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Introduction

In this chapter, we shall define an integration with respect to a family of stochastic processes. But it turns out
that, for continuous martingales, we cannot simply define stochastic integrals via the classical Riemann sums.
Indeed, take for instance a Brownian motion (B, ¢t > 0) and assume that you want to define

t
/ BdBs;.
0

Consider a subdivision tg =0 < t; < ... < t,, = t of the segment [0, ¢]. One natural idea to define such an integral
would be to let n tend to +o00 in

n—1

In(w) =Y Be,(w)(By,,, (w) — By, (w))  where ¢; € [ti,tis1]-
=0

The problem is that this expression highly depends on the choice of ¢;. For instance:

1. Take ¢; = t;; then,

n—1 n—1
E[I,] = ZE[Bti (Bti+1 —By,)| = ZE[BQ‘]E[BQ‘H —B,]=0.
=0 1=0
2. Take ¢; = t;41; then,
n—1 n—1 n—1
E[l,] = ZE[Bti+1 (BtiJrl - Btz)] = ZE |:Bt2¢+1] - E[Bti+lBti] = Z(ti-i-l — 1) =t.
=0 1=0 =0

This remark reflects the fact that the variation of the paths of B are too big to enable us to define this integral
in the classical Riemann-Stieltjes sense, so we shall look for another method.



1 Quadratic variation

1.1 Definition

Let A be a real-valued, right-continuous function on [0, +o0o[. Consider a subdivision A of the interval [0, ¢] with

0=ty<t1 <...<tp,=t,and modulus |A| = sup |t;+1 — t;|. We define the sum:
0<i<n—1

n—1
ViA = Z ‘Ati+1 — Ayl
1=0

Definition 1. A function A is said to be of finite variation if for every t > 0:

Vi = SupV;tA < +o0.
A

The function t — V; is called the total variation of A.

In particular, for any locally bounded Borel function f on [0, +o00c[, the Stieltjes integral with respect to a contin-
uous function of finite variation A is well defined by:

n—

t 1
/0 f(s)dAS = lim f(3i>(ASi+1 - Asi)'

|A|—=0 =0
Note that from Young, this integral is also known to be well-defined if f is a-Hdélder continuous and A is S-Holder
continuous, with a + 8 > 1.
Example 2. We discuss below two special cases:

1. If A is increasing, then A is plainly of finite variation since, for any subdivision, V;A = Ay — Ap. In particular,
for A; = s, we recover the classical Riemann integral :

n—

‘ 1
/0 F(5)dAs = Tim 3 f(si)(sier — ).

|A|—=0 =0
2. If A is a C'-class function, then A is also of finite variation since

n—1 n—=1 .4 t
VASS A, — Al <Y / A |ds < / A ds,
i=0 i=0 Y tit1 0

and the Stieltjes integral with respect to A actually reads :

[ = [ g aas

Definition 3. A stochastic process A is said to be of finite variation if it is adapted and if for almost every
w, the function t — Ay(w) is of finite variation.

Therefore, if X is a locally bounded process and A a continuous process with finite variation, we may define a
stochastic integral with respect to A for almost every w by:

t
/ Xs(w)dAs(w).
0

Unfortunately, this construction turns out to be useless for martingales due to the following result.




Proposition 4. A continuous martingale M is of finite variation if and only if it is constant.

Proof. We assume without loss of generality that My = 0. Let V; denote the variation of M on the interval [0, ¢]
and assume first that V; is bounded by a constant K. Let A be a subdivision of [0,¢] with0 =ty <t} < ... <t, =t

n—1 n—1
E [Mﬂ =E Z(M152i+1 - Mt%) =E Z(Mti+1 - Mti)2]
i=0 1=0

<E |:Vt sup |Mti+1 - Mtz|:|
0<i<n—1

< KE |: sup |Mti+1 - Mt1|:| —0
0<i<n—1 |A]—0

since M is continuous. Therefore M = 0 a.s. Now to remove the assumption that the variation of M is bounded
by a constant, consider for any integer n the stopping time :

T, = inf{t > 0, V; > n}.

