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ABSTRACT. This article is devoted to the mathematical study of a new Navier-Stokes-alpha model with
a nonlinear filter equation. For a given indicator function, this filter equation was first considered by W.
Layton, G. Rebholz, and C. Trenchea in [Modular Nonlinear Filter Stabilization of Methods for Higher
Reynolds Numbers Flow, J. Math. Fluid Mech. 14: 325354 (2012)] to select eddies for damping based on
the understanding of how nonlinearity acts in real flow problems. Numerically, this nonlinear filter equation
was applied to the nonlinear term in the Navier-Stokes equations to provide a precise analysis of numerical
diffusion and error estimates.

Mathematically, the resulting alpha-model is described by a doubly nonlinear parabolic-elliptic coupled
system. We therefore undertake the first theoretical study of this system by considering periodic boundary
conditions in the spatial variable. Specifically, we address the existence and uniqueness of weak Leray-type
solutions, their rigorous convergence to weak Leray solutions of the classical Navier-Stokes equations, and
their long-time dynamics through the concept of the global attractor and some upper bounds for its fractal
dimension.

Handling the nonlinear filter equation together with the well-known nonlinear transport term makes
certain estimates delicate, particularly when deriving upper bounds on the fractal dimension. For the latter,
we adapt techniques developed for hyperbolic-type equations.

CONTENTS

Introduction and motivation of the model

Main results

An example of a convolution term

The regularized nonlinear filter equation with L?-data
Global well-posedness of weak Leray solutions

Proof of Theorem 2.1
Proof of Theorem 2.2

Convergence properties to classical models

Proof of Proposition 2.1
Proof of Proposition 2.2

Global attractor and fractal dimension

Existence of a global attractor: Proof of Theorem 2.3
Upper bounds of the fractal dimension: proof of Theorem 2.4

Appendix A. The non-regularized nonlinear filter equation
References

1991 Mathematics Subject Classification. Primary: 35A01, 35A02, 35B40 ; Secondary: 35B41, 35J62.

Key words and phrases. Navier-Stokes equations; Alpha-models; Nonlinear filter equations; Weak Leray-type solutions;
Global attractor.

*Corresponding author: Oscar Jarrin.

W~

12
21
21
23
25
25
28
30
30
35
41
44



2 MANUEL FERNANDO CORTEZ AND OSCAR JARRIN

1. INTRODUCTION AND MOTIVATION OF THE MODEL

The study of fluid dynamics provides us with several nonlinear fluid-type models of relevance. Among them
are the well-known Navier-Stokes equations and some related equations known as the alpha-models. Alpha-
models have been developed in the mathematical and experimental literature as physically relevant approxi-
mations of the Navier-Stokes equations. Examples include Bardina’s model [3, 4], the viscous Camassa-Holm
model [14], the Clark-alpha model [11], and the Leray-alpha model [13].

Numerical solutions of the NavierStokes equations for problems of physical and engineering relevance
are currently not feasible, as the mathematical theory concerning the uniqueness and regularity of Leray’s
solutions remains one of the most challenging open questions [20, 40]. Therefore, alpha-models serve as
reqularized approximations of the classical Navier-Stokes equations, for which the global well-posedness
of Leray’s solutions can be established. In addition, this regularization approach demonstrates appealing
robustness at high Reynolds numbers, suggesting that alpha-models are suitable for large eddy simulations
of turbulence [5, 27, 31, 39, 44].

Despite some structural differences in the equations of the alpha-models, their primary common charac-
teristic is the inclusion of a filtered velocity in their nonlinear transport term. For a parameter o > 0, the
filtered velocity i, is obtained from the fluid velocity « by solving the Helmholtz filter equation:

(1) — 02 Adiy + Ui = i, div(i,) = 0.

In the alpha-models, or any turbulence model, the filtered velocity 4, enables us to describe the large-
scale motion of the fluid, effectively filtering or averaging fluid motions at scales smaller than the specified
length-scale a.

Nevertheless, recent experimental studies [25, 26, 35] provide evidence that this linear filter equation
numerically truncates scales uniformly in space. Consequently, it over-regularizes the laminar parts of the
solution and often removes critical flow structures. To overcome this problem, a nonlinear filter equation
was proposed in [36]:

—a?div (A(@)(V @ @0)") + o = @, div(da) =0,

where (V &, )T denotes the transpose matrix of V&, ; and where the given indicator function A : R3 — R
selects regions requiring local filtering. Indeed, one observes that i, ~ @ in regions where A(:) ~ 0. Roughly
speaking, in simulations of high Reynolds number flows, nonlinear terms break down eddies into smaller ones
until they are small enough for molecular viscosity to dissipate them rapidly. This transfer of energy occurs
due to nonlinearity in the actual flow. In this context, the nonlinear filter adjusts the amount and location
of eddy viscosity based on the local flow structures. For a more detailed explanation, please refer to [36].

