘7" +1<
4r27n dyadic intervals of generation (77, , on which the oscillation of ZL is exactly 9-79=Jn Hence

Wh(ar) (Zn) < 4r27n27 270 = 4.27"r. Since N > 5,

> W (Zn) <8-27Nr < 2r/4 < (2r)N0 /4,
n>N+1

~ ~ 7 (1P
Estimate of > _y | wWB(z.r)(Zn). We notice that Z,, has its largest slope of 2_"2J”( Pt )

in some interval I5 i (Bn,e). Since B, ¢ > By, then

2_n2j" (1;78%/) < an/ﬂm’
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SO, WR(, 7)(Z ) < 9Tn/Bm . 9. Now, from the conditions (11), (14), and (18) we deduce that for
every n < N — 1,

2/n/Pm < Jy and ANJy <2907,

hence, as 2r < 2*‘7N
N-1
Z Wier) (Zn) <Y 9Tu/ B op < AN Ty (2r) /4 < 207N (27) /4 < (2r)1%0 /4,
n=1

Since 1 — g9 > Bar > Bn.e,, We conclude that

N—-1 _
Z W (Zn) < (2r)P30 /4.

It remains to estimate the value of wp(,, r)(Z ~), which will depend on whether = belongs to the
set 5]\/' Lo, 7a(Z)
Step 2. Proof of item i. Let us assume that

(24) Q_W%M) < or < z_jN/ﬁN,éo,

and let x € §N7407,.(2 ). We prove that x € Ny .- By the previous estimates, we have
(25) WBer) (ZN) > (2r)PN50 /2.
Moreover, the following result holds.

Lemma 3.2. B(z,r) intersects evactly one interval I5. (Bn.), where £ < ly, for some k € T(e)
and 1 <i<N.

Proof. By the condition (23), B(x,r) contains at most one dyadic number k2~ If B(x,r) does
not meet any interval of the form 75, (8n,¢), the oscillation of Zy is less than 272 < (2r)0 /2
because 2~ is the largest slope of Zy in such a case. So, (25) cannot be achieved. Then B(x,r)
intersects at least one interval of the form I i w(BN.¢), where k € ,’71]\([[2 and 1 <,/ < N.

We also notice that B(x,r) cannot intersect two such intervals. If it does, the oscillation of Zx on
B(z,r) is less than that on two dyadic intervals containing the ball, so wB(m,r)(ZN) <2 9-No—Jn,
Furthermore, 2r > 9-Jn _ Q*jN/ﬁNﬁf, for some 1 < ¢ < N. From the third condition in (18),

—Jn

2r > 2*(71\; _ 2*-7N/BN,£ > 27,7]\; _9- TN /B S ; .

hence,
Wi (Zn) < 2-27N27IN < 2p /4 < (2r)N0 /4,
which contradicts (25). Then B(xz,r) intersects exactly one interval of the form I, (8n,i,e), for

somekeﬁ\(ﬁ and 1 <,/ < N .
On the other hand, let us assume that ¢ > £g; hence Bne = PNy, We notice that the
~ 1-8y

oscillation of Zy on B(z,r) is less than 27V2 TN e 21 because the maximal slope of Zy on
~ 1-8N N.,¢

B(x,r)is 27N2 ’N"FN. . Then by (24),

1-BnN,e

(zr)(ZN><2 N(QT) BN, o "BNe (274) (2) -(1- ﬁNZ) +1/4

<
S( )/3Nz/4< (27“ ﬂNzO/4
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so x cannot belong to Ey 4, .»(Z). Therefore, it necessarily holds that £ < ¢. O
We conclude that z € N, N,¢o,r» thanks to the previous lemma and by definition.

Step 3. Proof of item ii. If 2r > 2_‘7N/BN~ZO, the oscillation of Zy on @(m, r) is less than that
on two dyadic intervals containing the ball. Hence wp(y(Zn) < 2-27V27/N < 2.27N(2r)Pv0 <
(2r)Pn:0 /4, because of the assumption 27 > 27/~/BNioto and N > 5. Hence, = cannot belong to
gN’ZOJ‘(Z)‘

Jn Jn _ IN(-BpN,e)

On the other hand, let us assume 27 < 27 Fn(=F0 . So, 27 < 27 Pl < 2 ANIUZANL)
because 1 > 1 —0Bny¢, 1 — B <1—Bny,, and By < Bne. If & € En gy r(Z), then by the previous

7 1-BN.e
: . : . . g 2
step, B(x,r) intersects an interval 5, (Bn,). As its maximal slope on B(z,r) is 2-NQ N TN

~ 7 1-BN.e
Whem (Zn) < 27NN TR 2 < 27N (20) TN (27) < (2r)PN0 /4,
which contradicts that = belongs to gN’ZO’T(Z).
We notice that the last arguments are true for all z € [0,1]. So, if (24) does not hold, then
Envor(Z) = 0.

Step 4. Proof of item iii. Let x € 51\7)@0. So, there exist 1 < i < N, £ < {y, and
7 7

T _IN_ __JIN
ke 7}5;2 such that z € I5 +(Bn.e). Hence, it is enough to take r’ =2 7. /2 <2 "Nt . Then
B(x,1") D Iz . (Bn,) and therefore
wB(x,r’)(ZN) > 2*N2f:fN — 27N(27L7N/ﬂN,Z)ﬁN,ZO (27LﬂfN//@Ny£)ﬁN,£7ﬁN,ZO

N jNBN,EO’BN,Z
=272 INe(2r))PNto

From the second condition in (18), we conclude that
W) (Z) Z Wi (Zn) > (20)N 00,
which means that @ € En .4, (2). O
Lemma 3.3. Let 0 <r < 277571 and N > 5 be the unique integer such that
(26) 27N <9 < 27N
and 1 <ig < N + 1. Then, the following affirmations hold:

__IN __IN
L If27 amT—onn < 2r <2 “Nio then En iy (Z) C NN g
J __JIN
ii. If 2r < 9" e or if 2r > 2 °Nio then En i, (Z) = 0.
__JINn
ili. If x € Cniy, then there exists 0 <1/ <2 “Nio such that © € En iy (Z).