The above computation shows that for any n > 1, the martingale M is null, hence Fatou’s lemma yields:

E [M?] = E[ lim ME/\Tn] < lim E[M2;]=0,

n—-+00 n——+00
which ends the proof.
|

This proposition prevents us from constructing a stochastic integral by a path by path procedure. We shall there-
fore use a different approach.

Theorem 5. A continuous and bounded martingale M is of finite quadratic variation and there exists
a unique continuous increasing and adapted process (M, M) wvanishing at 0 such that M? — (M, M) is a

martingale. For any subdivision A, of the interval [0,t] with 0 = tg < t1 < ... < t, = t and such that
lim |A,| =0,

n——+00

Z(Mti - Mti71)2 —(ﬂ) <Ma M>t'

‘ n—r—+oo
1=1

This process is called the quadratic variation of M.

Note that the uniqueness of (M, M) is an easy consequence of Proposition 4. Indeed, if M2 — A and M? — B are
martingales, then by difference, so is A — B, but as a finite variation, it must be almost surely constant, and thus
equal to 0.

Remark 6. We have seen previously that Brownian motion is indeed a continuous martingale, but as it is not
bounded, we cannot apply directly Theorem 5. Observe nonetheless that all the results stated remain true for
Brownian motion. Indeed, we have seen that the process (Bt2 —t,t > 0) is a martingale, hence we may set

(B,B); = t.

Besides, let A,, be a subdivision of the interval [0,¢] with 0 =ty < t; < ... < t, = t. By the independence of the

increments of Brownian motion: . .
(law)
Z(Bti - Bti71)2 = Z(tl - ti—l)G?
i=1 i=1



where the (G;) are i.i.d standard Gaussian random variables. Therefore:

n 2 n 2
E (Z(Bti — By, ,)* - t> =E (Z(ti —ti1)(GF - 1))

i=1 i=1

n

=R [( - (@ )]
i=1

= (ti —t;-1)°E [G} — 2GF + 1]

=1

n
=2 (ti—ti1)?
=1

< 2t sup ’ti — ti—l‘-
1<i<n

Letting n tend to 400, we deduce that

hence, also in probability.

To encompass Brownian motion (and more generally unbounded martingales) in the previous theorem, we shall
use the idea of localization.

1.2 Local martingales

Definition 7. An adapted right-continuous process M is a (Fy)-local martingale if there exists a sequence
of stopping times T,,, n > 1 such that :

i) the sequence (1) is increasing and lim T, = +o0o a.s.
n—oo

1) for every n, the process MTnl{Tn>0} is a (Fy)-martingale.

In particular, any right-continuous martingale is a local martingale, as is seen by taking 7,, = n. This is of course
the case of Brownian motion.

Remark 8. Let M be a local martingale.
1. If there exists an integrable random variable Z such that for every ¢ > 0, |M;| < Z, then M is a martingale.

2. If My = 0, then the sequence
T, = inf{t > 0, |M;| = n}

reduces M.

We have the analogue of Theorem 5 for local martingales.

Theorem 9. If M is a continuous local martingale, then there exists a unique continuous increasing process
(M, M) vanishing at 0 such that M? — (M, M) is a continuous local martingale. For any subdivision A, of
the interval [0,t] with 0 =ty < t; < ... <t, =t and such that lirf AL =0,

n——+0o0

n

rob
Z(Mti - Mti—1)2 (pro )> <Ma M>t'

n—+00
=1

This process is called the quadratic variation of M.




More generally, we may look at the bracket of 2 different local martingales.

Theorem 10. If M and N are two continuous local martingales, then there exists a unique continuous

process (M, N) with finite variation and vanishing at 0 such that MN — (M,N) is a continuous local

martingale. For any subdivision A, of the interval [0,t] with 0 =ty < t; < ... < t, = t and such that
lim |A,] =0,

n—-4o00
n

rob
Z(Mti - Mtifl)(Nti - Nti—l) M <M7 N>t'

‘ n— 0o
i=1

This process is called the quadratic variation of M and N.