This nonlinear filter was applied to the nonlinear transport term in the classical Navier-Stokes equations
in [6, 7, 36], and more recently in [43], to conduct numerical studies on stabilizing algorithms and error
analysis. Mathematically, for the fluid velocity @ = @(t, ) € R® and the pressure P(t,x) € R, one gets the
following new Navier-Stokes-alpha model:

Oyl — VAT + (il - V)i + VP = F, v >0, div(id) =0,

(2) . U L o
—a2div (A(u)(v ®ua)T> YGa=1, a>0, div(d,)=0.

We are dealing with a doubly nonlinear parabolic-elliptic coupled system, where v denotes the viscosity
constant, f = f(t,r) € R3 is a given external force acting on the fluid, and A(-) € R is a specified indicator
function.

To the best of our knowledge, the coupled system (2) has not been studied theoretically. The main
objective of this article is to mathematically validate this model. Therefore, we address the following program
for the qualitative study of this system:
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(i) The existence of global-in-time weak solutions in the natural energy space.
(ii) The uniqueness of these solutions.
(iii) The asymptotic behavior of solutions as the parameter « approaches 0 and the indicator function
A(-) approaches 1 in the nonlinear filter equation.
(iv) The long-term behavior of solutions using the concept of the global attractor and upper bounds on
its fractal dimension.

The existence of finite-energy weak solutions is a somewhat standard result, owing to Leray’s well-known
method developed for the classical Navier-Stokes equations. In contrast, uniqueness of these solutions is
a fundamental property expected for any alpha-model. Experimentally, the uniqueness of solutions holds
great importance in numerical algorithms. Moreover, the uniqueness of the solution is a key element for
successfully applying tools of dynamical systems to study their long-term behavior.

Uniqueness of solutions to the coupled system (2) strongly depends on the appropriate continuity and
regularity properties of the indicator function A(-). However, this information alone may not be sufficient
to rigorously prove this fact. In the following lines, we provide a brief explanation.

Returning to the first equation in the system (2), both the velocity @ and the filtered velocity @, satisfy
a divergence-free property. Standard a priori energy estimates show that @ shares the same energy controls
as Leray’s solutions in the classical Navier-Stokes equations, specifically @ € L;°L2 N L?H}. According
to the well-known theory of the Navier-Stokes equations, this alone is insufficient to prove uniqueness' of
solutions. Therefore, we need additional information about the filtered velocity u,. Specifically, we require
H?-estimates on i,, which can be obtained from the elliptic nonlinear filter equation in (2) as long as the
term A(#) and its derivatives V(A(#)) are continuous and bounded. However, the classical chain rule implies
that this necessary information about V(A(#)) enables us to control V& in functional spaces of continuous
and bounded functions. Achieving this seems difficult with only the information @ € L{°L2 N L2 H}, thus
resulting in V@ @ € L2L2.

It is worth mentioning that suitable continuity and bounded properties of the terms A(@) and V(A(i)) are
essential tools for proving the regularity of solutions to elliptic equations, such as the filter equation in (2).
For further insights, refer to [28, Chapter 13],[34, 49] and the references therein. Consequently, obtaining the
required H?-estimates for the filtered velocity @, appears challenging within the framework where velocities
i@ belong to LL2 N LIH}.

In this context, to ensure the uniqueness of weak solutions in the natural energy space LY°L2 N L2H?, we
consider the following regularized nonlinear filter

—a?div (A(cp * @)(V @ UQ)T> + g = U,
where ¢ = p(z) € R is a given convolution term with certain assumed useful properties. We are addressing
the initial value problem of the following Navier-Stokes-alpha model:
Ol — VAT + (i - V)il + VP = f, div(id) =0,
(3) —a*div (Alp+ @)V @ @a)T) + 0 =T, div(ia) =0,
4(0,-) = dp, div(dp) =0,

where iy = @y(z) denotes the initial data. The regularized term A(p * @) in the nonlinear filter equation

will allow us to control V(A(p  @)) suitably. Please refer to Remark 3 and Remark 4 for more details.
Consequently, for this alpha-model we can rigorous prove all the points (¢) — (iv) in the program stated
above.

1Interestingly7 there is emerging research suggesting non-uniqueness. See, for instance, [1] and its recent citations.
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Although the convolution product with the function ¢ is a technical requirement for our computations
to work, note that, in point (iii) above, we will be able to show convergence to the classical Navier-Stokes
equations as a — 0. In this sense, the mollification applied to the nonlinear filter equation still makes
this model a satisfactory theoretical approzimation of the Navier-Stokes equations, which is one of the main
features of alpha-models (see [38, Chapter 17]). Additionally, in Section 3 below, we provide a simple example
of a convolution ¢ formally satisfying

CERTR RTA
This example suggests that one could construct (more sophisticated) explicit convolution terms ¢ such that
A(p xU) = A().

