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Abstract. In this work we establish weighted Poincaré inequalities for multivariate Liou-
ville distributions, which are a generalization of the Dirichlet distribution. We also consider
continuous elliptically contoured distributions, whose density levels are unions of hyperel-
lipsoids. Our approach is based on a transport argument which allows weighted Poincaré
inequalities to be transferred between probability measures. We apply our results to global
sensitivity analysis and illustrate their practical use in a flood model case study, where the
structure of dependence of the input variables is encoded by classical copulas.

1. Introduction

Poincaré inequalities for probability distributions constitute a central topic in probability
and functional analysis, with deep connections to concentration of measure, isoperimetry and
spectral theory. Recall that the principle of a Poincaré inequality is to control the variance
of functions in a functional space, typically a Sobolev space, by means of the integral of the
Euclidean norm of their gradient. This provides a natural tool for applications in settings
where derivative information is available.

For instance, Poincaré inequalities have applications in dimension reduction via ridge
approximation [11, 43, 41], where they are used to control the error induced by the reduction
procedure, and have become a classical tool in Global Sensitivity Analysis (GSA) [38, 22, 34].
In GSA, one aims at quantifying the influence of input parameters, supposed to be modelled
as random variables, in the output of a computationally expensive black-box model. When
the input variables are independent, one-dimensional Poincaré inequalities provide the link
between two commonly used sensitivity indices to quantify uncertainty: Sobol indices, which
are highly interpretable but expensive in terms of computational resources, and Derivative
based Global Sensitivity Measures (DGSM), which rely on the gradient information. This
connection allows one to use DGSM as efficient tools for screening purposes, in order to
identify variables with negligible influence.

More recently, attention has shifted towards weighted Poincaré inequalities. These are
similar to the classical ones, but the norm of the gradient in the right-hand side integral
is replaced by a norm induced by a matrix-valued function. There are at least two main
motivations for considering such weighted inequalities. First, some probability measures do
not satisfy a classical Poincaré inequality, such as heavy-tailed distributions (see [3]). The
second motivation is accuracy: the introduction of weights provides an additional degree of
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freedom that can significantly improve the accuracy of numerical results. For instance, in
the context of GSA, [39, 17] propose weighted DGSM indices, which generalize the classical
ones and arise naturally from the application of one-dimensional weighted Poincaré inequal-
ities. Although these results are limited to the assumption of independent input variables,
they can naturally be extended to the case of block-wise independent variables using multi-
dimensional weighted Poincaré inequalities. A key challenge for such extension is that these
multidimensional inequalities remain far less understood than their one-dimensional coun-
terparts, and existing results with practical relevance are only available for a limited range
of probability measures.

The aim of this work is therefore twofold: to establish new results on multidimensional
weighted Poincaré inequalities and to show their practical application in GSA. Our main
focus is on the class of multivariate Liouville distributions and we additionally consider
elliptically contoured distributions. These two families of probability distributions can be
seen as generalizations of the Dirichlet and multivariate normal distributions, respectively,
and both play a central role in statistics and related fields (see, for instance, [14, 15, 25] and
[16, 26]). In addition, by adopting a copula-based perspective, we are able to extend this
type of results to more general distributions with prescribed copulas, which are of significant
practical interest as they frequently arise in statistical modeling. To obtain these results, our
approach is mainly based on a transport argument which, roughly speaking, allows weighted
Poincaré inequalities to be transferred between probability measures while preserving the
optimal Poincaré constant. This approach is direct and comparatively simple in contrast
to, for instance, other classical techniques relying on the spectral interpretation of weighted
Poincaré inequalities (see [3]). It is also naturally suited to measures characterized through
transport, such as the moment measures addressed in [12].

Our contributions and the organization of the paper are summarized as follows. Section 2
introduces the preliminaries. Section 3 is devoted to our main results on multivariate Liou-
ville distributions. Its central result, Theorem 3.1, establishes weighted Poincaré inequalities
for this class of distributions. Our approach is based on a radial-type decomposition which
reduces the analysis to a product measure. As an application of this result, and under
additional log-concavity assumptions, we further obtain two general Poincaré inequalities.
Finally, another inequality is established in the same log-concave setting, using a direct argu-
ment through the famous Brascamp-Lieb inequality. Examples of application are presented,
including weighted Poincaré inequalities for a family of heavy-tailed distributions.
In Section 4 we make a brief digression to elliptically contoured distributions. These distribu-
tions are related to their spherical counterparts through a linear transport map. Proposition
4.1 then allows to transfer existing results for spherically contoured distributions, such as
those emphasized in [7], to the elliptical case. Examples are provided to illustrate this ap-
proach.
Section 5 is motivated by practical applications. More precisely, we aim at extending our
results to more general probability distributions for which the structure of dependence is
encoded by a given copula. In Proposition 5.1 we show how to transfer a weighted Poincaré
inequality for a given probability measure to any other measure sharing the same copula.
Combined with the results emphasized above, this entails inequalities for distributions with
Clayton or elliptical copulas, the latter including the Gaussian case. For measures associ-
ated with Gaussian copulas, we additionally establish classical Poincaré inequalities under
uniform log-concavity assumptions on the marginals.
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Finally, Section 6 is devoted to applications in GSA. We introduce Sobol indices and weighted
DGSM in the context of models with block-wise independent input variables. Then Propo-
sition 6.1 provides upper bounds on Sobol indices in terms of DGSM, obtained by applying
weighted Poincaré inequalities. We illustrate these bounds numerically through a flood
model case study, whose input variables are block-wise independent and coupled according
to Gaussian or Clayton copulas. In the Gaussian copula setting we compare our numeri-
cal results with those obtained using classical Poincaré inequalities in [40], reporting more
accurate estimates with our approach.

2. Preliminaries

Let Ω ⊂ Rn be a connected open set with a piecewise C 1 boundary. We denote P(Ω)
the set of probability measures µ on Ω that admit a density with respect to the Lebesgue
measure, which is positive in Ω. Denote Mn the set of symmetric positive definite matrices
and letW (Ω) be the set of matrix-valued functions W : Ω→Mn. We systematically refer to
functions W ∈ W (Ω) as weights. Let 〈 · , ·〉 be the Euclidean inner product, with associated

norm ‖ · ‖. For a matrix A ∈ Mn, its induced norm is defined as ‖x‖A =
√
〈Ax, x〉, for all

x ∈ Rn. We also write λmax(A) for the largest eigenvalue of A and λmin(A) for the smallest
eigenvalue.
Let L2(µ) be the space of square-integrable functions with respect to a probability measure
µ ∈ P(Ω) and, given f ∈ L2(µ), denote ∇f the gradient of weak partial derivatives of f .
We can now define a weighted Poincaré inequality.

Definition 2.1. Let Ω ⊂ Rn be a connected open set with a piecewise C 1 boundary and
let µ ∈ P(Ω). We say that µ ∈ P(Ω) satisfies a weighted Poincaré inequality with weight
W ∈ W (Ω) and finite constant C > 0 if

Varµ(f) :=

∫
Ω

f 2 dµ−
(∫

Ω

f dµ

)2

≤ C

∫
Ω

‖∇f‖2
W dµ, (2.1)

for all f ∈ L2(µ) for which the right-hand side of the inequality is finite.

In the following, whenever a weighted Poincaré inequality is stated, it will be understood
to hold for all such functions f , to avoid unnecessary repetition.

We denote CP (µ,W ) the optimal (the smallest) positive constant for which (2.1) holds. In
the particular case where W is the identity matrix Id, inequality (2.1) reduces to the classical
Poincaré inequality, which is a fundamental and active research topic. See e.g. [3] for an
accessible introduction to the subject. In this case we simply write CP (µ, Id) = CP (µ). For
a general weight W , note that if λmax(W ), which depends on the space variable, is bounded in
Ω, then the weighted Poincaré inequality (2.1) implies a classical one with optimal constant
satisfying

CP (µ) ≤ sup
x∈Ω

λmax(W (x))CP (µ,W ).

Throughout this section we establish several weighted Poincaré inequalities. Our approach
mainly relies on a well-known transport argument, that we recall for completeness. Given
a probability measure ν ∈ P(Ω) and a mapping T : Ω → T (Ω), we denote T#ν the image
measure (also called the pushforward measure) of ν by T . Suppose that ν satisfies a weighted
Poincaré inequality with some weight Wν ∈ W (Ω) and that T is a diffeomorphism. Then
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the image measure µ = T#ν ∈ P(T (Ω)) satisfies the following weighted Poincaré inequality

Varµ(f) =

∫
Ω

(f ◦ T )2 dν −
(∫

Ω

f ◦ T dν
)2

≤ CP (ν,Wν)

∫
Ω

∥∥Jac(T )>∇f
∥∥2

Wν
dν = CP (ν,Wν)

∫
T (Ω)

‖∇f‖2
Wµ

dµ, (2.2)

where Wµ is the weight defined by

Wµ = (Jac(T )Wν Jac(T )>) ◦ T−1,

with Jac(T ) standing for the Jacobian matrix of T and Jac(T )> its transpose. Moreover, the
optimal constants CP (µ,Wµ) and CP (ν,Wν) coincide. Indeed, the inequality above already
gives us CP (µ,Wµ) ≤ CP (ν,Wν). The reverse inequality follows by exchanging the roles of
µ and ν = T−1

# µ, and using the identity Jac(T−1) = Jac(T )−1 ◦ T−1.
Beyond transport, additional tools are available in the log-concave setting. Assuming that

Ω is convex, recall that a measure µ is said to be strictly log-concave if its density can be
expressed as ρ = e−V , where the potential V is a strictly convex function in Ω. In this
context, a fundamental weighted Poincaré inequality is the Brascamp-Lieb inequality (see
[8]), which states that

Varµ(f) ≤
∫

Ω

‖∇f‖2
Hess(V )−1 dµ, (2.3)

where Hess(V ) denotes the Hessian matrix of V . In particular, when infx∈Ω λmin(Hess(V )(x)) >
0, meaning that the measure µ is uniformly log-concave, it yields the well-known estimate

CP (µ) ≤ 1

infx∈Ω λmin(Hess(V )(x))
, (2.4)

which is also an instance of the Bakry-Emery curvature dimension criterion (see [3]). This
bound was later refined by Veysseire in [42]. We present his result as it appears in [2]:

CP (µ) ≤
∫

Ω

1

λmin(Hess(V ))
dµ. (2.5)

This estimate will be applied in our forthcoming analysis.

3. Main results: weighted Poincaré inequalities for multivariate Liouville
distributions

Multivariate Liouville distributions arise in many areas of probability and statistics, no-
tably in multivariate majorization [26] and in statistical reliability theory [16]. They also
constitute generalizations of the Dirichlet distribution, which itself has numerous connections
in theoretical and applied fields (see e.g. [31]).