Proof. Tt is completely analogous to Lemma 3.1. |

Lemma 3.4. For every x € [0,1], hz(x) > am (resp. hz(x) > Bm), and in addition, if v € C
(resp. x € 5), then hz(x) < anr (resp. hz(x) < Bar).

Proof. Let 0 < r < 25571 (resp. 0 <7 < 2‘75*1), and N > 5 be the only integer satisfying (26)
(resp. (23)). By Remark 3.1 and Lemma 3.3 (resp. Lemma 3.1), En1.,(Z) C Ny, = 0 (resp.
En1+(Z) C Ny, =0). Then for every z € [0, 1],

WB(z,m)(Z) = Z(x +71) = Z(x — 1) < (2r)*N < (2r)%,
(resp. wB(I’T)(Z) = Z(m +7r)— Z(l‘ —r)< (27")’81\’*1 < (27“)’3’”).
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Furthermore, when € C = (> Cn n+1 (resp. x € C= Na>1 5N7N+1), for every N > 0 there
__In __In -
exists 0 <ry <2 °N.N+1 (resp. 0 <ry <2 PnN.n~+1) such that

wpery)(Z) = Z(x +rN) = Z(x —rn) 2 (2rN) "N = (2ry) M,
(resp. WB(m,TN)(Z) = Z(x +ry) — Z(x —ry) > (27°N)’3N=’\“rl = (2rN)BM).
It implies immediately that for every = € [0,1], hz(x) > ay, (resp. hz(x) > B,,) and, in particular,

if z € C (vesp. x € C) then hz(x) < apr (vesp. hz(x) < Bar). O

4. UPPER BOUND FOR THE BIVARIATE SPECTRUM
The objective of this section is to prove the following proposition:
Proposition 4.1. For every (o, B) € T', 0, 7(a, B) < o(a, B).
We first introduce some notation.
Definition 4.1. Let o, 3 > 0. We consider the following indices for every N > 1
in(a) :=max{l,max{1 <i< N:an; < a}},
In(B) :=max{l,max{l </ < N: 8y, <pB}}.

Lemma 4.1. Let o, < a < ap, Bm < B8 < By and a small € > 0 satisfying a + ¢ < ap; and
B+e<Pun. Let (ry)n>1 and (ry)n>1 be two sequences of positive numbers such that

(27) 27N <Py < 9= <ry <278, for every N > 1.

Then, we have

(28) E3 () C limsup ENin(ate)rn(Z), and Eg(ﬁ) C limsup 8~N75N(5+5)7;«~N (Z).
N—+oc0 N—+o00

Moreover, if we set En.a g.c.rn in (2 2) = ENin(ate)rn (Z) N gN,ZN(ﬁJrE)’;N (2),
(29) EZ(a) NEZ(8) C imsup Ex o pern.in (Z: Z)-

N—+oc0o

Proof. Let x € E; (a). If we assume that o ¢ limsupy_ o Enin(ate),ry (£), from the conver-
gence of ay ;i (ate) t0 a+¢€ as N tends to infinity, there exists a large integer L := L(e) > 0 such
that for every N > L,

T ¢ ENin(ate)ry (Z), and o+
Then, for every N > L,

Wp(ern)(Z) < (2rN)*Nin (e < (2ry) Tt/

3

5 < ONiy(ate) < O + ¢,

Hence hy(z) > o + /2, which contradicts the assumption that z belongs to E («). Therefore

x € limsup En iy (ate)ry (2).
N —+oc0

< . . = =
Ifx € Eg (B), it can be analogously shown that x € imsupy_, | o En oy (B4e),7y (£)-

When x € E% () N E; (8), we simply assume that there exists a large integer M := M(g) > 0
such that we simultaneously have
T e SN,iN(aJrs),rN (Z)C U 5N7£N(5+5),FN (Z)C>
€
2
for every N > M. So, the proof will be completely similar. O

e
a+ - < aniy(ate) <OFE and ﬁ+§ </3N7€N(B+s) < B +e,
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We are now ready to prove Proposition 4.1.

Proof. Let us start with the case a,, < a < ap; and B, < 8 < Bu. Let € > 0 satisfying a+e < ayy
and S +¢ < Bu. Let (ry)n>1 and (ry)n>1 be two sequences of positive numbers satisfying (27),
and s > o(a +¢,8 + ¢). From Lemma 4.1 we obtain that

(30) Bz (@)NEZ(8) C | Envapernin(Z:2),
N>P

0 (En,apern.in(Z, Z))NZP forms a covering for E% ()N E§ (8), for every P > 1. From Lemmas

3.1, 3.3, and the inequalities (16) and (22), each En iy (a+te),ry(Z) (resp. §N7€N(B+s)ﬂv (Z)) is
ON,i
covered by the union over i < iy (resp. 1 < i < N and ¢ < £y) of at most 9Ny (e (

QJN Ulgvzvbi a +EN))

resp.
intervals of the form I, x(i,7n) (resp. I3 ,(¢,7n)). On the other hand, by the

construction of the sets 735,22 and Ty ;, for every ke 7~’]\(,€Z, there exists a unique k € Ty ; such that
Ijyk(an;) D IJ~N 7(Bn,e). Since ry > 7y we obtain

gN?ayg’E,TNYFN(Z,FZV)C U U IJN,k(Z',TN U U U I gN,’I“N)

i<in(ate) kETN,: i=1L<ln (B+e) keT]\(]D
3T

= U U U ...