Consequently, the local filtering effects of the indicator function A(-) with respect to the velocity @ are not
strongly affected by (.

On the other hand, it is natural to ask for the asymptotic behavior of solutions to the system (3) when we
set ¢ = @, in the mollified filter equation, where (. )c>0 is a suitable family of approximations of the identity.
This study is addressed at the end of the article in Appendix A. Under stronger continuity assumptions on
the indicator function A(:), we are able to obtain a finite-energy weak solution @ to the system (2) as the
limit of solutions . to the system (3). Nevertheless, as explained, uniqueness of this solution % is an open
question without smoothing effects of the convolution term ¢. Consequently, the remaining points (i7) — (iv)
in our research program for the model (2) are also open questions.

2. MAIN RESULTS

In a first theoretical study of the coupled system (3), we shall consider these equations with periodic bound-
ary conditions on the torus T? = [0, L]?, where L > 0 is the period. Periodic conditions provide us with a
useful framework to study fluid-type equations, leveraging Fourier series as a key tool. Consequently, they
offer a rich set of tools for developing rigorous mathematical analysis and are also suitable for computer simu-
lations. Following the standard periodic setting, we denote by P the set of vector trigonometric polynomials
with periodic boundary conditions on T?. Then, we define V = {G € P : div(@) =0 and [, F(z)dz = 0}.
Thus, we define the Hilbert space of solenoidal and zero-mean vector fields L2(T?) as the closure of V in
L2(T3).

For clarity, we have divided our research program (i) — (iv) into three parts. In the section named Global
well-posedness, we address points (i) and (¢7). Then, in the section Validity of the model, we study point
(#it), and finally, in the section Long-time dynamics, we examine point (iv).

As mentioned, all these qualitative properties of the coupled system (3) strongly depend on suitable
conditions for the indicator function A(-) and the convolution term ¢ in the nonlinear filter equation. In the
statement of our results, we explicitly state them separately. Additionally, for a given parameter 0 < 5 < 1,
we assume that the indicator A(-) : R? — R satisfies:

(4) B<A(z) <1, forallxecR®

The upper bound A(-) < 1 is defined in [36, Definition 2.1] to ensure that the nonlinear filter equation in (3)
locally behaves like the linear Helmholtz filter equation (1) in selected regions where A(-) = 1. On the other
hand, the lower bound < A(-) was considered in [43] to enforce the positivity of the indicator function.
Experimentally, this property is useful for the numerical stabilization of the alpha-model. Mathematically,
we will demonstrate that this property provides suitable controls on the filtered velocity .

Global well-posedness. We start by introducing the following:

Definition 2.1. Let a@ > 0 fized. We shall say that (U, s, P) is a weak Leray solution to the coupled
parabolic-elliptic system (3) if the following conditions hold:
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(A) We have
i € LS, ([0, +ool, L2(T)) N L}, ([0, +oo, HH(T?)),  iia € LiS.([0, +oof, HY(T?)),
and
P e L}, ([0, +oc[, L*(T?)).

(B) The triplet (i, Uy, P) solves the system (3) in the weak sense.
(C) For allt >0, the velocity @ verifies the energy control:

t t
() lat, Iz +2V/0 (s, )[Gads < 1ol 22 + 2/0 (f(s,),1(5,7)) vy g s,

provided that iy € L%(T3), and f € L? ([0, +ool, H~Y(T?)) with div(f) = 0.

loc

Remark 1. For the sake of simplicity, we assume an external force that is divergence-free. However, with
minor technical modifications, all our definitions and results hold in the more general setting involving any
external force.

As mentioned in the introduction, a priori energy estimates on the first equation in the system (3) show
that the velocity @ formally satisfies the energy control (5). This fact enables us to impose conditions (A),
(B), and (C) above to naturally define weak Leray solutions.

For m € N, recall that C™(R?) denotes the space of functions that are m-times continuously differentiable
with bounded derivatives. Moreover, for 0 < s < 1, we define the Holder space C"™*(R3) as the space of
C™-functions whose derivatives of order m are s-Holder continuous. In the particular case when s = 1, the
derivatives of order m are Lipschitz continuous.

Theorem 2.1 (Existence of weak Leray solutions). Let @y € L2(T3) be an initial datum, and let f €

LIQOC([O7 +oo], H_I(T?’)) be a divergence-free and zero-mean external force. In the monlinear filter equation of

the system (3) assume that the indicator function A(-) verifies (4) and

(6) A() e COHR).
Moreover, assume that the convolution term ¢ verifies:
(7) o € LA(T?).