We say that a probability measure µ ∈ P(Rn
+) in the strictly positive orthant Rn

+ = (0,∞)n

is a multivariate Liouville distribution if its density function takes the form

ρ(x) = Z−1

n∏
i=1

xαi−1
i g

(
n∑
i=1

xi

)
, x ∈ Rn

+, (3.1)

where g : R+ → R+ is an univariate positive function and α = (α1, . . . , αn) is a vector of
positive parameters. In the following we denote |α| =

∑n
i=1 αi. We will systematically use
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the same notation Z−1 for the normalization constant of any probability measure, when it
is not needed explicitly.

Below we present some relevant examples of multivariate Liouville distributions, including
those appearing in [14, 26].

(1) The Dirichlet distribution Πα ∈ P(Vn−1), defined on the open simplex

Vn−1 =

{
t−n : = (t1, . . . , tn−1) ∈ (0, 1)n−1

∣∣ n−1∑
i=1

ti < 1

}
,

is the probability measure with density function

ρ(t−n) = Z−1

n−1∏
i=1

tαi−1
i

(
1−

n−1∑
i=1

ti

)αn−1

, t−n ∈ Vn−1. (3.2)

This density is a particular case of (3.1) obtained by restricting it to n− 1 variables
and taking the function g(s) = (1 − s)αn−1

1s<1. The term inside the parenthesis in
(3.2) should be interpreted as an additional component tn = 1 −

∑n−1
i=1 ti, so that∑n

i=1 ti = 1. The Dirichlet distribution Πα is a natural multivariate extension the
Beta distribution, recovered when n = 2.

(2) Another multivariate Liouville distribution is the inverted Dirichlet distribution. It
is obtained introducing an additional parameter α0 > 0 and taking the function
g(s) = (1 + s)−(|α|+α0), s ∈ R+. The density is therefore defined as

ρ(x) = Z−1

n∏
i=1

xαi−1
i

(
1 +

n∑
i=1

xi

)−(|α|+α0)

, x ∈ Rn
+. (3.3)

We denote this measure by Πinv
α,α0

. The link between the Dirichlet distribution Πα

and the inverted one Πinv
α,α0

is given via transport, which we specify later in Example

3.2 to establish a weighted Poincaré inequality for Πinv
α,α0

.
(3) As a particular case of the previous example, consider the multivariate Pareto distri-

bution, also called multivariate Lomax distribution (see [29]), whose density function
is given by

ρ(x) =
Γ(γ + n)

Γ(γ)

(
1 +

n∑
i=1

xi

)−(γ+n)

, x ∈ Rn
+, (3.4)

with γ > 0 a parameter.
(4) Finally, consider the Gamma Liouville distribution, obtained when taking g(s) =

sδe−s, with δ > − |α|. In this case the density in (3.1) becomes

ρ(x) = Z−1

(
n∑
i=1

xi

)δ n∏
i=1

xαi−1
i e−xi , x ∈ Rn

+. (3.5)

When δ = 0 this measure reduces to a product of independent gamma distributions.

Now we are in position to establish weighted Poincaré inequalities for multivariate Liou-
ville distributions. Our strategy is inspired by the approach used in [4, 7] for spherically
contoured distributions (i.e. probability measures whose densities depend on ‖x‖, x ∈ Rn).
This approach relies on the fact that any spherical distribution ν ∈ P(Rn) can be expressed
as an image of the product measure between a one-dimensional probability distribution
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νrad ∈ P(R+), encoding the radial component, and the uniform distribution on the n-sphere.
This decomposition allows one to deal with the radial and angular components indepen-
dently, using their corresponding Poincaré inequalities.

In the same spirit, we represent any multivariate Liouville distribution µ ∈ P(Rn
+) as an

image of the product measure µS ⊗Πα, where µS ∈ P(R+) is a one-dimensional probability
measure and Πα is the Dirichlet distribution. As similarly shown in [7] for the spherical case,
we prove that weighted Poincaré inequalities for µS induce corresponding inequalities for µ.
This yields the main result of the paper, stated in the theorem below.

Theorem 3.1. Let µ ∈ P(Rn
+) be a multivariate Liouville distribution, with density function

as in (3.1). Consider the one-dimensional probability measure µS ∈ P(R+) with density
proportional to s ∈ R+ 7→ s|α|−1 g(s). Suppose that µS satisfies a weighted Poincaré inequality
with weight wS ∈ W (R+). Denote s(x) =

∑n
i=1 xi, x ∈ Rn

+, and

K =

∫
R+

s2

wS(s)
dµS(s).

Then µ satisfies the following weighted Poincaré inequality

Varµ(f) ≤ max

(
CP (µS, wS),

K

|α|

)∫
Rn+

wS (s(x))

s(x)

n∑
i=1

xi

(
∂f

∂xi
(x)

)2

dµ(x). (3.6)

Proof. We begin by introducing the radial-type decomposition of the multivariate Liouville
distribution µ. Consider the mapping T : R+ × Vn−1 → Rn

+ defined as

T (s, t−n) =

(
s t1, . . . , s tn−1, s

(
1−

n−1∑
i=1

ti

))
, (s, t−n) ∈ R+ × Vn−1. (3.7)

Then we claim that µ = T#(µS⊗Πα). Indeed, for all (s, t−n) ∈ R+×Vn−1, the determinant
of the Jacobian of T is given by det (Jac(T )(s, t−n)) = −sn−1 (see e.g. [31]) and thus for
every measurable, non-negative or bounded function f : Rn

+ → R it follows that∫
Rn+
f dµ =

∫
Vn−1

∫
R+

(f ◦ T )(s, t−n) dµS(s) dΠα(t−n)

=

∫
Vn−1

∫
R+

(f ◦ T )(s, t−n)Z−1

n−1∏
i=1

(s ti)
αi−1

(
s

(
1−

n−1∑
i=1

ti

))αn−1

sn−1g(s) ds dt−n

=

∫
Vn−1

∫
R+

(f ◦ T )(s, t−n)Z−1

n−1∏
i=1

tαi−1
i

(
1−

n−1∑
i=1

ti

)αn−1

s|α|−1g(s) ds dt−n

=

∫
Vn−1

∫
R+

f ◦ T dµS dΠα.

Before proceeding to the proof computations, let us introduce the relevant weighted
Poincaré inequality satisfied by the Dirichlet distribution Πα, which is a key ingredient
in the proof. Consider the weight Wτ ∈ W (Vn−1) defined as

Wτ (t−n) = diag(t−n)− t−n t>−n, t−n ∈ Vn−1,

where diag(t−n) denotes the diagonal matrix with t−n on its diagonal. Using Cauchy-Schwarz’
inequality we observe that it is indeed positive definite for all t−n ∈ Vn−1: for any nonzero
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vector b ∈ Rn−1 we have

〈Wτ (t−n)b, b〉 =
n−1∑
i=1

tib
2
i −

(
n−1∑
i=1

tibi

)2

≥
n−1∑
i=1

tib
2
i −

(
n−1∑
i=1

ti

)(
n−1∑
i=1

tib
2
i

)
=

(
1−

n−1∑
i=1

ti

)(
n−1∑
i=1

tib
2
i

)
> 0.

Then the Dirichlet distribution Πα satisfies a weighted Poincaré inequality with weight Wτ ,
meaning that∫

Vn−1

f 2 dΠα ≤
1

|α|

∫
Vn−1

‖∇f‖2
Wτ

dΠα =
1

|α|

∫
Vn−1

n−1∑
i=1

ti

(
∂f

∂ti

)2

−

(
n−1∑
i=1

ti
∂f

∂ti

)2
 dΠα(t−n).

(3.8)

Above, the factor 1/ |α| is the optimal Poincaré constant CP (Πα,Wτ ), a fact that can be
explained from a spectral point of view. Indeed, recall that CP (Πα,Wτ ) is characterized as
the inverse of the spectral gap, i.e. the first positive eigenvalue, of a self-adjoint operator
associated with the weighted Poincaré inequality (see [3]). In [37], such a spectral gap is
shown to be equal to |α|, and therefore CP (Πα,Wτ ) = 1/ |α|. See also [28] for an elegant
alternative proof based on a stochastic representation of the Dirichlet distribution Πα in
terms of gamma distributions.

We prove now the weighted Poincaré inequality (3.6). We have

Varµ(f) =

∫
Vn−1

∫
R+

(f ◦ T )2dµS dΠα −
(∫

Vn−1

∫
R+

f ◦ T dµS dΠα

)2

=

∫
Vn−1

∫
R+

(f ◦ T )2dµS −
(∫

R+

f ◦ T dµS
)2

︸ ︷︷ ︸
VarµS (f◦T )

dΠα +

∫
Vn−1

h2 dΠα −
(∫

Vn−1

h dΠα

)2

, (3.9)

where the function h : Vn−1 → R is given by

h(t−n) =

∫
R+

f ◦ T (s, t−n) dµS(s), t−n ∈ Vn−1.

We deal with the variance in (3.9). Since µS satisfies a weighted Poincaré inequality with
weight wS ∈ W (R+), we have

VarµS(f ◦ T ) ≤ CP (µS, wS)

∫
R+

wS(s)

(
n−1∑
i=1

ti

(
∂f

∂xi
◦ T
)

+

(
1−

n−1∑
i=1

ti

)(
∂f

∂xn
◦ T
))2

dµS(s).

(3.10)
Next, to deal with the remaining terms in (3.9) we apply the weighted Poincaré inequality
for the Dirichlet distribution Πα given in (3.8) to the function h. We obtain∫

Vn−1

h2 dΠα −
(∫

Vn−1

h dΠα

)2

≤ 1

|α|

∫
Vn−1

∥∥∥∥∫
R+

∇t−n(f ◦ T ) dµS

∥∥∥∥2

Wτ

dΠα,
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where

∇t−n(f ◦ T ) =

(
s

(
∂f

∂xi
− ∂f

∂xn

)
◦ T
)n−1

i=1

,

and the integral with respect to µS is understood as a vector of coordinate-wise integrals.
Introducing the norm ‖ · ‖Wτ

inside the integral with respect to the probability measure µS
and using then Cauchy-Schwarz’ inequality it follows that∫

Vn−1

h2 dΠα −
(∫

Vn−1

h dΠα

)2

≤ K

|α|

∫
Vn−1

∫
R+

wS(s)

s2

∥∥∇t−n(f ◦ T )
∥∥2

Wτ
dµS(s) dΠα(t−n)

=
K

|α|

∫
Vn−1

∫
R+

wS(s)

n−1∑
i=1

ti

(
∂f

∂xi
− ∂f

∂xn

)2

◦ T −

(
n−1∑
i=1

ti

(
∂f

∂xi
− ∂f

∂xn

)
◦ T

)2
 dµS(s) dΠα(t−n),

(3.11)

where we recall that K =
∫
R+

(s2/wS(s)) dµS(s). One can check that the quantity inside the

big parenthesis can be rewritten as

n−1∑
i=1

ti

(
∂f

∂xi
− ∂f

∂xn

)2

◦ T −

(
n−1∑
i=1

ti

(
∂f

∂xi
− ∂f

∂xn

)
◦ T

)2

=
n−1∑
i=1

ti

(
∂f

∂xi
◦ T
)2

+

(
1−

n−1∑
i=1

ti

)(
∂f

∂xn
◦ T
)2

−

(
n−1∑
i=1

ti

(
∂f

∂xi
◦ T
)

+

(
1−

n−1∑
i=1

ti

)(
∂f

∂xn
◦ T
))2

.