Proof. The process

(M,N)=—-((M+N,M+N)—(M—N,M—N))

1
4
is seen to have the desired properties.

|

Observe in particular that the map (M, N) — (M, N) is bilinear and symmetric. The quadratic variation be-
haves well with respect to stopping times.

Corollary 11. For any stopping time T':

(MT NT) = (M, NT) = (M, N)T.

Proof. By Doob’s optional stopping theorem, the processes MY NT — (M, N)T and MTN — (M, N)T are mar-
tingales, hence the result is a consequence of the uniqueness of the bracket.

Proposition 12. The quadratic variation of a continuous local martingale M is null if and only if M is
a.s. constant.

Proof. Assume first that M is bounded. Then, M is a bounded martingale and for every ¢ > 0, E[(M; — M)?] =
E[(M, M);] = 0, hence M is a.s. constant. The general case follows by localization with T;, = inf{t > 0; My = n}
and by applying Fatou’s lemma.

We conclude this section by stating a crucial inequality which will be at the heart of the construction of a stochas-
tic integral with respect to a continuous local martingale.

Theorem 13 (Kutani-Watanabe inequality).
Let M, N be two continuous local martingales. For any measurable processes K and H, and any t € [0, +0o0],

there is the inequality
1/2 1/2
</H2MM> (/KQNN> :

/HKd(MN

Proof. For s < t, set (M,N), = (M,N); — (M, N);. Since (M, N) — (M, N)’ is a bilinear map, we have for
relR:
(M, M)t 4 2r(M,N). +2(N, N)t = (M 4+ rN, M +rN)t >0,

which implies, from the classical quadratic form argument, that :

(M, N){| < /(M M)L/ (N, N)L.



Let A,, be a subdivision of the interval [0, ¢] with 0 =ty < ¢; < ... <t, =t and assume that

K = K()l]mtl} + ...+ Kn_ll}

tn—lytn]
where the K;’s are bounded random variables, and similarly for H. Then,

n—1
< 3 [HKG| (M, N

t
/ HSKSd<M,N>S
0 i=0

n—1

< YK (M) (3, N

=0

Next, the Cauchy-Schwarz inequality for the summation over 7 gives :

n—1 n—1 1/2 n—1 1/2
ST H K (M, M) (v N < <Z H2(M, M)i;ﬁ“) (Z KZ(N, N>Z“>

1=0 i=0

= ( /0 t H2d(M, M>5) v ( /0 Zifd(N, N>5) v .

The proof is then concluded by some density arguments, and the case t = +oo follows by taking increasing limits.

2 Stochastic integrals

Since we cannot naturally construct the stochastic integral by an almost sure convergence, we shall look first at
L? convergence.

2.1 Construction for martingales bounded in L?

We start with a few definitions.

Definition 14 (Progressively measurable process).
A process K is progressively measurable with respect to the filtration (Fi,t > 0) if, for every t, the map

K |[0,t]xQ — (EE)
(s,w) +— Kg(w)

is measurable with respect to B([0,t]) x F;.

Definition 15. We denote by H? the space of continuous martingales M which are bounded in L?:

supE [Mﬂ < 400,
t>0

and by Hg ={M € H? My =0}. H? is a Hilbert space with scalar product :
(M,N) — E[MNoo).

For a martingale in H?, we denote by L>(M) the space of (equivalence classes) of progressively measurable

processes such that:
+oo
K3, =E [ K2d(M, M)s| < +oc.
0




Theorem 16. Let M € H?. For each K € L*(M), there erists a unique continuous martingale of Hg,
which we denote by K . M such that, for every N € H?:

(K .M, N) = /0 K,d(M, N),.

The map K — K . M is an isometry from L*(M) into HZ.