i<in (ate) <ty (B+e) e T

In addition, by Proposition 3.1, E% () N E; (8) C E; (8) C C. Then, every = € E; () N E; (8)
belongs necessarily to I7 , (Bn,) (not only to the neighborhood I, (¢,7n)), i.e

gN,a7Ba57TN7'FN (Z, Z) C U U U IjNJq;(/BN,[)'

i<in(a+te) <ty (B+e) ke%}fjfz

Hence, the s-dimensional Hausdorff §-premeasure 73 (where § = 2_‘7N/5M) of the set En.a g.eryin (Zs Z)
is bounded as follows

_ in(at+e)—1Lln(B+e)—1 5 oty
H(ENaperyin(Z,Z)) < Z Z oI Bt (+en)

lN(OL"rE 1@1\]([’3—"-6) 1

< Z Z o (F aren)=557)

gy k(BN

which implies that

in(ate)—1Ln(B+e)—1 _

MESNEE BN Y Y X o (T Ohem-i)

N>P i=1

Notice that the series )y, ZW(OH'E) Z§Z§B+E)_1 2JN( S (en) -85

onie(l+en) = U(OéNzaﬁNz)(1*10 N)(1+€N) < o(ay, in(acte): 51\1 eN(ﬁ+a)) <o(ateBte)<s
for every i and £. Hence H*(E} (a) N ES 5(8)) =0,s0 dimy (E3 (a) N ES > (B) <olatef+e) for
every € > 0 small enough. From the contlnulty of o we conclude that O'Z (o, ) < o(a, B).

converges because
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When a = aj; but 8 < B, E% () =C, so E;(a) N Eg(ﬂ) = E;(ﬂ) Then, we only consider
the index £ (8 + ¢) and the fact
E; (ﬁ) C limsup gN’eN(BJ’,E),FN (Z),
N—+o0
from Lemma 4.1. So, the Hausdorff dimension computation is analogous.
On the other side, when o = apy and 8 = By, forall N > 1

Bz(@)nEzB)=cnC=Ccc |J U I5,.:Bn0),

1<i SN T O

and the Hausdorfdeimension computation is completely similar. Finally, when o < aj; but
B8 = Bu, E; (o) = C and we only consider the index iy (a + €). Then, from (28) we have

E%(a) N E;(ﬁ) C limsup En iy (ate)rn (£) NC c lim sup U U Iryk(any) nc

N—r+o0 N—r+o0 i<in kETN,i

C limsup UU U I, +(Bne)

N—r+o0 | ,= 11<“\’k€7}5,£)-

The Hausdorff dimension computation is again completely similar. O

5. LOWER BOUND FOR THE BIVARIATE SPECTRUM, AND THE PROOF OF THEOREM 1.1
The objective of this section is to prove the following proposition:
Proposition 5.1. For every (o,f) €T, 0, (o, B) > o (v, B).
In order to prove Proposition 5.1, we build a Cantor set contained in C. , depending on a pair of

exponents (a, ) € T'. Tt is made of points where the function Z (resp. Z) has a pointwise Holder
exponent equal to « (resp. ().

Remember that 6, ; = 27‘]’#{]"(17%::” and gm,g = 2_j"+tj"(1_a‘;;ff)J and introduce some
notation.

Definition 5.1. Let (o, 3) € I' and n € N. We set

on(@) = 0pniia)s On(B) = Onin(a)nd)  Onl(Q) =0ni(a), and dn(a,B) = dpi,(a)n ()

Then, we consider the following set of integers

{ke’fm(@f wnf(ﬁ)CI

(Br-1,6,_1(8))s
An(a, B) = W et :
(e, 8) for some k' € T 3)(&)

and we finally set
Fal )= | 151 Bueas) and Fla,p) = (1] Fale ).

k€A, (a,5) n>1

Heuristically, A, («, ) is made of all integers corresponding to the intervals on which Z (resp.
Z) has points with a Hélder exponent equal to o (resp. ) at scale 277~ (resp. 2*‘7N).

We notice that the sequence of sets (F,(a,f)), is decreasing and the obtained Cantor set
F(a, B) is obviously contained in C.

On the other hand, we need the following estimate on #A,(a, ).



PRESCRIPTION OF MULTIVARIATE MULTIFRACTAL BEHAVIOR 19

Lemma 5.1. The cardinality of A, («, B) verifies the following bound for every n > 2

—2 < #An(a,8) < 2
(31) 27 s 7, Fn(a.b) _ on(@) 1 ) =2
2 'Bn,ln(ﬁ) Fnyip(a)  “n,in(a) ,#An_l(a,g)

Tn—1/Bn_1,0, 4(g)+n

Moreover, it holds that for everyn > 1

7 Gn(enB) (1_ 7 Fn(oB)
(32) 2‘]" Protn(py L) <#A,(a,8) <2 T Bty e

Proof. We observe that in fact A;(«, ) = Tl(ll),

RO < o,y < 2P0

Let n > 2 and we assume that for every 1 <p<n—1,

7, Zpled) + &p(a.B)

9P Bty (5) ») < #A,(a, f) < 2Jpﬁp1[p(5) (1+€p).

We now estimate the number of integers in A, («, ). Analogously to the cardinality of ’7:5?
computation, #A,(«, ) is given by the number of dyadic points %2‘J'L7 where k € 7;(51 ((i ,
belonging to some interval Ij, , (Qy,(a)); for & € Ty (o), that is contained in some (unique)

o Bu16, 1)), for k € ’T(e" 1(6)) . We thus find that

n-1(a)
#An(av B)
Ly k(O ig ()] —

ZkETn,in(a) Iy, kCFn—1(a,B) on(a,p)

<

N | =

where gn(a, B) is given in Definition 5.1. Then
#An(aa /8)
T, aleB) g e
27" Pt (8) vin . #{k c %,in(a) . IJmk C fn—l(a,ﬁ)}

Since the number of integers k € Ty, ;, () such that I, r C F,_1(a, B) verifies

| = =

(33) < <2

1 #HEE Tnin( ¢ Ly © Fnor(a, B)}
2~ |Ijn_1,k/(5n71,1zn71(5))| -7
Zk’GAn—l(aﬁ) 5 ()

where 0y, () is defined in Definition 5.1, which allows us to bound as follows

(34) 1 _ #{k € Tnjin(e) & L1, k C Fn-1(a,B)} <9

27 —Jn-1/Bn- T o
g T Pt TS B, (0, )

Then, from (33) and (34), the estimation (31) holds. Finally, from the condition (17), the estimation
(31) implies (32). O

The objective is now to prove that dimg(F(a, 8)) > o(a, ), so we will apply the classical
method of constructing a measure supported on F(a, §) verifying a scaling property.