Then, for every a > 0 the coupled system (3) has a weak Leray’s solution (i, U, P) in the sense of Definition
2.1.

We observe that the existence of weak Leray solutions is guaranteed when the indicator function A(-) is
Lipschitz continuous. This condition on A(-) is often utilized in the study of elliptic equations of divergence
form [49], such as the nonlinear filter equation in (3). On the other hand, we also require the (technical)
condition of square-integrability on the convolution term . As mentioned earlier, in Appendix A, we
demonstrate that this latter condition can be omitted when proving the existence of weak Leray solutions

In contrast, stronger regularity assumptions on A(-) and ¢ are the crucial tools to prove their uniqueness.

Theorem 2.2 (Uniqueness). Within the framework of Theorem 2.1, let i 1,192 € L2(T?) be two initial
data, and let ﬁ,ﬁ € L} ([0, +o0], H‘l(']I‘?’)) be two divergence-free and zero-mean external forces. Let
(U1, 11,0, P1) and (U2, Ua,q, P2) be the corresponding weak Leray solutions of the coupled system (3). For any
time T > 0, define the energy norm

1/2

T
i1 — al|py = sup |@i(t, ) — da(t, )|z + Vv </ a1 (¢, ) — ta(t, ')||21d5>
0<t<T 0

In the filter equation of the system (3), assume additionally that
(8) A() € CPYR3)  and € HY(T?).
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Then, the following estimates hold:
- — 112 Q:OTl/z N - 2 4 T - - 9
9) iy — [, <e o1 = do2llze + = [ Ilf1(t, ) = falts )l -adt )
0

(10) 1,0 — o,all7 1 < Dolldy — a7 2,

with constants € > 0 and D¢ > 0, depending on the parameters «, B, v, the functions A(-), ¢, the data
Uo,1,Uo,2, f1, f2, and the time T

In estimates (9) and (10), we demonstrate a stronger result regarding the continuous dependence on data
of two weak Leray solutions. These estimates ensure the uniqueness of the weak Leray solution associated
with the same data. The uniqueness of the pressure term follows from the uniqueness of the velocity u, the
filtered velocity ,, and the well-known characterization of the pressure by the Riesz transforms.

Validity of the model: convergence properties to classical models. Now, we are interested in
studying the asymptotic behavior of weak Leray solutions to the coupled system (3) with respect to variations
of the parameter o > 0 and the indicator function A(-) in the nonlinear filter equation:

 o2div (A((p + D)V ® ﬁa)T) Y@=, div(d,) =0.

Specifically, on one hand, setting o = 0, we formally observe that the system (3) reduces to the classical
Navier-Stokes equations:

(11) il —vAG+ (- V)i+ VP =f, div(@)=0.
On the other hand, for fixed o > 0, and recalling that the indicator function A(-) satisfies the lower and
upper bounds in (4) with a parameter 0 < 8 < 1, as  — 1, we formally obtain A(-) = 1, and we observe
that the system (3) formally becomes the classical Leray-alpha model:
1) Oyt — VAT + (i - V)i + VP = f, div(d) =0,
12
—a?Aliy + 1y = i, div(id,) = 0.

Thus, in our next results we rigorously study the convergence of solutions of the coupled system (3) to
solutions of the classical models (11) and (12), as « — 0 and 8 — 1, respectively. For simplicity, for
any time 0 < T < +oo we denote the spaces Ep = L*([0,T],L2(T?)) n L2([0,T], H(T?)), L{*Hy =
L*([0,T], HY(T?)) and L?L2 = L?([0,T7], L*(T?)).

We start by proving a convergence property to solutions of the classical Navier-Stokes equations. Under
the same hypotheses as in Theorem 2.1, let (ﬁ(a), 12’((X)7(,¢,P(06))a>0 C Er x L&°H} x L?L? be the family of
weak Leray solutions to the coupled system (3), which we rewrite here as:

8,517((1) — Z/Aﬂ:(a) + (ﬁ(a),a : 6)’17(0() + ﬁp(a) = ]F, div(ﬁ(a)) =0,
(13) —a? div (A(QD * ﬁ(a))(ﬁ & ﬁ(a)’a)T) + ﬁ(a),a = ’lf(a), div(ﬁ(a)ya) =0,

ﬁ(a)(o, ) = Up.

Proposition 2.1 (Convergence to the Navier-Stokes equations). There exists a sub-sequence (a)gen, where
a — 0 as k — 0o, and there exists (u, P) € Ep x L%H[1/2, such that:
(1) The velocities (4, converge to i in the weak- topology of the space Er, and in the strong topology
of the space L?L2.
(2) The filtered velocities (qa,),q, also converge to i in the strong topology of the space LYL2, with
1 <p<+o0.
(3) The pressures P, converge to P in the weak topology of the space LfH{l/z.
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Moreover, (i, P) is a weak Leray solution to the classical Navier-Stokes equations (11).