Proof.

a) To prove the uniqueness, assume that L; and Ls are two martingales of Hg such that for every N € H?,
(L1, N) = (Lo, N).Taking N = Lj— Lo, we obtain in particular (L; — Ly, L; — Lo) = 0, which, from Proposition
12 implies that L1 = Lo.

b) Assume first that M € HZ and observe that in this case || M| g2 = E[(M, M)]. By the Kunita-Watanabe
inequality, for every N € Hg:

+oo
‘E[ [ kg N>S] < [N 1K D,

so the map
+0o0

N+—E [ Kqd (M, N)s]

0

is a linear and continuous form on the Hilbert space Hg, and consequently from Riesz representation theorem,
there exists an element K . M in HZ such that

+oo
B| [ Kaln, W, =Bl 200 1)

for every N € HZ. Let T be a bounded stopping time. Since martingales in H? are uniformly bounded, we may
write:

E[(K+.M)rNr] =E[E[(K . M)|Fr] Nz
E [(K . M)OONT]
E

[(K.M)sNL].

Then, applying Relation (1) with the martingale NT', we obtain:

R
E[(K.M)xNL] =E Kod (M, NT>S}
LSO
e
=E Kd (M, N)sAT}
L/0
r rr
_E / K.d (M, N>S] .
L/0

Therefore, by the converse of Doob’s optional stopping theorem, the process
(K.M)N—/ Kqd(M, N),
0

is a martingale, and the equality of Theorem 16 follows by unicity of the quadratic variation of a martingale.
Furthermore, from (1) with N = K. M :

—+o0 —+o0
Kod (M, K-M>s] =E[ K24 (M, M),| = |K|%

5 b = 5 [ M) < | 0

0

which is the announced isometry. The assumptions that M and H belong to HZ may be removed by writing
N = (N — Ny) + No and M = (M — My) + My, since the bracket of a martingale with a constant is 0.



Definition 17. The martingale K .M is called the stochastic integral of K with respect to M and is denoted
by

K.M:/'stMS.
0

This notation is justified by the following remark: take, for 0 =ty < t1 < ..., < t, = t, the elementary process

n—1

K == ZKil]ti,ti+1](u)

=0

where the (K;) are F;,-measurable. Then

/08 nZlK Ut ) (1 ZK (M, N)gpgy, = (M, Ny
- ZKz (g2, N), = (M, N),)

= Z K (MY — MY N

= <§ Ki(M"+ — M"), N> :
=0 s

Therefore, we deduce by uniqueness that

sn—1
/0 Z Kiljt, 40 (w Z Ki(Msptin = Msnt,)
i=0

which is as expected ! But, as before, this construction cannot by applied directly to Brownian motion since it
does not belong to H2. We therefore (once again) rely on a localization argument.

2.2 Construction for semimartingales

Definition 18. If M is a continuous local martingale, we denote by Lloc( ) the space of (equivalence
classes) of progressively measurable processes K such that there exists a sequence of stopping times (T),)
increasing to +o0o such that

Tn
IE[ K2d(M, M>S] < +o0.
0

Theorem 19. For any K € Lloc(M)7 there exists a unique continuous local martingale vanishing at 0,
which we denote by K « M such that, for every continuous local martingale N :

(K .M, N) = /0 Kod(M, N),.

Again, K .« M is alternatively written:

K.M:/'KSdMS.
0




This

theorem implies in particular that the It6 integral with respect to Brownian motion is a continuous local

martingale.

Definition 20. A progressively measurable process K is locally bounded if there exists a sequence (T),) of
stopping times increasing to infinity and constants C,, such that:

KT < C,,.

We may also include the finite variation processes via the following definition.