But note then that the third term on the right-hand side is exactly the same one appearing in
the first inequality (3.10). Therefore, denoting tn := 1−

∑n−1
i=1 ti and combining inequalities

(3.10) and (3.11) into (3.9), we obtain

Varµ(f) ≤ CP (µS, wS)

∫
Vn−1

∫
R+

wS(s)

(
n∑
i=1

ti

(
∂f

∂xi
◦ T
))2

dµS(s) dΠα(t−n)

+
K

|α|

∫
Vn−1

∫
R+

wS(s)

 n∑
i=1

ti

(
∂f

∂xi
◦ T
)2

−

(
n∑
i=1

ti

(
∂f

∂xi
◦ T
))2

 dµS(s) dΠα(t−n)

≤ max

(
CP (µS, wS),

K

|α|

)∫
Vn−1

∫
R+

wS(s)
n∑
i=1

ti

(
∂f

∂xi
◦ T
)2

dµS(s) dΠα(t−n).

Finally, we come back to the original variables by applying the inverse transformation

(s, t−n) = T−1(x) =

(
n∑
i=1

xi,
x1∑n
i=1 xn

, . . . ,
xn−1∑n
i=1 xi

)
, x ∈ Rn

+, (3.12)

so that tn = 1−
∑n−1

i=1 ti = xn/
∑n

i=1 xi. This yields the desired inequality (3.6), completing
the proof. �

Before presenting examples of application of Theorem 3.1 we first discuss its consequences
in the log-concave setting, in analogy to the developments in the spherical case in [7]. In
the following Corollary we establish two general weighted Poincaré inequalities under the
assumptions that the function g in (3.1) is log-concave and that |α| > 1. These assumptions
are not very restrictive. For instance, they admit the standard choice αi = 1 for each
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i ∈ {1, . . . , n} and are satisfied by all the examples introduced at the beginning of the
section, under suitable choices on their additional parameters.

Corollary 3.2. Let µ a multivariate Liouville distribution, with density function given in
(3.1). Suppose that g is log-concave (that is, g = e−Vg with Vg convex) and |α| > 1. Denote
s(x) =

∑n
i=1 xi, x ∈ Rn

+. Then µ satisfies the following weighted Poincaré inequalities:

Varµ(f) ≤ 1

|α| − 1

∫
Rn+
s(x)

n∑
i=1

xi

(
∂f

∂xi
(x)

)2

dµ(x), (3.13)

and

Varµ(f) ≤ 1

|α| − 1

∫
Rn+
s(x)2 dµ×

∫
Rn+

n∑
i=1

xi
s(x)

(
∂f

∂xi
(x)

)2

dµ(x). (3.14)

In particular, the latter leads to a classical Poincaré inequality after using the bound xi/s(x) ≤
1 for each i ∈ {1, . . . , n}.

Proof. The idea of the proof is to establish two different Poincaré inequalities for the one-
dimensional probability measure µS, taking advantage of the polynomial factor s|α|−1 in its
density which contributes to the log-concavity of the measure. Indeed, writing the density
of µS proportional to e−VS , where the potential VS is given by

VS(s) = Vg(s)− (|α| − 1) log(s), s ∈ R+,

then one observes that VS is convex since Vg is, and moreover,

1

V ′′S (s)
=

1

V ′′g (s) + (|α| − 1)
1

s2

≤ 1

|α| − 1
s2, s ∈ R+.

One can then apply the Brascamp-Lieb inequality (2.3) to the measure µS, obtaining a
weighted Poincaré inequality with weight wS(s) = s2 and optimal constant satisfying the
inequality

CP (µS, ws) ≤
1

|α| − 1
.

With this choice of weight we have

K =

∫
R+

s2

wS(s)
dµS(s) = 1 and max

(
CP (µS, wS),

K

|α|

)
≤ 1

|α| − 1
.

Therefore Theorem 3.1 yields the first weighted Poincaré inequality of Corollary 3.2, given
in (3.13).
The second inequality (3.14) is obtained in a similar way, using Veysseire’s inequality (2.5)
instead of Brascamp-Lieb’s, from which it follows that µS satisfies a classical Poincaré in-
equality (i.e. with weight wS(s) = 1) with optimal constant satisfying

CP (µS) ≤ 1

|α| − 1

∫
R+

s2 dµS(s).

Then we have

K =

∫
R+

s2dµS(s) and max

(
CP (µS),

K

|α|

)
≤ 1

|α| − 1

∫
R+

s2 dµS.
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Using the inverse transformation T−1 in (3.12) we see that that the right-hand side integral
is equal to the constant

∫
Rn+
s(x)2 dµ(x) appearing in inequality (3.14). This completes the

proof. �

The two inequalities (3.13) and (3.14) are not comparable. This can be seen, for instance,
considering the function f(x) =

∑n
i=1 x

a
i (with a > 0). After some computations involving

the transformation T in (3.7) one can show that, for this function, comparing the right-hand
sides of the two inequalities reduces to the comparison between the terms∫

R+

s2a dµS(s) and

∫
R+

s2dµS(s)×
∫
R+

s2a−2 dµ(s).

Choosing a and µS appropriately, one can find cases where either the first or the second
quantity is smaller.

These two inequalities rely on the log-concavity of the function g. A natural question is
whether this property implies the log-concavity of the measure µ itself, allowing for a direct
general result via the Brascamp-Lieb inequality (2.3). This is indeed the case, although it
requires the assumption αi > 1 for each i ∈ {1, . . . , n}, which is a stronger condition than
|α| > 1, used in Corollary 3.2. Under this assumption, one obtains an additional weighted
Poincaré inequality stated in the following proposition.

Proposition 3.3. Under the same notation and assumptions of Corollary 3.2, assume fur-
thermore that αi > 1 for each i ∈ {1, . . . , n}. Then the measure µ satisfies the following
Poincaré inequality:

Varµ(f) ≤
∫
Rn+

n∑
i=1

1

αi − 1
x2
i

(
∂f

∂xi
(x)

)2

dµ(x). (3.15)

Proof. Under the additional assumption, the measure µ is strictly log-concave. Indeed,
writing its density as e−V , the potential V is given by

V (x) = log(Z)−
n∑
i=1

(αi − 1) log(xi) + Vg

(
n∑
i=1

xi

)
, x ∈ Rn

+,

with Hessian matrix

Hess(V )(x) = diag

(
(α1 − 1)

1

x2
1

, . . . , (αn − 1)
1

x2
n

)
+ V ′′g

(
n∑
i=1

xi

)
11>, x ∈ Rn

+,

where 1 ∈ Rn denotes the column vector with all entries equal to one. Since Vg is convex,
the second term is semi-positive definite, and hence the Hessian can be bounded from below
(in the sense of symmetric matrices) by the first term alone. Therefore the Brascamp-Lieb
inequality (2.3) entails (3.15). �

Inequality (3.15) is not comparable to those in Corollary 3.2. For instance, in the first
one given in (3.13) the terms s(x)xi are larger than the x2

i terms in (3.15). However, the
constant 1/(|α| − 1) in (3.13) is smaller than all the constants 1/(αi − 1) in (3.15).

As announced, we present examples of weighted Poincaré inequalities for multivariate Liou-
ville distributions. Specifically, we apply Theorem 3.1 to obtain inequalities for the Gamma
Liouville and the inverted Dirichlet distributions, both introduced at the beginning of this
subsection. In addition, we establish another weighted Poincaré inequality for the inverted
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Dirichlet distribution, obtained directly through a direct transport argument involving the
Dirichlet distribution.

Example 3.1. Consider the Gamma Liouville distribution µ with density given in (3.5).
Note that the application of Theorem 3.1 reduces to find an available weight wS ∈ W (R+)
for the associated one-dimensional probability measure µS appearing in the theorem. In the
present setting this measure is Gamma distributed, with density

s ∈ R+ 7→
1

Γ (|α|+ δ)
sδ+|α|−1e−s.

Then a natural choice of weight is the Stein kernel of µS, given by ws(s) = s, and for which
the optimal Poincaré constant is CP (µS, wS) = 1 (see e.g. [23]). For this weight the constant
in inequality (3.6) becomes

max

(
CP (µS, wS),

K

|α|

)
= max

(
1,

1

|α|

∫
R+

s dµS(s)

)
= max

(
1,

1

|α|
(|α|+ δ)

)
= 1 +

δ

|α|
.

Consequently, Theorem 3.1 entails the following weighted Poincaré inequality for µ:

Varµ(f) ≤
(

1 +
δ

|α|

)∫
Rn+

n∑
i=1

xi

(
∂f

∂xi
(x)

)2

dµ.

This inequality is optimal when δ = 0, that is, when µ is a product of independent gamma
distributions. In this case it coincides with the well-known weighted Poincaré inequality
obtained by tensorizing one-dimensional Poincaré inequalities for gamma distributions, using
their Stein kernels as weights (see e.g. [28]).
Other potential choices of weight include the constant weight ws(s) = 1 or the quadratic one
ws(s) = s2.

Example 3.2. Let us turn our attention to the inverted Dirichlet distribution Πinv
α,α0

defined
in (3.3). It is a heavy-tailed distribution, meaning that it does not admit exponential mo-
ments. Hence it does not satisfy a classical Poincaré inequality (see [3]). However it satisfies
weighted Poincaré inequalities, as we present now.

The associated one-dimensional probability measure µS is a Beta prime distribution, with
density proportional to

s ∈ R+ 7→ s|α|−1 (1 + s)−(|α|+α0).

Using the transport argument (2.2) we show that this measure satisfies a weighted Poincaré
inequality with weight wS(s) = s2. Indeed, one can easily prove that µS = T#Πβ, where
Πβ is the beta distribution with vector parameter (β1, β2) = (|α| , α0) and T is the mapping
given by T (t) = t/(1 − t) for all t ∈ (0, 1). As proved in the Appendix, the measure
Πβ satisfies a weighted Poincaré inequality with weight wτ (t) = t2(1 − t)2. The optimal

constant CP (Πβ, wτ ) is bounded from below by 4 max
(

1
β2

1
, 1
β2

2

)
and bounded from above by

the expression

Φ(β1, β2) =


4 max

(
1

β2
1

,
1

β2
2

)
, if min(β1, β2) ≤ 1,

4 max

(
1

2β1 − 1
,

1

2β2 − 1

)
, if min(β1, β2) ≥ 1.