Proposition 5.2. There exists a probability measure p supported on F(«, 3) and a continuous
increasing mapping ¥ : RY — RT verifying ¥(0) = 0 such that

(35) w(B) < C|B|7@A=YUBD " for every ball B C [0,1] small enough.
In particular, dimg (F(a, §)) > o(a, B).
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Proof. For every n > 1, we set pu,, as

2571,/57“[”({3) £|
Hn = ' n(a,B)
#0,(a, ) TR

Tn /Bt (8)

So, pn (Ijmk(ﬂn,en(ﬁ))> = o 5 kBl = 1/#Au(a, B), for every k € Ay(a, ).
Clearly, it defines a probability measure supported on F,(«a, ), and for every m > n and every

ke Ay, B),
i (17, 1 Btn())) = i (15, 1 Brta®) ) -

Indeed, let m = n + p, for some integer p > 0. Since p,,1, is a measure and the intervals making
up the (n + p)-th generation of the Cantor set F(«, ) are disjoint,

tinsp (17, 1 Brni))) = Hiny U 15, b Brtp tasn(s))

k/:Ifner,k’(5n+p,€n+p(ﬁ))CI.Tn,k(ﬂnyln(ﬁ))

— Z Hn+p (Ijnﬂ),k’ (ﬁn+p,€n+p(5))) .

’.

Kedg et Bt (9))CL 5, (Bt (9))

Since every interval of the n-th generation A, («a, 8) contains the same number of intervals of the
(n + p)-th one,

1 /
ﬂn+p< T k(ﬂne (ﬂ))) m #{k 31.7n+p,k/ (Bn+p,ln+p(6)) c Ifn,k(ﬂn,en(ﬁ))}
1 #Anip(a, B)

= Fey o) Fanfa )~ ().

We then get a sequence (fin)n>1 of probability measures which admits a weak-converging sub-
sequence to a probability measure p, with the properties

L. supp(u) = Flo, B),
2. u (Ijn,k(ﬁn,én(ﬁ))) =1/#A,(a, B), for every k € A, (o, §) and n > 1.

The second property and the estimation (32) yield that for every k € A, (o, 8) and every n > 1,

(36) 15,k Buan@) P < (1 Bunis)) < Mg, B e) T P00,

We now prove that the measure p verifies a convenient scaling property. Let us fix 7, = 271,
Since o, (v, B) (1 —&y,) — oo, B) as n — 400, o(a, B) —m < on(e, B)(1 —ey,) for every n > My,
for some M; = M (1) > 0 large enough.

Let € F(o, 8) and a ball B = B(, r) such that [B| < 2~ 71/%40)  There exists a unique
integer n > M; such that

27]n/5n,[n([€) < |B| < 27jn.—1//8n—1,2n71([3)'

We distinguish four cases:

Case 1: 2=77/Bneatn) < |B| < 0,(cv, B), where &, (c, 8) is defined in Definition 5.1. In this case,
B touches at most two intervals of the form I5 (8, ¢,(s)), so by (19) and (36),

,U(B) < 2'u( <5n . (5)» < 2|Iil7k(6n,fn(ﬂ))|5n(aﬁ)(l_6n) < 2|B‘U(a”6)_m log(l/\BD.

Case 2: 6n(a7ﬁ) < |B| < 27/#/®nint@). Let N, be the number of intervals of the form
Iy «(Bn.e,.(8)) intersected by B. We realize that it is given by the number of dyadic points k2=n



PRESCRIPTION OF MULTIVARIATE MULTIFRACTAL BEHAVIOR 21

where k € A, (a, 8), belonging to B. Therefore, it holds that N,, = “B\/gn(oz,ﬁ)J. From (19), we

~ _J Fn(ap)
have that §,(a,3) >271.2 I Btn () . Then, by the lower bound in (31),

~ J. ;nm.ﬁ)
(B)< < 282"
H > = S ~
#An(a,ﬁ) L Tn gn;a,ﬁ: 7‘]”71/5”711@"_1(5)4,]”(ﬂ#f%) )
2-2.9 " Prtn(® min@) Cmin() ) HN, o (a, B)

_ T B T LM)
|B|1—an(a,ﬁ)(1—sn)2 =1/ B,y (e)F (D‘n,in(a)

#An-1(a, B)

< 23|B‘3n(a75)(1—6n) .

Hence, we obtain

T 1—on(a)
Jn—1/Bn-1,e,,_1(8)+In (an,z‘n(oﬂ )

27Jn/an,in (a)(lian(a7ﬁ)(175n))2
#Anfl (OZ, B)

5 2 Jn-1/Bn-
_Jn/an,in(a)(o'n(a)_an(avﬁ))_‘]nﬁgn 2 l/ﬁn 1n—1(8)
#Anfl (Oé, 6)

w(B) < 23|B|n (@A) (1=en) .