Definition 21 (Semimartingale).
A continuous (Fi)-semimartingale is a continuous process X which can be written as

X=M+A

where M is a continuous (Fy)-local martingale and A is a continuous adapted process with finite variation. If
K is a locally bounded process, the stochastic integral of K with respect to X is the continuous semimartingale

defined by
/KSdXS:/ KSdMS—l—/ K dA,.
0 0 0

Proposition 22. Let X be a continuous semimartingale. The map K —— K . X enjoys the following
properties:

1. (Associativity) For any pair of locally bounded processes K and H, we have

/' H.d </ Kuqu> _ / H.K.dX,.
0 0 0

2. (Localization) For every stopping time T':

. T . .
( / stXs) = / Kl (s)dXs = / K.dxT.
0 0 0

The

following result, which is a counterpart of the classical Lebesgue dominated converge theorem, will be of

foremost importance in the sequel.

Theorem 23 (Stochastic dominated convergence theorem).
Let X be a continuous semimartingale. If (K™) is a sequence of locally bounded processes converging to zero
pointwise and if there exists a locally bounded process K such that |K™| < K for everyn > 1, then :
° (prob)
/ K dX,
0

n——+o0o

0.

sup
s<t

A consequence of the stochastic dominated convergence theorem is the convergence in probability of the Riemann
sums.

Proposition 24. If K is left-continuous and locally bounded, and |A,| is a sequence of subdivisions of [0, t]

such that |Ay| — 0, then
> KX~ X 2 [ ax,

n—-+00
ti€AL,




3 Itd’s formula

As with the Riemann integrals, the basic definition of stochastic integrals is not really helpful to compute explicitly
their value. We shall therefore develop some "tools” such as integration by parts and change of variable formulae.

3.1 Theorem

Proposition 25 (Integration by part).
If X andY are two continuous semimartingales, then:

t t
X,V =XoYo+ | X.dYs +/ YodXs + (X,Y),.
0 0

In particular:

t
X2 = X2+ 2/ XodXs+ (X, X))
0

Proof. If A is a subdivision of [0,¢] with 0 =ty < ... < t, =t, we have:

n—1 n—1
Z(Xtri-l - Xti)z = Xt2 - Xg —2 Z Xti (Xti+1 - Xti)
1=0 =0

and letting the mesh |A| tend to zero, this quantity converges in probability towards :
t
(X, X)y = X2 - X2 - 2/ X,dXs.
0
Next, by polarization,

(X,Y) = (X +Y. X +Y) — (X~ V, X —Y))

.-M»—l Hk\

<(Xt +Y:)? — (Xo + Yp)* — 2 /t(Xs + Y5)d(Xs + Y5)
0

~0 = ¥ O Yol 2 [ 06— YdCx, - v )
0

and the result follows by developing this last expression.
|

Remark 26. If X and Y are of finite variation, then (X,Y) = 0 and we recover the classical integration by parts
formula for Stieltjes integrals. Note also that this formula gives an integral representation of the continuous local
martingale M? — (M, M).

Theorem 27 (It6’s formula).
Let X = (X!,...,X™) be n continuous semimartingales, and F € C*>(R",R). Then F(X' ..., X™) is also
a continuous semimartingale and:

F(XL,.. X])

n i 82F n A j
= F(XL,... XD +Z/ axz L XMdXE 4 2 2/8%8% L XA, X

Proof. Observe first that iterating the integration by part formula, the result is seen to be true for any poly-
nomial. Now, by localization, we may assume that X takes its values in a compact set K C R". But, by the
Stone-Weierstrass theorem, any C?(K,R) function is the limit of C?(K,R) polynomial, hence the result follows by
applying the ordinary and stochastic dominated convergence theorems.

10



Remark 28. The differentiability properties of F' may be relaxed if some of the X are of finite variation. Indeed,
in this case, all the brackets which include X? are null, so F' need only be of C'-class in the corresponding
coordinate. In particular, if X is a semimartingale and A is a process of finite variation, then, for F' € C>!(R? R):

tO2F

o (X, Ad(X, X)..
0

oF oF
F(Xt,At):F(XO,Ao)Jr/ O (X, A)dX, +/ o x, A)dA, + +
o Ox 0o 0y 2

3.2 Applications

We now give a few applications of the It6 formula.