Now, we shall prove a convergence property to solutions of the Leray-alpha model. Within the setting of
Theorem 2.1 and for fixed o > 0, let (@3, Ug,a, P5)0<ﬁ<1 C Er x L{°H} x L?L2 be the family of weak Leray

solutions to the coupled system (3), which we also rewrite in the form:
Bty — VAT + (Up.0 - V)ig + VP = f, div(is) =0,

(14) —a?div (Ag(p + @) (V @ Tp)T ) + g0 = s, div(isa) =0, B<Ag() <1,
(0, ) = dp.

Proposition 2.2 (Convergence to the Leray-alpha model). There exists a sub-sequence (Bk)iren, where
Br — 1 as k — 400, and there exists (i, Uy, P) € Ep x L°HL x L7L2, such that:
(1) The velocities g, converge to i in the strong topology of the space Er.
(2) The filtered velocities g, o converge to the filtered velocity i, in the strong topology of the space
L H!.
(3) The pressures Pg,) converge to P in the strong topology of the space L2L2.

Moreover, (i, Uy, P) is a weak Leray solution of the Leray-alpha model (12).

Long-time dynamics. We are concerned with the study of the long-time behavior of weak Leray
solutions to the coupled system (3). For this, we set our framework as follows: first, we fix a stationary
(time-independent) divergence-free external force f € H—1(T3) N L2(T?). Next, since the pressure P does
not play any substantial role in this study, from now on, we shall consider the system

Oyl — vAT +P((To - V)a@) = f, div(d) = 0,
(15) —adiv (A(<p «7)(V® aa)T) iy =d, div(dy) =0, a>0,
fi((), ) = ’L_l:o, le(ﬁo) =0.

Moreover, in the nonlinear filter equation above, we shall assume the parameter a > 0 fixed, and we shall
assume that the indicator function A(-) and the convolution term ¢ verify the conditions (8):

A() € CHY(R?) and ¢ € HY(T?).

Thus, by Theorems 2.1 and 2.2, the system (15) defines a continuous semi-group acting on the Hilbert space
L2(T3) as follows: for any time ¢t > 0, we define the semi-group

(16) S(t) : LA(T?) — L2(T®),  do = S(t)ido = ul(t,"),
where @(t, -) denotes the unique weak Leray solution to (15) arising from the initial datum .

The study of the long-time dynamics of weak Leray solutions of the coupled system (15) can be approached
through the analysis of the semi-group S(t) as t — +o0. More precisely, our aim is to prove the existence of
a global attractor, the definition of which we recall as follows. See [2, 12, 46] for more details.

Definition 2.2. A global attractor for the semi-group (S(t))i>o defined in (16) is a set A C L%(T3) which
satisfies:
(A) The set A is compact in the strong topology of L2(T?), which is the same as the strong topology of
L2(T3).
(B) The set A is strictly invariant under S(t): for any time t > 0, we have S(t)A = A.
(C) A is an attracting set: for any bounded set B C L%(T3) and for any neighborhood O of A, there
exists a time T = T(B,0) > 0 (which depends on the set B and the neighborhood O) such that for
allt > T, it holds S(t)B C O.
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By point (C), roughly speaking, a global attractor attracts the image through the semi-group S(t) of
all bounded sets B C L2(T?) as t — +o0. This property allows us to gain a better understanding of the
long-time behavior of weak Leray solutions for the alpha-model (15). Indeed, we observe first that for all
initial data @iy € L2(T?), setting the bounded set B = {iiy}, and moreover, for any given neighborhood O of
the attractor A, we find that the weak Leray solution (¢, -) of (15) (arising from ) lies in the neighborhood
O from some time T = T'(ip, O). Consequently, for any initial datum @, the solution (¢, -) approaches the
attractor A as closely as desired as t — +oo.

With this last idea in mind, it is also interesting to characterize the global attractor A. Precisely, one
asks for the elements belonging to A. These elements are defined through a particular type of solutions of
our alpha-model, so-called the eternal solutions.

Definition 2.3. Let f € H1(T3) N L2(T?) be the stationary external force. We shall say that @, is an
eternal solution to the Navier-Stokes-alpha model if:

(A) We have i, € Li5, (R, L2(T%)) N L, (R, H'(T?)).

loc
(B) The vector field @, solves the following coupled system in the weak sense:

atﬁe - VAﬁe + ]P)((ﬁe,a . 6)7-_[5) - fT: dlv(ﬁe) - O,
(17) .
—2div (A(<p $T)(V ® ae,a)T) Vloq = ey div(Teq) = 0.