12 DAVID HEREDIA

Note that in the regime min(β1, β2) ≤ 1 the bounds are sharp, leading to the identity

CP (Πβ, wτ ) = 4 max
(

1
β2

1
, 1
β2

2

)
. The upper bound is also known to be tight in the symmetric

case β1 = β2 = κ ≥ 1, where we have CP (Πβ, wτ ) = 4/(2κ− 1) (see [17]). Finally, since for
all t ∈ (0, 1) we have

wτ (t)(T
′(t))2 = t2(1− t)2 1

(1− t)4
=

(
t

1− t

)2

= (T (t))2,

then the transport argument emphasized in (2.2) entails that µS satisfies a weighted Poincaré
inequality with weight wS(s) = (wτ (T ′)2) ◦ T−1(s) = s2. Moreover, since the optimal
Poincaré constant is invariant under transport, we have that CP (µS, wS) ≤ Φ(|α| , α0).

We can now return to the multivariate Dirichlet distribution Πinv
α,α0

. After applying Theo-
rem 3.1 with the weight wS we obtain the weighted Poincaré inequality below

VarΠinv
α,α0

(f) ≤ max

(
1

|α|
,Φ(|α| , α0)

) ∫
Rn+
s(x)

n∑
i=1

xi

(
∂f

∂xi
(x)

)2

dΠinv
α,α0

. (3.16)

We propose another weighted Poincaré inequality for Πinv
α,α0

obtained directly using trans-
port. Consider the Dirichlet distribution Πα̃ in Vn with vector parameter α̃ = (α1, . . . , αn, α0).
Then we have Πinv

α,α0
= T#Πα̃, where T is the mapping defined as

T (t) =
t

1−
∑n

i=1 ti
, t = (t1, . . . , tn) ∈ Vn,

(see [31]). Recall that 1 ∈ Rn denotes the column vector with all entries equal to one. The
inverse mapping and the Jacobian of T are explicitly given by

T−1(x) =
x

1 + s(x)
, x ∈ Rn

+,

and

Jac(T )(t) =
1

1−
∑n

i=1 ti

(
Id +

1

1−
∑n

i=1 ti
t1>

)
, t ∈ Vn,

respectively.
Recall that Πα̃ satisfies a weighted Poincaré inequality with weight

Wτ (t) = diag(t)− t t>, t ∈ Vn,

as claimed in (3.8). Observe that for any x ∈ Rn
+ we have

Jac(T )◦T−1(x) = (s(x)+1)
(
Id + x1>

)
, Wτ◦T−1(x) =

1

1 + s(x)
diag(x)− 1

(1 + s(x))2
x x>.

Applying then the transport argument in (2.2), it follows that Πinv
α,α0

satisfies a Poincaré
inequality with weight W defined for all x ∈ Rn

+ as

W (x) =
(
Jac(T )Wτ Jac(T )>

)
◦ T−1(x) = (Id + x1>)

(
(1 + s(x)) diag(x)− xx>

) (
Id + 1x>

)
,

and optimal constant CP (Πinv
α,α0

,W ) = 1/(|α| + α0). After some algebraic simplifications

involving the identities diag(x) 1 = x and 1>x = s(x) we are able to reduce this weight to

W (x) = (1 + s(x))
(
diag(x) + x x>

)
.
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In other words, the measure Πinv
α,α0

satisfies the weighted Poincaré inequality

VarΠinv
α,α0

(f) ≤ 1

|α|+ α0

∫
Rn+

(1 + s(x))

 n∑
i=1

xi

(
∂f

∂xi
(x)

)2

+

(
n∑
i=1

xi
∂f

∂xi
(x)

)2
 dΠinv

α,α0
.

(3.17)
This inequality will later be combined with a copula-based argument to establish weighted
Poincaré inequalities for distributions whose structure of dependence is encoded by the Clay-
ton copula. Such a methodology which will be applied in global sensitivity analysis in Section
6. Although inequality (3.16) could also be employed for this purpose, we instead rely on
the one with a known optimal constant, as this is crucial to ensure accuracy in the numerical
experiments.

4. Digression: weighted Poincaré inequalities for elliptically contoured
distributions

Although elliptical contoured distributions are not a central focus of the present paper,
they are considered in this section due to their importance in multivariate statistics and
its applications. For instance, they play a central role in financial mathematics [15], robust
statistics [14, 25] and high-dimensional covariance matrix estimation [32]. They also provide
a natural framework for modeling multivariate dependence in terms of copulas, as discussed
in the next section. An overview on these distributions can be found, for instance, in [14].

To preserve our formalism based on continuous probability measures, we consider elliptical
contoured distributions having a density. However, the results presented in this part remain
valid for more general elliptical distributions, defined in terms of stochastic representations
(see [14]).

We say that a probability measure µ ∈ P(Rn) is elliptically contoured (or simply an
elliptical distribution) if its density function is of the form

ρ(x) = Z−1g (‖x−m‖Σ−1) , x ∈ Rn,

where the vector m ∈ Rn and the positive definite matrix Σ ∈ Mn are fixed parameters
and g : R+ → R is an univariate positive function. For simplicity we assume m = 0 and,
following standard convention, we suppose without loss of generality that Σ belongs to the
subclass of matrices

Mn
R = {Σ ∈Mn |Σi,i = 1, Σi,j ∈ (−1, 1), for i 6= j, i, j ∈ {1, . . . , n}} . (4.1)

The density ρ offers a clear geometric characterization of these measures, as its level sets
consist of unions of hyperellipsoids. In the particular case Σ = Id, these level sets are unions
of spheres, and then we say that µ is a spherical contoured distribution (or simply a spherical
distribution). To emphasize the difference between elliptical and spherical distributions, we
denote them by µΣ and µId, respectively.

Recall some important examples of both elliptical and spherical distributions.

(1) A fundamental elliptical distribution is the multivariate normal µ ∼ N (0,Σ), ob-
tained after taking the function g(r) = exp (−r2/2), r ∈ R+. Recall that its density
function is given by

ρ(x) = (2π)−
n
2 det(Σ)−

1
2 e−

1
2
‖x‖2

Σ−1 , x ∈ Rn.
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The spherical version of this measure is the standard multivariate normal distribution
µId ∼ N (0, Id).

(2) Another well-known example of elliptical distribution is the multivariate t-distribution,
which generalizes the Student’s t-distribution. Its density is defined as

ρ(x) = Z−1

(
1 +

1

γ
‖x‖2

Σ−1

)− γ+n
2

, x ∈ Rn, (4.2)

with γ > 0, that we recover when we take g(r) proportional to (1 + r2/γ)−
γ+n

2 . We
denote this measure by µΣ,γ.
The corresponding spherical distribution µId,γ is nothing but an affine transforma-
tion of the generalized Cauchy distribution. The latter, denoted νκ, depends on a
parameter κ > n/2 and has the density

x ∈ Rn 7→ Z−1(1 + ‖x‖2)−κ.

(3) Finally, consider the symmetric multivariate logistic distribution, that we have taken
from [15], with density function

ρ(x) = Z−1 e−‖x‖
2
Σ−1(

1 + e−‖x‖
2
Σ−1

)2 , x ∈ Rn. (4.3)

This measure is obtained by choosing g(r) = e−r
2
(1 + e−r

2
)−2.

Any elliptical distribution is related to its spherical counterpart µΣ through a simple linear
transformation. More precisely, µΣ is the image measure of µId under the linear mapping
x 7→ T (x) = Σ

1
2x, where Σ

1
2 ∈Mn is the unique positive definite square root of Σ. One can

then apply the transport argument in (2.2) to obtain weighted Poincaré inequalities for any
elliptical measure, once the spherical case has been treated.
In the spherical setting, inequalities have already been investigated. See for instance Theorem
5.1 in [7], which can be seen as an analogue of Theorem 3.1 for spherical distributions µId.
When applying this result, the resulting weights take the natural form WId(x) = w(‖x‖) Id,
where w is a one-dimensional function. This type of weights leads to simple inequalities in
the elliptical setting, as stated in the following proposition. Its proof follows directly from
the transport argument in (2.2).

Proposition 4.1. Let µΣ be an elliptical distribution with matrix parameter Σ ∈Mn
R. Sup-

pose that the corresponding spherical distribution µId satisfies a weighted Poincaré inequality
with weight WId(x) = w(‖x‖) Id, where w ∈ W (R+). Then µΣ satisfies the inequality

VarµΣ
(f) ≤ CP (µId,WId)

∫
Rn
w (‖x‖Σ−1) ‖∇f‖2

Σ dµΣ,

for which the constant CP (µId,WId) is optimal.

We illustrate this inequality for the examples introduced above.

Example 4.1. Consider the multivariate normal distribution µΣ ∼ N (0,Σ). Applying
Proposition 4.1 to this measure we obtain a result which coincides with a classical one.
However, it is interesting to observe that it can be recovered directly from the standard
spherical case where µId ∼ N (0, Id).
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It is well-known that the measure µId satisfies a classical Poincaré inequality (i.e. with
weight WId ≡ Id) and optimal constant CP (µId, Id) = 1. Thus, from Proposition 4.1 it
follows that µΣ satisfies the weighted inequality

VarµΣ
(f) ≤

∫
Rn
‖∇f‖2

Σ dµΣ. (4.4)

The same result can also be directly obtained applying the Brascamp-Lieb inequality (2.3).

Example 4.2. Let now µΣ,γ denote the multivariate t-distribution with density given in
(4.2). Since this measure is heavy-tailed, it does not satisfy a classical Poincaré inequality.
However, it satisfies a weighted Poincaré inequality obtained from the spherical case. Indeed,
the spherical distribution µId is the image measure of the generalized Cauchy distribution
ν(γ+n)/2 under the mapping T (x) = γ

1
2x. An available weight for the latter measure is

the function x ∈ Rn 7→ (1 + ‖x‖2) Id. Due to transport, it induces a weighted Poincaré
inequality for µId,γ, with weight WId,γ(x) = (γ + ‖x‖2) Id. Moreover, it preserves the same
optimal Poincaré constant, which has been completely determined in [18], showing that

CP (µId,γ,WId,γ) = Cγ :=



4

γ2
, if 0 < γ ≤ 4,

1

2γ − 4
, if 4 ≤ γ ≤ n+ 2,

1

γ + n− 2
, if n+ 2 ≤ γ.

(4.5)

Based on this inequality we obtain a corresponding result for the elliptical measure µΣ,γ.
From from Proposition 4.1 it follows that

VarµΣ,γ
(f) ≤ Cγ

∫
Rn

(γ + ‖x‖2
Σ−1) ‖∇f‖2

Σ dµΣ,γ.