< 23‘B|;n(avﬂ)(1_5n) )

Since o, () — 0, (a, B) > 0, it follows

jn,—1/5n71.zn,1(5)

#An—l(aa ﬂ)

1(B) < 28| B (@M 120 . 2

an—l/ﬁnfl,zn,l(ﬁ)

log(1/|B]) - #An-1(, B)°

— 23|B|En(0‘7/6)(1_5n) -log(1/|B]) -

¥ Fn—1(,8) (1—en_1)

Jn—
Next, as #Anfl(oﬁﬁ) > 2 15"71'2”71(& ) 10g<1/|B|) > Jn/an,in(a)v /anl,ln_l(ﬁ) > Bm
and 1 — 5, _1(a,8)(1 —en_1) € (0,1),

7 (1=F,_1(eB)—epn_1))
Jnfl B
2 n—14,_1(B)

B) < 28| B|7 (@A) (1=¢n) 1og(1/|B]) -
u(B) < 2°|B| g(1/|B]) T (o)
, B anfl/ﬁm
< 2%|B|7 (@0 log(1/|B]) - ————

Finally, the first condition in (14) allows us to bound the last term on the right-hand side of the
above inequality as follows

p(B) < 2°| B|7( P~ 1og(1/| BY).
Case 3: 27 /#/®nin@) < |B| < §,(a), where 6, () is defined in Definition 5.1. Here, B intersects
at most 2 intervals of the form I, /(i (a)), each containing UIJmk/ (anyin(a))|/gn(a,ﬂ)J =
P—Jn/a,,mn(a)/gn(a, ﬁ)J intervals of the form I3 w(Bn.e.(3)). Then,
u(B) <2 > (5. 1 (Bt ()

I 5 (Bn,en3) Tl k(i (a))

T Fn(a.p)
oo i (o) \ 2Jn 13,:1,,:(/3) —Jn /i ()
. = <
#£A,(a, B)dn(a, B) Ju ol 5 g, (3)+Jn< on(a) _.%)
9" Pt (8) 1 Srine) Snin() S RN (o, B)

)
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in other words

W T o (a) an—l/ﬁn—l,en,l(ﬁ) . (@) 2‘7n71/ﬂn—1,1{n71([3)
B)<2*.2 ""tnin(@ < 2%|B|7"'* log(1/|B .
() T R A eV e e )
Similarly to the previous case, since o, () > op(a, 5)(1 —€,) > o(a, 8) — m and also oy, () >
o (m, B )(1 —1071) > 0, we can bound the last quantity as follows

(1-5,_1(,8)(1—2,_1))
ﬁnfl,[nflﬁi)

Jn—1

u(B) < 2*|B|7(*) log(1/|B])

Jnan(a)/an,in(a)
24

<

- U(O‘m7ﬂm)(1 - 1071)

Case 4: 0,(a) < |B| < 9~ /n=1/Pn-ttn 1 Let N, be the number of intervals of the form
I, k(0 (a)) intersected by B. By using the same argument as in the second case, N, =
L[B|/dn(c)], and moreover, B touches at most every interval of the form I5 , (B, (s)) contained
in them. So, it follows that

| B|7 (@)= log(1/|B]).

—Jn /% i () TGO B Jn-1/Bu-1,e,_1(8
u(B) < Bl _2 = §24|B|2J’<°‘n»fvn<a> ﬂn«m(a)) 2 :
0l@) #A,(a, B)0n(a, ) 5. Gzl )
2 min@)  Cmin(e) ) L UN, o (a, B)

|1=Fn-1 (a,ﬁ)(l—sn_1)2%_1/5%1,@”_1(,3)

#An-1(a, B)

< 24|B|5n—1(04ﬁ)(1—5n—1) |B

which immediately implies

1 () (1—en_1) 2

w(B) < 2YB < 24 B|7 (@A) =m 10g(1/|B]).

#An—l (Oé, ﬁ)
We conclude that for every ball B with a diameter less than 2
u(B) < C|BJ7 P~ log(1/|B)).

—J, /ﬁMl,i,Ml 8)
?

If we fix another 1y = 272, by applying the same argument as above, it holds that for every ball

B with a diameter less than 272 /BM?’ZW(’”,

u(B) < C|B|7 A =n210g(1/|B]).
We iterate the p~1rocedu1"e7 so we obtain that for every p > 1, we can find an integer M, > 0 such
that if |B| < 27']MT’/ﬂMpv[Mp(B)’

M(B) < C‘B|U(O¢7ﬁ)—m) log(1/|B|).

It is enough to consider the mapping ¥ as the increasing continuous interpolation piecewise affine
Iy /Bty epg, (8)

function passing through the points {(2
dices is introduced to ensure that

,Mp—1) }p>2. The shift in the sequence in-

~ e —J,
np < ¥(z) <mp_1, whenever z € [2 M”Jrl/ﬁMP“’lMpH(‘”,Q 1‘4”/51"?”31\41)(‘”].

Therefore, (35) holds for every ball B small enough by considering the continuous increasing
mapping defined as ¥(z) = ¥(z) — log,(log(1/x)) for > 0 small enough and ¥(0) = 0. The
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property (35) implies that for every « € F(a, 3),
du(2) > o(0, B).
We remember the well-known Billingsley Lemma, stated below.

Lemma 5.2 (Billingsley Lemma). [10] Let p be a probability measure supported on E C R, such
that for p—a.e x € E it holds d,,(x) = h. Then, dimy(E) > h.

Applying the previous lemma to the measure p, we conclude that
(37) dimp (F(a, 8)) = (e, B).

We will finally prove Proposition 5.1.
Proof. Let (a,3) € T, n > 5, z € Fu(a,8) and r, := 2‘jn+1/2. Then, by Lemma 3.1,
gnln(ﬁ)ﬂ’n(Z) = (Z), SO
W (e (Z) < (2ry)Prtn ).
When 8 = B,,, by Lemma (3.4) we have wB(m’rn)(Z) < (2r,)"P.
On the other hand, by definition F,(«, ) C @L,an)ﬂ because 3,0, (8) < Bn,,(8)+1- Lhus,
there exists 0 < !, < 277/n/Brin@+1 < 27/n guch that
W (o) (Z) = (2r],)Prtnm1,

Therefore, if 2 € F(a, ), since By, (3 < B < Bne,8)+1 and Bnr, (8)+1 — Bnens) — 0 as
n — +00, then hz(x) = 3, in other words

Fla,B) C Ez(B).