Moreover, when @, € L™ (R, Lg(T3)), it is called a bounded eternal solution.

As observed, eternal solutions only depend on the given external force f and they are defined on the
whole real line R. Consequently, they do not arise from any initial data. In Lemma 7.1 below, we prove the
existence of these solutions.

Once we have introduced these definitions, our next result states as follows:

Theorem 2.3 (Existence of a unique global attractor). Assume (8), and let f € H~ N L2(T?) be the
stationary external force. Then, the semi-group (S(t))t > 0 defined in (16) has a unique global attractor

—

A = A(f) in the sense of Definition 2.2. Moreover, we have the following characterization:
(18) A = {i.(0,) € LZ(T?) : where the bounded eternal solution i, is given in Definition 2.3 } .

The following comments are in order here. First, by expression (18), we observe that the global attractor
A is explicitly characterized as the set of bounded eternal solutions at time ¢ = 0. Additionally, recall that
all these eternal solutions depend on the given external force f Thus, we write 4 = A( f ) to emphasize the
dependence of A on f.

The proof of this theorem relies on earlier results from dynamical systems theory, detailed in Section 7.1.
Essentially, the key approach to establishing the existence of the global attractor A involves demonstrating
that the semi-group S(t) exhibits favorable asymptotic behavior for sufficiently large ¢ (refer to Theorem
7.1). One of the primary challenges is ensuring that this semi-group is asymptotically compact, as defined
in Definition 7.2. To establish this property, we adapt energy methods previously employed in [32] for the
2D damped Navier-Stokes equations and in [17] for the 3D damped Navier-Stokes-Bardina model.

Our last result studies an explicit upper bound on the fractal dimension of the global attractor A. The
fractal dimension of the compact set A offers a precise measure of its size. For further details, please refer
to [2, 46].

Definition 2.4. The fractal dimension of A is defined by the quantity:

. . N(A)
(19) dims(A) = llizlip n(1/e)’

where N.(A) > 0 denotes the minimal number of e-balls in L2(T?) needed to cover A.
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Our goal is to demonstrate that the quantity dimy(.A) is finite and establish an explicit upper bound for
it. This upper bound depends on a non-trivial set of quantities defined by all the parameters of our model.
Please refer to estimate (123) below. To simplify the presentation of our next result, and following some

concepts from [11, 13, 14], we will focus solely on quantities related to the norm of the external force || f|| -1
as well as the parameters « > 0 and 0 < 8 < 1 in the nonlinear filter equation of system (15).

We thus introduce the following quantity:

1
PR O<Oé§1,

(20) K(aaﬁ): Wa 1<a§ﬁv

4 1
VB

which is defined solely by « and . Together with the quantity || ﬂ| j—1, We can state:

« <,

Theorem 2.4 (Upper bounds on the fractal dimension). Let A C L2(T3) be the unique global attractor
obtained by Theorem 2.53. The following estimate holds:

dimy (A) S (14 VE @B+ | fllg0) P D01 i-0")
1o (L4 Koy )0+ | o) K@My

3

(21)

In the case of the linear Helmholtz filter equation (1), upper bounds on the fractal dimension of the global
attractor associated with the classical Leray-alpha model (12) were derived in [11] using a linearized version
of (12). The key approach involves linearizing the nonlinear transport term in (12) around a trajectory within
the global attractor. This linearization is possible by the identity (i1 + %2)q = @1,o + Uz,o, which applies to
two filtered velocities obtained from (1). However, due to the nonlinear nature of the filter equation in the
system (15), this method does not appear applicable in our scenario. To overcome this problem, we pursue a
different approach to derive an upper bound for the fractal dimension dimy(.A). The methodology developed
in [16] for hyperbolic second-order evolution equations can be adapted to the parabolic-elliptic framework of
the system (15), leading to the estimate (21). For detailed technical information, please refer to Section 7.2.

In estimate (21), as observed, we note that the quantity dimy(A) is controlled by the magnitude of the
external force || fH ;-1 and the parameters o and . Specifically, by fixing o and 3, where for simplicity we
denote K(a, ) ~ 1, we obtain

dimy(A) S (1 + || f or)? SOHIa-0>
o (1 1) )

which indicates that the right-hand side of (21) exponentially grows for large values of || f|| -1 Conversely,
when fixing ||ﬂ|H_1, where for simplicity we write 1 + Hf‘||H_1 ~ 1, once again, by (21) we derive

dim(A) < (1 + \/mel((a,ﬁ))s
x In (1 + K(o, ) eK(O"ﬂ)) )

Here, according to the definition of the quantity K («, 8) given in (20), we make the following observations.
1

From the first expression in (20), for fixed 0 < 8 < 1 and the fact that K(a,3)eX(®f) = asgsﬁeaf’ﬁ”?,

we note that the upper bound of dimy(A) increases like 1/a° for small values of a. Next, from the second

1
expression in (20), for fixed 1 < a < ﬁ and the fact that K (o, §) eX(@8) = a/@l{jm e«s°/2 we obtain that the

upper bound of dim (A) increases like 1/3%/2 for small values of 3. Finally, from the third expression in (20),
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we see that dimy(.A) is controlled solely by the parameter «, and its upper bound also grows exponentially
for large values of a.