Example 4.3. Finally, we turn our attention to the symmetric multivariate logistic dis-
tribution µΣ with density in (4.3). We first establish a weighted Poincaré inequality for
the spherical measure µId using its radial part, which is represented by the one-dimensional
probability measure µrad ∈ P(R+) with density proportional to

r ∈ R+ 7→ rn−1 e−r
2

(1 + e−r
2

)−2.

In the Appendix we prove that µrad satisfies a weighted Poincaré inequality with weight
wrad(r) = r2 and optimal constant CP (µrad, wrad) which is bounded from above by

Dn =


4

n2
, if n ≤ 4,

1

2(n− 2)
, if n ≥ 4.

Therefore, applying Theorem 5.1 in [7] it follows that µId satisfies a weighted Poincaré
inequality with weight WId(x) = ‖x‖2 Id and optimal constant satisfying the bound

CP (µId,WId) ≤ max

(
CP (µrad, wrad),

1

n− 1

∫
R+

r2

wrad(r)
dµrad(r)

)
=

1

n− 1
.



16 DAVID HEREDIA

Therefore by Proposition 4.1 the elliptical measure µΣ satisfies

VarµΣ
(f) ≤ 1

n− 1

∫
Rn
‖x‖2

Σ−1 ‖∇f‖2
Σ dµΣ.

In the case n = 1, µΣ matches with the radial measure µrad and we have CP (µrad, wrad) ≤ 4.

5. Weighted Poincaré inequalities for measures with prescribed copulas

In this part, rather than focusing on a specific class of probability distributions, we discuss
a general approach to establish weighted Poincaré inequalities for measures whose structure
of dependence is determined by a known copula. This situation is particularly important
in statistical applications, where probability distributions are often modeled according to
classical copulas. For comprehensive introductions to copulas, we refer to [30, 21].

Let Ω ⊂ Rn be a connected open set with a piecewise C 1 boundary. Let µ ∈ P(Ω) be a
probability measure with density ρ. Denote the cumulative distribution function (cdf) of µ
by

F (x1, . . . , xn) = µ

(
Ω ∩

n∏
i=1

(−∞, xi)

)
, x ∈ Rn.

For each i ∈ {1, . . . , n}, let µi denote its i-th marginal distribution, with density ρi and cdf
Fi. By Sklar’s theorem (Theorem 2.3.3 in [30]), there exists a unique function

(u1, . . . , un) ∈ [0, 1]n 7→ C(u1, . . . , un) ∈ [0, 1],

called the copula of µ, such that

F (x1, . . . , xn) = C
(
F1(x1), . . . , Fn(xn)

)
, (x1, . . . , xn) ∈ Rn. (5.1)

The copula C encodes the structure of dependence of µ, so that the measure is completely
determined by its marginals and C. For instance, the density can be decomposed as

ρ(x) =
n∏
i=1

ρi(xi)
∂n C

∂u1, . . . , ∂un
(F1(x1), . . . , Fn(xn)) , x ∈ Ω, (5.2)

which follows immediately from (5.1). Various aspects of dependence can be measured in
terms of C, such as concordance and tail dependence (see [30, 21]).

Encoding in such a way the structure of dependence simplifies the transport between
distributions sharing a common copula. More precisely, if two distributions µ ∈ P(Ω) and
µ̃ ∈ P(Ω̃) have the same copula, then the transport between them is reduced to the transport
of their marginals. In other words, µ is the image measure of µ̃ by the Nataf transformation,
defined as

T (x̃) = (T1(x̃1), . . . , Tn(x̃n)) = (F−1
1 ◦ F̃1(x̃1), . . . , F−1

n ◦ F̃n(x̃n)), x̃ ∈ Ω̃, (5.3)

where each F̃i is the cdf of the marginal µ̃i, of density ρ̃i. Recall that in this one-dimensional
setting, each Ti is the optimal transport map with respect to the p-Wasserstein distance,
for all 1 ≤ p < +∞. In the present framework where µ and µ̃ share the same copula, this
property extends to the Nataf transform T (see [1]). The inverse mapping of T is also a
Nataf transformation, from µ to µ̃, given by

T−1(x) = (T−1
1 (x1), . . . , T−1

n (xn)) = (F̃−1
1 ◦ F1(x1), . . . , F̃−1

n ◦ Fn(xn)), x ∈ Ω.

Using the relation µ = T#µ̃, weighted Poincaré inequalities for µ can be obtained directly
from those satisfied by µ̃ via the transport argument in (2.2). This is formalized in the
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following proposition. In this case, since the map T acts component-wise, the matrix D =
Jac(T ) ◦ T−1 is diagonal.

Proposition 5.1. Let µ and µ̃ be two probability distributions sharing the same copula. Let
T be the Nataf transformation defined in (5.3). Suppose that µ̃ satisfies a weighted Poincaré
inequality with weight W̃ . Then the probability measure µ satisfies the following inequality

Varµ(f) ≤ CP (µ̃, W̃ )

∫
Ω

‖D∇f‖2
W̃◦T−1 dµ, (5.4)

where D is the diagonal matrix with entries

Di,i = T ′i ◦ T−1
i =

ρ̃i

ρi ◦ F−1
i ◦ F̃i

◦ (T−1
i ) =

ρ̃i ◦ T−1
i

ρi
. (5.5)

Note that this inequality remains valid in the one-dimensional case n = 1. Actually, in
this setting all distributions share the unique copula C(u) = u, u ∈ [0, 1]. Consequently, for
any one-dimensional measures µ and µ̃ and any available weight w̃, we obtain

Varµ(f) ≤ CP (µ̃, w̃)

∫
Ω

(
w̃ ◦ T−1(x)

) ρ̃ ◦ T−1(x)

ρ(x)
(f ′(x))

2
dµ(x). (5.6)

In practice, to establish a weighted Poincaré inequality for a given probability measure µ
with copula C –for instance, a measure arising from a statistical model– one first selects a
reference measure µ̃ sharing the same copula and for which an inequality is known. Then
the corresponding inequality for µ is given in (5.4). Whenever the reference densities ρ̃i and
quantile functions F̃−1

i admit closed-form expressions, it can be written explicitly in terms
of ρi and Fi. Below we illustrate this approach with examples involving classical copulas.

The Clayton copula

Consider the n-variate Clayton copula Cθ of parameter θ > 0, defined as

Cθ(u) =

(
1 +

n∑
i=1

(u−θi − 1)

)− 1
θ

, u ∈ [0, 1]n.

This copula is commonly used to model lower tail dependence, which is completely deter-
mined by the parameter θ (see e.g. [21]). This parameter also determines the concordance
between marginals, measured in terms of Kendall rank correlation coefficient [24].

As a reference measure with copula Cθ, consider µ̃ defined in the strictly negative orthant
Rn
− = (−∞, 0)n with density given by

ρ̃(x̃) =
Γ
(

1
θ

+ n
)

Γ
(

1
θ

) (
1−

n∑
i=1

x̃i

)−( 1
θ

+n)

, x̃ ∈ Rn
−.

It corresponds to the image measure of the multivariate Pareto distribution in (3.4) with
parameter γ = 1/θ, under the mapping x ∈ R+ 7→ −x. We verify that Cθ is the copula of µ̃.
Indeed, the marginal distributions of µ̃ have common densities and cdf given by

ρ̃i(x̃i) =
1

θ
(1− x̃i)−( 1

θ
+1), F̃i(x̃i) = (1− x̃i)−

1
θ , for all x̃i ∈ R− .
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Replacing these functions and the copula Cθ in (5.2), we recover the density ρ̃: for all x̃ ∈ Rn
−

we have
n∏
i=1

ρ̃i(x̃i)
∂nCθ

∂u1 . . . ∂un

(
F̃1(x̃1), . . . , F̃n(x̃n)

)

=
n∏
i=1

(
1

θ
(1− x̃i)−( 1

θ
+1)
) n∏

i=1

(
θ (1− x̃i)

1
θ

+1
) n−1∏
k=0

(
1

θ
+ k

)(
1−

n∑
i=1

x̃i

)−( 1
θ

+n)
 = ρ̃(x̃),

meaning that Cθ is the copula of µ̃ by uniqueness.
In this way, given any other probability measure µ ∈ P(Ω) having the Clayton copula
Cθ, we can use a weighted Poincaré inequality for µ̃ as a proxy to obtain a corresponding
inequality for µ. For instance, recall that in (3.17) we provide an inequality with explicit
optimal constant for the inverted Dirichlet distribution Πinv

α,α0
, which generalizes the multi-

variate Pareto distribution. Choosing the parameters α = 1, α0 = 1/θ and performing a
change of sign we obtain the following weight for µ̃:

W̃ (x̃) =

(
1 +

n∑
i=1

(−x̃i)

)
(diag(−x̃) + (−x̃)(−x̃)>), x̃ ∈ Rn

−,

with optimal constant CP (µ̃, W̃ ) = θ/(1 + n θ). Now, since we can write explicitly

F̃−1
i (ui) = 1− u−θi , ρ̃i ◦ F̃−1

i (ui) =
1

θ
uθ+1
i , ui ∈ (0, 1),

then the corresponding inequality for µ given in Proposition 5.1 takes the form

Varµ(f) ≤ θ

1 + n θ

∫
Ω

(
1 +

n∑
i=1

T−1
i

) n∑
i=1

T−1
i

(
Di,i

∂f

∂xi

)2

+

(
n∑
i=1

T−1
i Di,i

∂f

∂xi

)2
 dµ, (5.7)

where

T−1
i (xi) = Fi(xi)

−θ − 1 and Di,i(xi) =
1

θ

Fi(xi)
θ+1

ρi(xi)
.

Despite its apparent complexity, this explicit inequality finds relevant applications in global
sensitivity analysis, as presented in the forthcoming Section 6.

Elliptical copulas

In Section 4 we considered the case of elliptical distributions µΣ, where Σ belongs to the
class of matricesMn

R in (4.1). The copulas CΣ arising from distributions of this type are also
called elliptical. They provide a flexible framework for modeling dependence. Among other
reasons, this is because if a probability measure µ has an elliptical copula, say CΣ, then the
concordance between its marginals is entirely determined by the matrix parameter Σ (see
e.g. [19]). Consequently, the level of concordance can be adjusted conveniently in situations
where the practitioner is free to choose Σ.