When 8 = §,,, we have that F,,(«, 8) C En,g because ¢, (5) = 1 for every n > 1. Since 5 < S,,2,
and 3,2 — 8 — 0 as n — 400, the result above still holds.
Now, we notice that F,(a,8) C Uger, I, k(0 i, () = Fn(a). So, we obtain another

nyin (o)

Cantor set F(a) := (1, cy Fn(a) containing F(a, §). Analogously to what we did before, it can be
shown with Lemma 3.3 that

Fla) C Ez(a),
so we finally get
F(a,B) C Ez(a) N Ez(B).
From the inequality (37), we conclude that o, 7(a, 8) = o(a, B). O

We can now conclude regarding Theorem 1.1 and Corollary 1.1.

From Lemma 3.4, Section 4, and Section 5, for every z € C~, there exist (o, 8) € T" such that

hz(x) = a, hz(x) = 3 and
0, 7(a,B) = o(a, B).

Then, from Lemma 3.1, when z € C \ C, there exists & € [oy, any] such that hz(z) = a and
hz(x) = 4+o00. Finally, when x € [0,1]\ C, hz(x) = hz(z) = +oc.

Then, for every (o, 8) € (0,+00)?\T, Ez(a)NEz(8) =0, ie., 04 z(a, ) = —oco. In conclusion,
by the definition of o,

O'Z,Z(Oé,ﬂ) =o(a,B) for every (o, ) € (0, +oo)2.

This shows Theorem 1.1.
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In the case of the measures defined in Corollary 1.1, the same conclusions are obtained, with
the distinction that, when x € C\ C, (d,(%),d;(7)) € [m,anm] x {1}, and when z € [0,1] \ C,

d,(v) = dj(z) = 1. Hence, Corollary 1.1 follows directly.

6. BIVARIATE MULTIFRACTAL SPECTRUM PRESCRIPTION OF TWO HMM FUNCTIONS

Let o € F. So, there exists a countable family of functions o, : (0,+00)> — (0,1] U {—oc}
verifying the properties of Definition 1.1. By Theorem 1.1, for every p > 1, there exist two contin-
uous increasing functions Z,, Zp whose bivariate multifractal spectrum is o,,. The construction of
the function Z, (resp. Zp) guaranties that the points x € [0, 1] with a pointwise Holder exponent
less than 1 are located on a Cantor set C,, (resp. 5p C Cp).

We consider a continuous extension for the functions Z, and Z, as follows: Z,(x), Z,(z) = 0 if
z <0, and Z,(x), Zp(m) =1lifz>1.

We apply the idea of Buczolich and Seuret in [12], which consists in inserting a copy of another
function Z, and Zp/ into each complementary interval of a Cantor set C,. This way, the new
functions will have a bivariate multifractal spectrum equal to the supremum of those of o, and
opr. We will repeat this a countable number of times in order to obtain two functions Z and 7 as
the uniform limit of a sequence of continuous functions (Y;,),, and (17”)“, respectively. They will
then be HMM functions.

We will construct the sequences of functions (Y;,), and (Y,), by using a subsequence (op, )n of
(0p)p- The explanation of how this choice is made will be given at the end of this section. By abuse
of notation, we still denote by Z, and Zn the functions defined in Theorem 1.1 whose bivariate
multifractal spectrum is o, .

We first set Y7 = Z; (resp. }71 = Zl) and K1 = C; (resp. 161 = C~1) Then, the set of points
whose pointwise Holder exponent is less than 1 is located on the Cantor set K1 (resp. 161) We
note that 161 C K.

Let n > 1. We assume that for every 1 < p < n, the function Y), (resp. §~/p) has been well
defined, and the set of its singularities is located on a set with a Cantor set structure named iC,

(resp. Kp). In other words, there exists a sequence of sets (K, ;); (resp. (Kp,i)i) satisfying the
following conditions:

Kp,i (resp. /E,”) is a finite union of pairwise disjoint closed intervals.
(Kp,i)i (vesp. ICp ;) is decreasing.

o The maximal length of the intervals of K, ; (resp. /EP,,») is non-increasing and tends to zero
as ¢ goes to infinity.

Kp =; Kp,i (resp. lzp = ’Em)
We also assume that K, C ICp, for every 1 <p < n.

We now construct Y, 11 (resp. )N/,LH). Let L, be one of the longest open intervals contiguous
to K,y in [0,1]. We set L/, as the open interval concentric to L,, with a length that is 2" times
that of L,,. We then define the function Y;,4+1 (resp. Y, 1) as

Vo1 = Yo + 2710 Z, (S (2), @€ [0,1]
(resp. Yoi1 = Y + 27" /0l Z, 01 (S (2)), 2 € [0,1)),
where Sp41 :[0,1] — [0, 1] is defined as follows
0 if  €[0,minL)),

: /
x —min L],

Snt1(z) = 1L’ |

it xe L,

x € (max L], 1].
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In other words, S,11(x) is the unique increasing affine mapping from L/ to [0,1]. Then, the
function Y41 (resp. )7n+1) satisfies the same properties as Y,, (resp. 577,) Tts set of singularities
Knyr = {z € [0,1] : hy, () < 1} (resp. Kpi1 = {z € [0,1] : hg . (x) < 1}) has a Cantor
set structure because it is the union of two Cantor sets that do not overlap each other. Indeed,
between any two points of the image of C,+1 (resp. C~n+1) by S;!, there is no point of KC,, (resp.
Izn) Furthermore, by construction, we have IEnH C Kp+1- This concludes the induction.

We finally define the function Z (resp. Z ) as the uniform limit of the sequence of functions
(Yn)n>1 (resp. (Yn)n>1).
Proposition 6.1. The sequences of functions (Y;,),>1 and (}7”)"21 converge uniformly to the
continuous functions Z : [0,1] — R and Z : [0,1] — R, respectively.