Future research and open questions. In a forthcoming article, we extend the research program
(7) — (4v) on the new Navier-Stokes-Alpha (3) in the following directions. First, we study the higher regularity
properties of weak Leray solutions, provided that the indicator function A(-) verifies suitable regularity
conditions. By following some of the ideas from [32], we also aim to show that these regularity properties
of weak Leray solutions yield higher regularity estimates on the global attractor A. For instance, we expect
to prove that A is also compact in the Sobolev space H*(T?) with s > 0. Thereafter, we address the long-
time behavior of weak Leray solutions through the notion of stationary (time-independent) solutions. These
solutions depend solely on the spatial variable and consequently formally solve the doubly elliptic nonlinear
problem:

—

—vAU + (Uy - VU +VP = f, div(U) =0,
—a?div (A(gp «U)(V® ﬁa)T) +U, =U, div(U,)=0.

We thus prove the existence of these solutions in a natural energy space and study their orbital and asymptotic
stability.

On the other hand, as mentioned, uniqueness of weak Leray solutions to the alpha-model (2) with a
non-regularized filter equation cannot be obtained by following the proof of Theorem 2.2, since the involved
quantities €y > 0 and ®¢ > 0 explicitly depend on ||¢|/g:. In this context, a natural first approach is to
prove a weak-strong uniqueness result by considering, for instance, the classical Prodi-Serrin criterion [41, 45]
or more sophisticated a priori conditions [23, 37].

Organization of the article. In Section 3, we provide an example of a convolution term ¢ that formally
satisfies ¢ * @ & 4. Section 4 is devoted to studying the nonlinear filter equation in the coupled system (3).
In Section 5, we address the global well-posedness of (3), and in Section 6, we prove some convergence
properties related to classical models. In Section 7, we study the long-time behavior of weak Leray solutions
to (3). Finally, in Appendix A, we prove the existence of these solutions for the coupled system (2).

Preliminaries and notation. We summarize here some standard definitions and notation in the frame-
work of periodic boundary conditions T = [0, L]3. As usual, we shall assume that both the initial datum

iiy and the external force f are zero-mean vector fields: / to(z)dr = / f(z)dz = 0 which yields that the
T3 T3

velocity (t,z) is also a zero-mean vector field for all + > 0. For simplicity, we shall denote Z* := %’TZ:;, and
we we will frequently use the Fourier decomposition

(22) ﬂ(tv‘r) = Z eik~:1: ak(ta ')’

keZ3\{0}
with spatially dependent Fourier coefficients
~ 1 ,
(23) Bt ) = o5 /T e 2)de

We denote the usual Lebesgue spaces by LP(T?) for 1 < p < 400, and (-,-)z2 stands for the L?—inner
product. We define LQ(']T?’) as the space of zero-mean L?-functions. By Helmholtz decomposition (see [47,
Theorem 2.6]), we have L?(T?) = L2(T?) @(L2)*(T?), where (L?)*(T?) is the space of L?- vector fields §
such that § = V¢ with ¢ € HY(T3).

For s € R, homogeneous Sobolev spaces of zero-mean functions are classically characterized by the Fourier
series as follows:

H(T?) = {g(w) = Z eF TG Gk =0-k, Jo=0, and ||g||%. = L* Z [k |?*|gx)? < +oo}.
keZ3\ {0} kezZ3\ {0}
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Here, the condition g, = §_j means that we only work with real-valued functions. Remark that H 9(T3) =
L?(T3), and for any s; < sy we have the compact embedding H*2(T3) C H*'(T3). Moreover, non-
homogeneous Sobolev spaces are similarly defined as:

H(T) = {g(e) = 3 ™G Ge=Gk Go=0, and gld =L 30 (1+ KP) Gl < +oo ).
keZ3\{0} keZ3\{0}

Finally, P : L?(T?) — L2(T%) is the well-known Leray’s projector, which is defined by the following

o (~ Tk
expression P(g) = Z err | g, — g’z 5k
keZ3\{0} | ‘

3. AN EXAMPLE OF A CONVOLUTION TERM

We provide a simple example of a convolution term ¢ that formally satisfies p*u ~ @. We emphasize that,
in contrast to the other estimates in this article, this approximation is not rigorously proven. As already
explained in the introduction, our aim is to shed light on the fact that, although the convolution term ¢
is a technical requirement in this theoretical study of the coupled system (3), it seems possible to design
more advanced convolution terms ¢ in which the local filtering effects of the indicator function A(-) on the
velocity « remain relatively unaffected by .