While a distribution µ may possess an elliptical copula CΣ, it is not necessarily elliptical
itself. General distributions having elliptical copulas are referred to as meta-elliptical (see
[13]). Our approach thus yields weighted Poincaré inequalities for such distributions by
taking the reference measure µ̃ to be the elliptical one µΣ associated with the copula CΣ,
whenever an inequality for this measure is available.
For instance, consider the multivariate t-distribution µ̃ = µΣ,γ defined in (4.2), with γ >
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0. Its associated copula CΣ,γ is known as the t-copula. As shown in Example 4.2, an

available weight for this measure is W̃ (x) =
(
γ + ‖x‖2

Σ−1

)
Σ. Then, if µ ∈ P(Ω) is a meta-

elliptical measure with copula CΣ,γ, its corresponding weighted Poincaré inequality given by
Proposition 5.1 is

Varµ(f) ≤ Cγ

∫
Ω

(γ +
∥∥T−1(x)

∥∥2

Σ−1) ‖D(x)∇f(x)‖2
Σ dµ(x),

where the optimal constant Cγ is given in (4.5).

When γ ∈ {1, 2}, the functions ρ̃i and F̃−1
i admit closed-form expressions, allowing T−1 and

D to be expressed in terms of the target marginal functions ρi and Fi. Indeed, the marginals
of µ̃ are Student’s t-distributions with a common density given by

ρ̃i(x̃i) =
Γ
(
γ+1

2

)
(γπ)

1
2 Γ
(
γ
2

) (1 +
1

γ
x̃2
i

)− γ+1
2

, x̃i ∈ R.

When γ = 1, for instance, each marginal µ̃i reduces to the classical Cauchy distribution, for
which

ρ̃i(x̃i) =
1

π(1 + x̃2
i )
, F̃−1

i (ui) = tan

(
π

(
ui −

1

2

))
, x̃i ∈ R, ui ∈ (0, 1).

Another classical example of elliptical copula is the Gaussian one, associated with the mul-
tivariate normal distribution. We treat this case separately, providing a general result.

The Gaussian copula

The Gaussian copula CΣ is the elliptical copula associated with the multivariate normal
distribution µΣ ∼ N (0,Σ), where Σ ∈Mn

R by convention. There is no closed-form expression
for CΣ. However, from (5.2) one can easily see that the density of any probability measure
µ ∈ P(Ω) with this copula takes the form

ρ(x) =
n∏
i=1

ρi(xi)
1√

det(Σ)
exp

(
−1

2

∥∥(Φ−1 ◦ F1(x1), . . . ,Φ−1 ◦ Fn(xn)
)∥∥2

(Σ−1−Id)

)
, (5.8)

for all x ∈ Ω. Above, Φ denotes the cdf of the one-dimensional standard normal distribution
N (0, 1), of density ϕ.

Using our approach we can already obtain weighted Poincaré inequalities for µ based on
the normal distribution µΣ. For instance, as a combination of inequality (4.4) for µΣ and
Proposition 5.1 we have

Varµ(f) ≤
∫

Ω

‖D∇f‖2
Σ dµ. (5.9)

Here, D is the diagonal matrix with entries Di,i = (ϕ ◦ Φ−1 ◦ Fi)/ρi. This inequality will be
applied in the next section in the context of global sensitivity analysis.
Since the weight Σ is constant, we also obtain the following classical Poincaré inequality:

Varµ(f) ≤ λmax(Σ)

∫
Ω

n∑
i=1

(
ϕ ◦ Φ−1 ◦ Fi

ρi

∂f

∂xi

)2

dµ ≤ λmax(Σ) max
i
K2
i

∫
Ω

‖∇f‖2 dµ,

(5.10)
provided the constants

Ki = sup
xi

ϕ ◦ Φ−1 ◦ Fi(xi)
ρi(xi)

= sup
x̃i

ϕ(x̃i)

ρi ◦ Φ ◦ F−1
i (x̃i)

,
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are finite. According to (5.5), each Ki is the Lipschitz constant ‖Ti‖Lip of the optimal

transport map from the standard normal distribution to µi, given by Ti = F−1
i ◦Φ. As such,

although Ki does not admit a closed-form expression in general, useful bounds are available
under log-concavity assumptions on the marginal µi. A fundamental result is Caffarelli’s
contraction theorem (see [10]). It states that if ν ∈ P(Ω), with Ω convex, is a probability
measure with density ρν = e−Vν such that Hess(Vν) ≥ κ Id for some κ > 0, then the optimal
transport mapping from the standard multivariate normal distribution to ν has Lipschitz
constant bounded from above by 1/

√
κ.

As a direct consequence of Caffarelli’s contraction theorem combined with (5.10) for each
marginal distribution µi, one obtains the following result for probability measures with
Gaussian copulas and whose marginals are uniformly log-concave.

Proposition 5.2. Let µ ∈ P(Ω) be a probability distribution with Gaussian copula CΣ, with
Σ ∈ Mn

R. Assume that each marginal distribution µi is uniformly log concave, that is, with
density ρi = e−Vi satisfying V ′′i ≥ κi > 0. Then µ satisfies a classical Poincaré inequality
with optimal constant such that

CP (µ) ≤ λmax(Σ) max
i

1

κi
.

We have two remarks regarding this result. First, the bound essentially requires that each
mapping Ti is Lipschitz, and the uniform log-concavity of the marginals is a sufficient con-
dition ensuring this property. This is equivalent to requiring that the Nataf transformation
in (5.3) is Lipschitz, for which ‖T‖Lip = maxi ‖Ti‖Lip. Thus under this weaker condition,

inequality (5.10), as well as similar inequalities beyond the Gaussian copula setting, follow
directly from transport arguments. Second, if µ was uniformly log-concave, then a classical
Poincaré inequality could be obtained directly using Caffarelli’s contraction theorem applied
to µ, or Bakry-Emery criterion (2.4). However, recall that our assumption of uniform log-
concave marginals alone does not imply the log-concavity of the joint measure µ. This raises
the natural question of whether the additional assumption of having a Gaussian copula is
sufficient to ensure such a property. This is not the case, as we show in the next example.

Consider µ ∈ R2 a probability measure with Gaussian copula CΣ, where

Σ =

(
1 `
` 1

)
, ` ∈ (−1, 1).

Given ε > 0, denote the function hε(xi) = sinh(xi) + ε xi and assume that both marginals
µi are given by

Fi(xi) = Φ ◦ hε(xi), ρi(xi) = h′ε(xi)ϕ ◦ hε(xi) =
1√
2π

(cosh(xi) + ε) exp

(
−1

2
(sinh(xi) + ε xi)

2

)
,

for all xi ∈ R. With this choice, each marginal µi is uniformly log-concave since its potential
Vi = − log(ρi) satisfies

V ′′i (xi) ≥ 2ε+ ε2 > 0, xi ∈ R.

However, the joint measure µ is not log-concave for ε small enough. Indeed, using (5.8) its
density is given by

ρ(x) =
1

2π
√

1− `2
h′ε(x1)h′ε(x2) exp

(
− 1

2(1− `2)
(hε(x1)2 + hε(x2)2 − 2 ` hε(x1)hε(x2))

)
,



21

for all x ∈ R2, and a direct computation shows that the potential V = − log(ρ) is such that

det(Hess(V )(0, 0)) =

((
1

1− `2
− 1

(1 + ε)3

)2

−
(

`

1− `2

)2
)

(1 + ε)4.

But this quantity is negative as soon as (1+ε)3 < 1+ |`|, meaning that therefore the measure
µ is not log-concave.

6. Application to Global Sensitivity Analysis

6.1. Sobol indices, DGSM, and their link via weighted Poincaré inequalities. In
this section we apply weighted Poincaré inequalities to Global Sensitivity Analysis (GSA).
To contextualize this connection, recall that the aim of GSA is to quantify the influence of
input random variables X = (X1, . . . , Xd) on the output of a function f : Rd → R, which
represents a black-box model. The role of Poincaré inequalities in this applied domain is to
provide a link between two commonly used sensitivity indices to quantify uncertainty: Sobol
indices and Derivative-based Global Sensitivity Measures (DGSM).

This connection has been extensively studied in the setting where the input variables are
mutually independent, allowing the use of one-dimensional Poincaré inequalities. See for
instance [38, 22, 34] for applications involving classical (unweighted) inequalities and [39, 17]
for more recent works using weighted Poincaré inequalities. Beyond the one-dimensional
framework, the application of classical multidimensional Poincaré inequalities in GSA was
introduced in the PhD thesis [40]. This extension allows one to relax the assumption of
independence between individual variables by considering instead that the inputs are given
by independent random vectors. This setting, which can also be seen as having block-wise
independent variables, is the one considered in the present work.

To formalize this idea, consider S = {I1, . . . , Im} a partition of the set {1, . . . , d}, where
each Ik is referred to as a block. For each block Ik, let XIk = (Xi)i∈Ik denote corresponding
sub-vector of inputs, with distributions µIk ∈ P(ΩIk) defined on an open connected set ΩIk

of class C 1. Assume that these sub-vectors XI1 , . . . , XIm are independent. For any collection
of blocks I ⊂ S, we denote XI the concatenation of the vectors (XI)I∈I . In particular the
complete input vector is given by X = XS .

Let us introduce the devoted sensitivity indices for each XIk . First, consider total Sobol
indices. They are defined through the Hoeffding-Sobol decomposition, which in the present
block-wise independence setting takes the form

f(X) =
∑
I⊂S

fI(XI)

(see e.g. [9]). Each term fI(XI) is uniquely characterized by the property

E[fI(XI) | XJ ] = 0, for all J ( I,

where by convention, E[ · | XJ ] = E[ · ] when J = ∅. This property leads to the following
decomposition of the output variance:

Var(f(X)) =
∑
I⊂S

Var(fI(XI)).
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Then the total Sobol index of each vector XIk is obtained as the proportion of variance given
by the elements of the decomposition where it appears, namely

Stot
Ik

=
1

Var(f(X))

∑
I⊂S,Ik∈I

Var(fI(XI)) ∈ [0, 1].

These indices can be seen as percentages measuring the degree of influence of each input
vector. Despite their strong interpretability, total Sobol indices are numerically expensive to
estimate.

When the derivatives of the model f are available we can also use DGSM indices. We
consider multivariate weighted versions of them. Namely, the weighted DGSM of XIk with
weight WIk ∈ W (ΩIk) is given by

υIk,WIk
= E

[
‖∇Ikf(X)‖2

WIk
(XIK )

]
, where ∇Ikf =

(
∂f

∂xi

)
i∈Ik

.

This definition generalizes both the classical DGSM, recovered when WIk = Id, and the
weighted DGSM for individual input variables considered in [39, 17], which is restricted to
one-dimensional weights.

DGSM indices are rarely used on their own to quantify the influence of input variables.
Instead, they are typically used for screening purposes, in order to detect non-influential
inputs. This is possible because they provide cost-effective upper bounds on total Sobol
indices. These bounds, obtained as a direct consequence of weighted Poincaré inequalities,
are stated formally in the following proposition. Its proof is a straightforward adaptation of
the one in [17].