Theorem 29 (Lévy’s characterization theorem).
Let X = (X(l)7 e ,X(”)) be a (Fi)-adapted continuous process vanishing at 0. Then, the following two
conditions are equivalent:

1. X is a n-dimensional (F;)-Brownian motion

2. X is a continuous local martingale such that, for any 1 < i,j < n, the bracket of X and XU is
given by

PG (8ij = Li=yy):

Proof From It6’s formula, for A = (A1,..., \,), the process

n t n
(exp (iZ)\kXt(k) n 5 Z A%) Lt > 0)
k=1 k=1

is a continuous (complex-valued) local martingale. But since it is bounded, it is a true martingale. Let s < t and
take A € F,. The martingale property yields

E |14exp ( Z)\k X(k)))

=K

exp< Z)\kX ) |]-'] 14 exp (—ZZ)\kX )]
k=1
=P(A)exp <—t;S ZA%) .
k=1

Therefore, the increment X; — X is a centered Gaussian vector of covariance matrix (¢ — s)1,, (where I,, denotes
the identity matrix of order n) which is independent from F,. This implies that X is a n-dimensional Brownian
motion.

Theorem 30. Let (B;,t > 0) be a standard Brownian motion and denote by (FP,t > 0) its natural filtration.
Let M be a continuous (FP)-local martingale. Then M has a version which may be written

t
M; :x+/ H.dB;
0

where * € R and H is a progressively measurable process which is locally in L*(B). In particular, any
(FP)-local martingale has version which is continuous.

4 Local times

We have seen that the Ito formula is a very powerful tool in stochastic calculus, but it requires to work with
C%-function. We shall now extend it to convex functions via the notion of local times of a semimartingale.

11




4.1 Definitions

Theorem 31. Let f be a convex function. If X is a continuous semimartingale, then there exists a contin-
UOUS INCTEASING Process Al such that

(X)) = f(Xo) + / FL(Xs)dX, + Af

Proof. If f is of C?-class, then Itd’s formula yields Al = fo f"(Xs)d(X, X)s. To get the general case, we shall
use an approximation of the identity. Let ¢ : [0,1] — R be a C*°-function with compact support and such that
fo o(x)dr = 1. We define

pula) =ngp(n)  and fula) = [ fo—yeato)dy
In particular, f, is a C°°-function and

falw) = o f = 2) e (1) 0 F@)
fa(@) ——— fL(2).

n—>+oo

Now, from It6’s formula,
FalX0) = FulX0) /f X)X, + 3 Af".

Furthermore, by stopping, we may assume that X is bounded, hence so is f’ (X) since it is increasing. Letting n
tend to +o0, and applying the stochastic dominated convergence theorem, this is seen to converge in probability
to

(X)) = f(Xo) + / FL(Xs)dXs + Af

where A7 is an increasing process, as limit of increasing processes. Finally, Af can now be chosen a.s. continuous,
which ends the proof.
|

Remark 32. This theorem implies that if X is a semimartingale and f is a convex function, then f(X) remains
a semimartingale.

Corollary 33 (Tanaka formula).
Let X be a continuous semimartingale. For any a € R, there exists an increasing and continuous process
(L, t > 0) called the local time of X at level a such that

t
| X —a] = | X0 —al +/ sgn(Xs —a)dXs + L

where sgn(z) =1 if x > 0 and sgn(zx) = —1 if z < 0.

Proof. The functions z +— (z — a)* are convex and continuous hence:

t
1
(Xt — a)+ = (XO — CL)+ + / 1{X3>(l}dX5 + 514?,
0
t 1
(Xt — Cl)i = (XQ — a)i + / 1{X3§a}dXs + iAt_
0

By subtraction, we deduce that A = A;” and we set L¢ = A;". The result then follows by adding the two identity.