Proof. It comes from the fact that (|L,|),>1 is a non-increasing sequence in (0,1) and that the
series ) < 2=n’/IL1] converges. g

We note, moreover, that the sequence (| Ly, |)n>1 tends to zero. This comes from the fact that, at
each step, there exists only a finite number of intervals of maximal length, and each one generates
other intervals with a length at least 2 times smaller.

We now enunciate a theorem asserting that the set of points whose pointwise Holder exponent
has been altered during the iterative construction of the sequences of functions (Y;,), and (17”)”
has a zero Hausdorff dimension.

Proposition 6.2. For every N > 1, we define the following sets
Sy ={ze[0,1]: hz(z) < hyy(x)} and Sy = {z €01 hy(w) < h,;N(g:)}.
The Hausdor(f dimension of the sets

S = limsup Sy and S= lim sup gN

N—+o0 N—+o0

s zero.

Proof. First, since we are adding monotone increasing functions, the oscillation of Y;, (resp. }7”)
on a given interval can only increase when n increases. Therefore, at every x € [0, 1], sequence
{hy,, () }m>1 is non-increasing. Similarly, since Z (resp. Z) is the uniform limit of Y;, (resp. Y,,),

its pointwise Holder exponent is always smaller than or equal to that of Y, (resp. ffn) for every
n > 1. Thus,

{z €[0,1]: hz(z) = hy,(2)} = ﬂ {z €[0,1] : hz(z) = hy,, (z)}.
m>N
It means that

m Sy = m U {SL’ S [0,1] : hz(.’L') < hym($>}

N>1 N>1m>N
= limsup {z € [0,1] : hz(z) < hy,(x)}.

N—+o00

So, it is enough to prove that the intersection of sets Sy has a zero Hausdorff dimension.
Let N > 2, 2 € Sy, and € > 0 be small enough such that hz(z) + 3e < hy, (z) < 1. First, by
Lemma 1.1, for every r > 0 small enough,

(38) wB(:v,r) (YN) < T}LYN (x)—e’
and for infinitely many small r > 0,

(39) wB(z’T)(Z) > ,rhz(:c)-',-e.
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Since hz(x) + 3 < hyy (), then rhz@)+e 5 phvy (@)=28 5 9phvy (@)= for every 0 < ¢ < 1/2. In
addition, by construction,

n—1
Y, =Y+ Z 2*j2/‘LJ"Zj+1 0 Sj41, forevery n> 2,
j=1
and Z=Y; + ZTJQ/\L”ZJ'H °©Sjt1,
j=1
hence, as the functions Z; are non-decreasing,
.2 .
W@ (Z = YN) =D Wpar (Tj MNilZi 0 5j+1) = Wp(z,r)(Z) — W, (YN).
j=N
Therefore, by combining (38) and (39), for infinitely many sufficiently small r > 0,
(40) WB(z,m)(Z —YN) > phz(@)te _ phyy (@)= > th(””H'E/Q > phz(@)+2e 5

In order to modify the oscillation of Yy on some ball B(z, r), it should intersect at least one of the
intervals L, for some n > N +1. Let n > N +1 be the smallest integer such that B(z,r)N L], # 0.
Therefore,

(41) WB(a,r) (Yn) =W, (Yn) = 0.

Next, as the oscillation of the function 2‘j2/|Lj‘Zj+1 o Sj41 on any ball is less than 2-3°/1Li| for
every j > 1, it holds

wB(m,r)(Z) _wB(IT) 22 71| <2.27% */|Ln] <27 ‘L | - |L/ |
jzn

From (41) and the last inequality, we obtain that r < |L | necessarily.

Since B(z,r) N L], # ), then z belongs to the interval concentric with L] but of length 3|L/|.
We denote such an interval as L.

We observe that in order to change the oscillation of Z compared to that of Yy, the point z
must belong to at least one of the intervals L]/, where m > N + 1. Even more, if € ()y~; Sn,
then = belongs to an infinite number of intervals of the family {L/ },,>2. Therefore, the union

Upnsn Lim forms a é,-covering of (x5, Sn, where d,, := [Ly|, for every n > 2.
Then, for any s > 0,
1" 2
Hi () Sv) < Y Il <3 Y @)
N>1 m>n m>n

As the series 2:7701(2*’"2)S converges for any s > 0, H*([\y>; Sn) = 0 for every s > 0. It finally
proves that S has a zero Hausdorff dimension.
The proof for the second set S is completely analogous. ]

We conclude by explaining the choice of the subsequence (o, ), in the construction of the
functions Z and Z. It is obtained by following the steps:
e Step 1: We use 0, = 01 until each dyadic interval I; ;, for £ = 0,1 contains a copy of the
functions Z; and Zl.

e Step 2: We use 0,, = 07 until each dyadic interval I for k =0, ..., 22 — 1 contains a
copy of the functions Z; and Zl. Then we use 0, = o2 until each dyadic interval I5 j, for
k=0,...,22 — 1 contains a copy of the functions Z» and Zs.

e Step p: We use 0, = 0; until each dyadic interval I, ;, for £ = 0,...,2P — 1 contains a

copy of the functions Z; and Zl. Then we use o, = o9 until each dyadic interval I, ;, for
k=0,...,27 — 1 contains a copy of the functions Zs and Zs. We iterate this process in
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FIGURE 3. Smoothing of the function Z, on the small neighborhood A, where
zeD.

order for o, = o; until each dyadic interval I, for £ =0,...,27 — 1 contains a copy of
the functions Z; and Z; for j =1,...,p.

By following this iteration, we obtain the following property: any non-trivial interval I C [0, 1]
contains a copy of any function Z, and Z,. Moreover, if o(«a, 8) > 0, thanks to Proposition 6.2,
we have that

0470, B) = SUp o, (o, B) = o (e, B).