Proposition 6.1. Under the same notation and assumptions above, assume that the dis-
tribution of the random vector XIk satisfies a weighted Poincaré inequality with weight
WKI ∈ W (ΩIk). Then we have the inequality

Stot
Ik
≤ CP (µIk ,WIk)

υIk,WIk

Var(f(X))
. (6.1)

This inequality provides a practical screening criterion: when estimations of the right-
hand side in (6.1) falls below a small threshold, XIk can be identified as not influential
without having to compute Stot

Ik
. The variance of f(X) and υIk,WIk

can be estimated effi-
ciently employing well-established techniques. For instance, Monte Carlo integration, using
the available model and gradient evaluations, already provides reasonable approximations.
Regarding the estimation of the optimal Poincaré constant CP (µIkWIk), one possible ap-
proach is to adapt the finite element-based method proposed in [40], originally designed
for the unweighted case WIk = Id, by incorporating weights. Nevertheless, this approach
becomes computationally demanding as the dimension increases, and is specific to each prob-
ability measure as one has to deal with the geometry of the domain ΩIk . In our numerical
applications, however, such estimation is not required, as we use weighted Poincaré inequal-
ities with explicit optimal constants.

6.2. Numerical application. We present numerical experiments illustrating the perfor-
mance of the DGSM-based upper bounds on total Sobol indices in Proposition 6.1. To this
end, we consider a dyke-flood toy model, a standard benchmark in the literature for testing
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GSA methodologies. It was also considered, for instance, in [34, 40, 17]. The outputs of
interest in this model are the maximal annual overflow (measured in meters)

S = Zv −Hd − Cb +

(
Q

BKs

√
L

Zm − Zv

) 3
5

,

and the annual cost of maintenance of a dyke built next to it (measured in million of euros)

C = 1S>0 +
(

0.2 + 0.8
(

1− e−
1000
S4

))
1S≤0 +

1

20
max {Hd, 8} .

The d = 8 input variables appearing in both expressions are assumed to be block-wise
independent. Both the block structure and the marginal distribution, as specified in Table
1, are consistent with the physical meanings of the variables. We preserve the same block
structure as in [40], where the upper bounds (6.1) were applied in the context of classical
Poincaré inequalities, and under the assumption that the copulas of the paired input variables
are Gaussian.

Block Input Meaning Unit Probability measure

I1 = {1, 2}
X1 = Q Max. flow rate m3/s Gumbel G(1013, 558)|[500,3000]

X2 = Ks Strickler coeff. — Normal N (30, 64)|[15,75]

I2 = {3, 4}
X3 = Zv Downstream level m Triangular T (49, 50, 51)

X4 = Zm Upstream level m Triangular T (54, 55, 56)

I3 = {5} X5 = Hd Dyke height m Uniform U(7, 9)

I4 = {6} X6 = Cb Bank height m Triangular T (55, 55.5, 56)

I5 = {7, 8}
X7 = L River length m Triangular T (4990, 5000, 5010)

X8 = B River width m Triangular T (295, 300, 305)

Table 1. Input variables of the flood model and their associated block struc-
ture. The notation |I means that the distribution is truncated on the set
I.

The symbols G(η, β) (η ∈ R, β > 0) and T (a, c, b) (a < c < b) refer respectively to the
Gumbel and triangular distribution. Their marginals are given by:

ρ(x) =
1

β
exp

(
−x− η

β
− exp

(
−x− η

β

))
, x ∈ R,

and

ρ(x) =
2(x− a)

(b− a)(c− a)
1[a,c](x) +

2(b− x)

(b− a)(b− c)
1(c,b](x), x ∈ R.

Regarding the structure of dependence of the coupled variables, we consider two scenarios
in which all vectors are modeled using copulas of the same type, selected among those for
which weighted Poincaré inequalities are available:
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• We consider a setting where dependence is fully modeled by Gaussian copulas CΣ.
Since each coupled vector is two-dimensional, the associated matrices Σ take the form

Σ =

(
1 `
` 1

)
, ` ∈ (−1, 1).

The parameters `, specified in Table 2, are the same as those used in [40]. The
table also includes the associated Kendall rank correlation coefficient τ (simply called
Kendall’s Tau), which, in the case of elliptical copulas, depends only on ` and is given
by τ(`) = 2

π
arcsin(`) (see [24]). Recall that in general τ measures the dependence

between marginals in terms of concordance: values close to 1 (resp. to −1) indicate
strong concordance (resp. discordance). In this case, the input vectors in the model
present a moderate level of concordance.

Couple Parameter ` `
XI1 = (Q,Ks) 0.5 ≈ 0.33
XI2 = (Zv, Zm) 0.3 ≈ 0.19
XI6 = (L,B) 0.3 ≈ 0.19

Table 2. Gaussian copula parameters and corresponding Kendall’s Tau.

In this setting, for the upper bounds on total Sobol indices in (6.1) we use the
weighted Poincaré inequalities given in (5.9). Recall that these remain valid for
variables that are not grouped with other ones, which in this case are X3 = Hd and
X6 = Cb (see (5.6)). We refer to the corresponding upper bounds as weighted upper
bounds.
For comparison purposes, we also replicate the computations of the Classical upper
bounds presented in [40], i.e. , those using classical Poincaré inequalities.
• We consider a second setting where the dependence structure is encoded by Clayton

copulas Cθ. The parameters θ > 0 are specified in Table 3, together with their
corresponding values of Kendall’s Tau, which is given in this case by τ(θ) = θ/(θ+2)
(see [21]). The parameters are chosen so that these values are comparable to those
of the Gaussian copula setting.

Couple Parameter θ τ(θ)
XI1 = (Q,Ks) 1.0 0.33
XI2 = (Zv, Zm) 0.5 0.20
XI6 = (L,B) 0.5 0.20

Table 3. Clayton copula parameters.

In this case we only compute weighted upper bounds, given by the weighted Poincaré
inequality in (5.7). Recall that the latter is based on the inequality (3.17) for the
inverted Dirichlet distribution. As previously mentioned, one could also rely on the
alternative inequality for this measure given in (3.16). However, since its Poincaré
constant is not optimal, the accuracy of the numerical results would not be guaran-
teed.
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Before presenting our results, we briefly discuss the numerical details. The implementation
was carried out using the R statistical software [33].

Model scaling
To ensure numerical stability, all the input variables were standardized according to their
parameters; for instance, the truncated normal variable Ks was scaled by its mean and
variance. The outputs S and C have been scaled accordingly. Since this scaling involves
only monotonic transformations of the marginals, the copulas of the paired variables do not
change (see [30]). The total Sobol indices and their upper bounds also remain unchanged.

Numerical aspects of the Poincaré inequalities
As mentioned, the weighted upper bounds that we implement are based on the Poincaré
inequalities in (5.9) and (5.7). As such, their computation only requires the densities ρi, the
cdf Fi, and the quantile function Φ−1 of the standard normal distribution, appearing in the
inequalities. All these functions are available in R.
For the classical upper bounds in the Gaussian copula setting, we require numerical es-
timations of the optimal constants CP (µIk) of the classical Poincaré inequalities. These
are computed using a finite elements discretization. See [34] for the method in the one-
dimensional case and [40] for the multidimensional setting, including a special treatment for
distributions with Gaussian copulas.

Monte Carlo estimation and sampling
The corresponding weighted DGSM and the variance term in the upper bound (6.1) were
estimated via Monte Carlo integration. We employed a sample of size 10∗d = 80 of the input
variables, together with the corresponding model and gradient evaluations. These gradient
evaluations are in fact approximations using finite differences.
The chosen sampling method of the input vectors depends on the copula. For distributions
with a Gaussian copula CΣ, the samples were obtained by generating normal random vectors
with covariance matrix Σ and applying the Nataf transformation (5.3). For the Clayton
copula setting, samples were generated using the Marshall-Olkin algorithm for Archimedian
copulas (see e.g. [27]).
We perform 100 replicates for each estimation of the upper bounds, using newly generated
samples at each run. They are displayed with boxplots to represent confidence intervals.
In addition, to evaluate the accuracy of the upper bounds, the values of the total Sobol
indices are required. Since analytical expressions are not available, we estimate them using
the function soboljansen from the package sensitivity [20], through a sample of size
40.000. These estimations are taken as the “true” values.

We first present the results for the Gaussian copula setting. They are shown in Figure 1,
for the two outputs S and C simultaneously. We can observe that for each block of variables
and each model output, the weighted upper bounds improve the classical ones. Moreover,
excepting for the individual variable Hd in the cost output C, these bounds are very accurate.
A possible explanation for this outcome could be given in terms of the model’s main effects,
which are functions representing the model’s behavior with respect to each input vector.
As discussed in [17] in the context of one-dimensional Poincaré inequalities, the accuracy
of the upper bounds is related to the proximity of the main effects to the functions that
attain equality in the associated Poincaré inequalities. In the one-dimensional setting, these
extremal functions are relatively easy to identify, since they are characterized as the only
strictly monotone eigenfunctions of the operators associated with the inequalities. However,
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we do not explore this direction in the present paper, since no analogous characterisation is
known in the multidimensional setting.
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Figure 1. Upper bounds on the total Sobol indices for the flood model in
the Gaussian copula setting. Horizontal bars indicate the true values.

Next, Figure 2 presents the results for the Clayton copula setting. Most of the upper
bounds are accurate, with the exception of those for the variables (Q,Ks) in both outputs
and, as in the previous case, for Hd in the cost output C. The presence of outliers in the
boxplots is due to the terms T−1

i (xi) = Fi(xi)
−θ − 1 in the weighted Poincaré inequality

(5.7), which become very large when Fi(xi) takes values close to zero.
Better estimations of total Sobol indices can be obtained using more sophisticated tech-

niques, still relying on information on the gradient. Staying within the scope of Poincaré
inequalities, a natural next step for this work would be to consider Poincaré chaos expan-
sions. Roughly speaking, the current upper bounds only use a small portion of the so-called
Poincaré basis associated with the inequalities, whereas chaos expansions involve the full
basis when it exists. For a detailed discussion on this approach in the context of mutually
independent input variables, see [36, 35].
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Figure 2. Upper bounds on the total Sobol indices for the flood model in
the Clayton copula setting. Horizontal bars indicate the true values.
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Appendix A. Weighted Poincaré inequalities for one-dimensional
probability measures

In this appendix we estimate the optimal Poincaré constant for two one-dimensional prob-
ability measures, namely the Beta distribution and a logistic-type distribution. We establish
upper bounds on the Poincaré constant using the intertwining approach introduced in [5]
and lower bounds with the Rayleigh quotient characterization of the optimal constant. Let
us recall this strategy briefly. Additional examples of application can be found in [5, 6, 17].

Let µ ∈ P(I) be a one-dimensional probability measure defined on an open interval I
and w ∈ W (I) be a weight. Consider the (self-adjoint extension of the) diffusion operator
defined for smooth functions f as

Lf :=
1

ρ
(w f ′ ρ)′.