12



Since t — L% is increasing, we may define a random measure dL® on R*. The following result shows that dL®
measures, in some sense, the time spent by X at level a.

Proposition 34. The measure dL® is a.s. carried by the set {t € R X; = a}.

Proof. The process | X — a| being a semimartingale, we may apply It6’s formula with the function z — 22 to
obtain :

t
(X = (Xo—aP +2 [ X, ~ aldlX, — al + X — o], [X ~ o]
0
t t
= (X0 —a)*+ 2/ | Xs — alsgn(Xs — a)dX, + 2/ | Xs —aldL{ + (X, X)¢
0 0
On the other hand, It6’s formula applied to X with the function z — (z — a)? yields :
t
(X; —a)’ = (Xo—a)® + 2/ (X5 —a)dXs + (X, X);
0
and the comparison of both formulae gives

t
/ | Xs —aldLi =0 a.s.
0

4.2 The Ito-Tanaka formula

We now give an extension of [t6’s formula to convex functions.

Theorem 35 (It6-Tanaka formula).
Let X be a continuous semimartingale. If f is the difference of two convex functions, then

F(X) = £(Xo) / FUX)dX, + = / L f"(da).

Comparing the Itd’s formula and the It6-Tanaka formula when f is of C2-class, we deduce the following corollary.

Corollary 36 (Occupation times formula).
For every t > 0 and every positive Borel function f,

/Otf(Xs)d(X,X>5:/Rf(a)L?da -

The occupation time formula is then the key ingredient in the proof of the following theorem.

Theorem 37. Let X be a continuous semimartingale. There exists a modification of the process (L}, a €
R,t € R") such that the map (t,a) — L¢ is a.s. continuous in t and cadlag in a. Furthermore, almost
surely
1 t
LY = lim — ; g ate[(Xs)d(X, X)s,

e—0 ¢

for every a and t.
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4.3 The local time of Brownian motion

We now study the special case of Brownian motion.

Lemma 38 (Skorokhod). Let f be a real-valued continuous function on [0, +oo] such that f(0) = 0. There
exists a unique pair (g,€) of functions defined on [0, +00| such that

i) g=f+1¢
i1) g is positive
+oo
iii) £ is continuous, increasing, vanishing at 0 and and / Lo400((9(1))dl(t) = 0.
0
The function ¢ is given by:

((t) = sup(—f(s))-

s<t

Proof. Observe first that the pair ¢(¢) = sup(—f(s)) and g = f + ¢ satisfies Properties i) through 4ii). To prove
s<t

uniqueness, assume there exists two pairs (g1,¢1) and (g2, f2) satisfying Properties i) through 4i7). Then, by the
integration by parts formula, since £ has finite variation,

0 < (i(t) = 2(1)* = 2/ (£1(s) = £2(5))d(r(s) — £2(s)) = 2/ (91(5) = g2(5))d(£1(s) = £2(s))
0 0
Thanks to éii), this reduces to

0< (61(t) — ba(t))? < —z/ot g1(s)dla(s) — 2/; g5(5)ds(5) < 0

which concludes the proof.

Theorem 39 (Lévy).
Let (B, t > 0) be a Brownian motion started from 0, S its running supremum and L its local time at 0.
Then, the two-dimensional processes ((S¢ — By, St), t > 0) and ((|By|, Lt), t > 0) have the same law.

Proof. On one hand, by Tanaka’s formula :

t
|Bt|:/ SgH(BS)dBS+Lt.
0

t
But, since (Bt :/ sgn(Bs)dBg,t > 0) is a a local martingale whose quadratic variation equals (5, 5); = t,
0
Lévy’s characterization theorem implies that £ is a Brownian motion and the decomposition reads :
|Bt| = Bt + L.

On the other hand, plainly, S; — B; = —By + S;, thus from Skorokhod’s lemma, one obtain S and S — B (resp. L
and |BJ) from —B (resp. () by the same deterministic procedure. But since —B and [ have the same law, the
proof is finished.
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