7. EXTENSIONS, REMARKS AND FURTHER WORKS

7.1. Smoothing of functions Z,,. As indicated in Proposition 3.1, there is a countable set D
(resp. D) where the function Z (resp. Z) constructed in sections 3-6 has points with a pointwise
Holder exponent equal to 1. This is due to the presence of ‘corners’, i.e. non-differentiability
points in the functions Z,, (resp. Zn) This follows from our choice for Z,, and is an artefact of
the construction.

This can be overcome by smoothing the corners of the functions Z,,, see Figure 3. More precisely,
around each corner z of Z,,, we could modify Z, into a C*° function, on a very small interval around
x of size so small that it will not interact with the computation of the pointwise Hélder exponent
of Z at every point of C and C.

We do not make the computations here, they are not essential to our main result.

7.2. Prescription of the multivariate multifractal spectrum. Let d > 2 be an integer.
Theorem 1.1 can be extended to the d-dimensional case:

Theorem 7.1. Let {a%)}zlzl and {ag\? Y, be two families of positive real numbers such that
0<alf < ag\? <1 for every 1 < £ < d. We set] := szl[a%),a%?]. Let o : (0,+00)¢ —»
(0,1] U {—o0} be a continuous increasing in every direction mapping supported on T, with the
property

¢)) @Y < min o® ¢ (d)
0<o(a',...,«a )7lr§nzlgda , Jorevery (a'V,... a'Y) eT.
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Then, there exist d continuous increasing functions Z®, ..., Z(4 :[0,1] — [0,1] such that

PN AC) (a(l), ceey a(d)) = a(oz(l)7 cee a(d)), for every (a(l), cee a(d)) € (0, +o00)?.

The idea is to construct at every step n a function Z,(f) that oscillates over numerous intervals
(making up the n — th generation of a Cantor set C(Z)), each of which contains many oscillations
of the next function Z7(f+1) for every 1 < £ < d — 1. Then, we consider Z®) as the series of Zy(f)
for every 1 </ < d.

We present a more detailed plan for generalizing Theorem 1.1.

e We first define, for every 1 < £ < d — 1, the continuous functions
oM, . a¥)= max o(a®,. .. a9 oD o),
o <a<al) e+1<5<d

n+1

nicti,—o that are equally spaced in

At every step n, we consider d sets of points {a
[a,(q?, aM] for every 1 < ¢ < d. We then set

(Z) = a9 and agf)nﬂ = ag\?, for every 1 < ¢ <d.

Next, we set for every 1 <ip <nandevery 1 </¢<d,
¢ _
Onyiq,ig,..ip +— 0‘( (1) a( ) )(1 — 10 n)

nll’ g
e We prove by induction, as in Sections 2.2 and 2.3, that at every step n, there exist d
increasing sequences of integers {JISZ) }p=1 satisfying similar lacunary conditions as in (11)
for every 1 < ¢ < d. In addition, for every 1 < iy,...,i4 < p and every 1 < p < n, the
following sets of integers

g . ) {Jz(’l) (1 fﬁl )J
ke{0,...,27»" —1}: k— g, is a multiple of 2 *pir /1

7;1;i1 = 1t
and IJI(;I),]C C Cp—l
Tosivsiaic = ke{0,...,27 —1}: k— g, is a multiple of 2 p.ig )
-1 ) ®
and Iﬂ) k (ﬂj:l Ukéﬂ,il,. IJ(J) N p]z )> ne',
Toiinsia.via = ked0,....2% —1}: k—gq,isa multlple of 2 Prig

and IJI(,d),k (m Uk‘€7; P I](J) k( )) ﬂcp 1
are well defined and are pairwise disjoint. Moreover, there exists a decreasmg sequence
of positive numbers {e,}1<p<n such that £, < 1077, and such that the sets of integers

Tp.iria,....i, verify the following estimates for every 1 < iy < p, every 1 < ¢ < d, and every

1<p<n
g Totfgenit (1-c,) T TRAgent (1ey)
(42) 2 Piig S HTpirin, i <2 LR
Therefore, we consider the p-th generation of the ¢-th Cantor set as follows

£
= U Loulen) 1st<d

1<in, . ie <SP kE€Tp iy iy
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The d sequences of sets {Cz(f)}lgpgn are decreasing for every 1 < ¢ < d and also satisfy
that
0) (e-1) ©
¢’ cC, NC, 21,

forevery 1 <p<nandevery2</<d.
e Finally, for every 1 < p < n and every 1 < /¢ < d, the function Z,(f) is defined as follows: If

()
k € {0, ey 2J1’ - 1} \ Uil,iQ,.u,i{ 7;71‘17,52’.“7”7

YA _ —
Zlg)(x)—Q P, xel

I8 K
and if k € T4, 40,4, for some 1 <y d0,...,% < p,
2772~ if o e k27" a0 (o)),
9, .
Zz(we) (z) = §(O) *aiﬁe
_ _J® P MO _J® . ()
2 p((k +1)27%% 42 pic /(z— (k4+1)27"» )) ifrelw,(a;,)

o We set, for every 1 </ <d—1,
c .— m C’f(lé) ) ﬂ C’I(Lé-"_l) _. C(Z_H)7
n>1 n>1

defining d Cantor sets. In addition, we define, for every 1 < ¢ < d, the main mappings
ZW® 0,1 — [0,1] as

ZO(z) =" z{(x).
n>1

The study of the pointwise Holder regularity of the functions Z() and the computation of the
bivariate spectrum are analogous to Sections 3, 5, and 4; thus, Theorem 7.1 holds.

7.3. Functions oscillating on a non-degenerate interval. We observe that the monotone
functions we built in Theorem 1.1 have their oscillations on a Cantor set. We would like to
construct HMM functions oscillating over a non-degenerate interval in a natural manner (without
the technique used in Section 6).
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