There are several characterizations of the optimal Poincaré constant CP (µ,w) and ways to
bound it in terms of this operator. For instance recall the intertwining result in [5]. Given
a function g such that |g′| > 0 on I, define

Mg =
(−Lg)′

g′
. (A.1)

If g is such that Mg is bounded from below by a positive constant on I, then µ satisfies the
following weighted Poincaré inequalities:

Varµ(f) ≤
∫
I

w

Mg

(f ′)2 dµ ≤ 1

infI Mg

∫
I

w (f ′)2 dµ.

In particular, the constant CP (µ,w) is bounded from above by

CP (µ,w) ≤ 1

infIMg

. (A.2)

Hoping to obtain a sharp bound, in practice one typically selects a parameterized family of
functions for g and then optimizes the right-hand side or (A.2) with respect to the corre-
sponding family of parameters.

Regarding lower bounds, we use the following characterization of CP (µ,w), which follows
directly from definition of the optimal Poincaré constant:

CP (µ,w) = sup

{
Varµ(f)∫
I
w (f ′)2 dµ

∣∣ f ∈ L2(µ), 0 <

∫
I

w (f ′)2 dµ < +∞
}
. (A.3)

Beta distribution

Consider the beta distribution Πβ with vector parameter β = (β1, β2), where β1, β2 > 0. Its

density is defined for all t ∈ (0, 1) as ρ(t) = Z−1
β1,β2

tβ1−1(1− t)β2−1, where Zβ1,β2 = Γ(β1) Γ(β2)
Γ(β1+β2)

.

Considering the weight wτ (t) = t2(1 − t)2, here we show that CP (Πβ, wτ ) is bounded from
above by

Φ(β1, β2) =


4

min (β2
1 , β

2
2)
, if min(β1, β2) ≤ 1,

4

min(2β1 − 1, 2β2 − 1)
, if min(β1, β2) ≥ 1,
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and bounded from below by 4/min(β2
1 , β

2
2). Note then that the bounds are sharp when

min(β1, β2) ≤ 1, meaning that CP (Πβ, wτ ) = 4/min(β2
1 , β

2
2) in this regime.

First we establish the upper bound. Consider a function g such that g′(t) = tε1(1 − t)ε2 ,
t ∈ (0, 1), with ε1, ε2 ∈ R. After some computations we obtain the associated function Mg

in (A.1), here given for all t ∈ (0, 1) by

Mg(t) = −(ε1 + 1)(β1 + ε1 + 1)(1− t)2

+ [(β1 + ε1 + 1)(ε2 + 2) + (β2 + ε2 + 1)(ε1 + 2)] t(1− t)− (ε2 + 1)(β2 + ε2 + 1)t2.

Since Mg is a degree two polynomial, its minimum depends on the sign of its leading coef-
ficient. After expanding into the standard form M(t) = A t2 + B t + C, this coefficient is
found to be

A = −(ε1 + ε2 + 3)(β1 + β2 + ε1 + ε2 + 2).

As soon as A ≤ 0, the minimum of Mg is reached at {0, 1} and it is thus given by

min
[0,1]

Mg = min(Mg(0),Mg(1)) = min(−(ε1 + 1)(β1 + ε1 + 1),−(ε2 + 1)(β2 + ε2 + 1)). (A.4)

Seeking this quantity to be positive, we impose the additional assumptions

(ε1 + 1)(β1 + ε1 + 1) < 0, (ε2 + 1)(β2 + ε2 + 1) < 0.

Let us explore scenarios with specific choices of ε1 and ε2.

(1) First, if we take ε1 = ε2 = −3
2
, then A = 0 and from (A.4) and (A.2) it follows that

CP (Πβ, wτ ) ≤
4

min (2β1 − 1, 2β2 − 1)
,

whenever β1, β2 >
1
2
.

(2) Then we consider ε1 = −β1/2− 1 and ε2 = −β2/2− 1. Thus the condition A ≤ 0 is
equivalent to β1 + β2 ≤ 2. Under this constraint we obtain

CP (Πβ, wτ ) ≤
4

min(β2
1 , β

2
2)
.

(3) Selecting the parameters ε1 = −β1/2 − 1 and ε2 = −3
2
, we have A = 1

4
(β1 −

1) (β1 + 2β2 − 1) and

CP (Πβ, wτ ) ≤
4

min(β2
1 , 2β2 − 1)

,

under the conditions β2 > 1/2 and A ≤ 0, where the latter simplifies to β1 ≤ 1.
Exchanging the roles of ε1 and ε2, we also deduce that when β2 ≤ 1,

CP (Πβ, wτ ) ≤
4

min(2β1 − 1, β2
2)
.

Note that if β1 and β2 are such that β1, β2 > 1/2 and β1 +β2 ≤ 2, we have obtained different
upper bounds (given in the first and the second cases above). We preserve the smallest one,
being 4/min(β2

1 , β
2
2). Additionally, note that if β1 ≤ 1 < β2 (or if β2 ≤ 1 < β1), we fall in

the third case and the corresponding bound can also be written as

4

min(β2
1 , 2β2 − 1)

=
4

β2
1

=
4

min(β2
1 , β

2
2)
.

In summary, we have proven CP (Πβ, wτ ) ≤ Φ(β1, β2).
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We have not explored all possible combinations of ε1 and ε2 in order to determine the
smallest upper bound, since the computations involved are not straightforward. Our par-
ticular choices of ε1 and ε2 are inspired by the analysis in [17] that led to the identification
of the optimal Poincaré constant CP (Πβ, wτ ) in the symmetric case β1 = β2. In our non-
symmetric case, the bound obtained also coincides with the optimal constant in the regime
min(β1, β2) ≤ 1, for which we then have CP (Πβ, wτ ) = 4/min(β2

1 , β
2
2). Indeed, consider the

function given by h(t) = tη for all t ∈ (0, 1), with η > −β1/2, so that h ∈ L2(Πβ) and∫ 1

0
wτ (h′)2 dΠβ < +∞. We compute the Rayleigh quotient:

VarΠβ(h)∫ 1

0
wτ (h′)2 dΠβ

=
1

η2

Zβ1+2η,β2 − 1
Zβ1,β2

Z2
β1+η,β2

Zβ1+2η,β2+2

.

Using properties of the Gamma function, we have

Zβ1+2η,β2+2 = R(β1, β2, η)Zβ1+2η,β2 , where R(β1, β2, η) =
β2

β1 + 2η + β2

× β2 + 1

β1 + 2η + β2 + 1
.

Then
VarΠβ(h)∫ 1

0
wτ (h′)2 dΠβ

=
1

η2R(β1, β2, η)

(
1−

Z2
β1+η,β2

Zβ1+2η,β2 × Zβ1,β2

)
The term Zβ1+2η,β2 in the denominator tends to infinity as η → −β1/2 and R(β1, β2, η) tends
to one. Hence, due to the characterization of the Poincaré constant in (A.3), after taking
the limit η → −β1/2 we obtain CP (Πβ, wτ ) ≥ 4/β2

1 . Analogous computations using the
function t 7→ hη(t) = (1 − t)η with η → −β2/2 lead to CP (Πβ, wτ ) ≥ 4/β2

2 , therefore that
CP (Πβ, wτ ) ≥ 4/min(β2

1 , β
2
2).

A logistic-type distribution

This part is devoted to estimating the optimal Poincaré for the logistic-type distribution
µrad ∈ P(R+) having density function

r ∈ R+ 7→ ρ(r) = 2 c−1
a r2a−1e−r

2

(1 + e−r
2

)−2, where ca =

∫
R+

ra−1e−r(1 + e−r)−2 dr, a > 0,

with weight wrad(r) = r2. To this end, we first consider the auxiliary measure µ̃ with density

ρ̃(r) = c−1
a ra−1e−r(1 + e−r)−2, r ∈ R+,

and provide estimations of CP (µ̃, wrad). Then bounds for CP (µrad, wrad) are recovered via a
transport argument.

Let us show that CP (µ̃, wrad) is bounded from above by

φ(a) =


4

a2
, if a ≤ 2,

1

a− 1
, if a ≥ 2,

and from below by 4/a2. In particular the bounds are tight for a ≤ 2, in which case we have
CP (µ̃, wrad) = 4/a2. Indeed, consider a function g such that g′(r) = rε for all r ∈ R+, with
ε ∈ R. One can then check that the associated function Mg in (A.1) can be written as

Mg(r) = −(ε+ a+ 1)(ε+ 1) + (ε+ 2) r

(
2

er

1 + er
− 1

)
+ 2 r2 er

1 + er

(
1− er

1 + er

)
, r ∈ R+.
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The terms inside the parentheses are non-negative. Therefore, as soon as ε ≥ −2, the
infimum of Mg is reached at zero, in which case we obtain

inf
R+

Mg = −(ε+ a+ 1)(ε+ 1).

Maximizing this expression with respect to ε yields the optimal parameter ε∗ = −1
2
a − 1,

with associated value infR+ Mg = a2/4. However, this is true only under the condition a ≤ 2
ensuring ε∗ ≥ −2. Otherwise, if a > 2, the best parameter under the constraint ε ≥ −2 is
ε∗ = −2, leading to infR+ Mg = a − 1. Summarizing these computations along with (A.2)
we conclude that CP (µ̃, wrad) ≤ φ(a).

To obtain the lower bound we consider the function r 7→ h(r) = rη, with η > −a/2 so
that f ∈ L2(µ̃) and

∫
R+
wrad (h′)2 dµ̃ <∞. We compute

Varµ̃(h)∫
R+
wrad (h′)2 dµ̃

=
1

η2

c2η+a − 1
ca
c2
η+a

c2η+a

=
1

η2

(
1−

c2
a+η

c2η+a × ca

)
.

The term c2η+a diverges as η → −a/2. Therefore due to (A.3) taking the limit entails
CP (µ̃, wrad) ≥ 4/a2.

Finally, we return to the measure µrad, which is the image of µ̃ under the mapping r 7→
T (r) = r

1
2 . Indeed, for every measurable, non-negative or bounded function f : R+ → R we

have∫
R+

f ◦ T dµ̃ = c−1
a

∫
R+

f(r
1
2 ) ra−1 e−r

(1 + e−r)2
dr

= 2 c−1
a

∫
R+

f(r) r2a−1 e−r
2

(1 + e−r2)2
dr =

∫
R+

f dµrad.

By the transport argument in (2.2), it follows that µrad satisfies a weighted Poincaré in-
equality with weight r 7→ (wrad× (T ′)2) ◦ T−1(r) = r2/4 = wrad(r)/4, preserving the optimal
constant CP (µ̃, wrad). In other words, it satisfies

1

a2
≤ CP (µrad, wrad) ≤ φ(a)

4
.
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