Using the Fourier decomposition introduced above, we define

pa)= > e,
keZ\ {0}

where, for a fixed parameter x > 0, we have

)it k| <k,
L T T

Mathematically, ¢ corresponds to an approximation of the periodic Dirac mass dg. Therefore, using the
Fourier decomposition of the velocity @ given in (22)-(23), and by well-known properties of the Fourier
coefficients, we obtain

prilt,r)= Y F(pxdalt, )= Y. e G(t,) = > eF (L, ).

keZ3\{0} keZ3\{0} keZ3\{0}, |k|<k
We thus note that ¢ * @ cuts off the Fourier decomposition of « at high frequencies |k| > k.

The cut-off frequency x > 0 can be set using different criteria. On the one hand, some numerical studies
of turbulence models [25, 33] apply discrete Fourier transform techniques to truncate the velocity @ at high-
frequency wave numbers. In this way, the cut-off frequency x > 0 can be chosen based on machine accuracy
criteria so that the truncated velocity Z eF T, (t,-) retains a significant amount of information

keZ3\{0}, |k|<r
about the velocity @. In this context, we formally write ¢ * 4 = .

On the other hand, the cut-off frequency x > 0 can be also set by following some ideas of the conventional
Kolmogorov’s theory of turbulence [30]. To begin with, let’s clarify the basic concept behind Kolmogorov’s
dissipation law, known as the energy cascade model. This model describes how kinetic energy is introduced
into the fluid by an external force f at a length scale £y > 0, referred to as the energy input scale. Given that
we can control the external force, this input scale £ is always fixed. In a turbulent regime characterized by a
large Reynolds number Re or Grashof number Gr (defined below), the energy dissipation due to viscosity is
ineffective at this input scale £;, leading to a transfer of energy to progressively smaller scales. This transfer
of energy is physically realized through vortex stretching, where eddies at a scale ¢; < ¢y break down into
even smaller eddies at scales 5 < ¢;. This cascade of energy continues until reaching the Kolmogorov
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dissipation scale £p, below which the kinetic energy from larger scales is eventually dissipated by molecular
viscosity. Consequently, the inertial range is defined as the interval of length scales |¢p, {o[ where kinetic
energy is transferred. For more details, please refer to [19].

In the Fourier domain, we define kg = 7 the energy input frequency, and we define kp = 7~ as the

frequency above which the kinetic energy is dissipated. Specifically, considering the Fourier decomposition
of the velocity @ given in expression (22), in a turbulent regime with a large Reynolds number Re, it is
experimentally observed [24, 30] that the Fourier coefficients (¢, -) defined in expression (23)) behave as

(24) [in(t, )] = ™, |k > k.
The frequency kp is so-called the Kolmogorov’s dissipation wave number, and it is characterized by the

expression kp ~ Re'/?kq. Here, the Reynolds number Re is defined as follows: from the velocity #, which
is a Leray weak solution of the coupled system (3), and the period L, following [18] we introduce the fluid

1/
e dt
characteristic velocity U := [ lim —/ it )||2e —= . Then, with the viscosity constant v > 0, we
T—)JrooT 0 L3
define Re = —. In addition, in a flow driven by a fixed body force, the characteristic velocity U, and
v
consequently, the Reynolds number Re are not directly controllable. Instead, what can be controlled is the
fl FIL?
amplitude of the force F' := HIJ;U /L; and its dimensionless counterpart, the Grashof number Gr = ——, which
v

can be predetermined in advance. In addition, in the turbulent regime one has (Re)? ~ Gr, hence we obtain
kp =~ Grikg.
In this setting, for a given energy input frequency x¢ > 0 and the Grashof number Gr defined above, we

set k = GTkg. Since a turbulent fluid, characterized by large values of the Grashof number Gr, is expected
to dissipate energy rapidly at high frequencies, we formally write, by (24)

ﬂ(tv Z) = Z eik.zak (tv ) = Z eik.wa’k (t, ) + Z eik.wﬁk (ta )

keZ3\{0} keZ3\{0}, |k|<k keZ3\{0}, |k|>~
=pxu(t,z) + Z eik'“’a'k(t, )~ exu(t,x) + Z eFrem bl it ).
keZ3\{0}, |k|>k keZ3\{0}, |k|>k

4. THE REGULARIZED NONLINEAR FILTER EQUATION WITH L2-DATA

In this section, for any fixed @ > 0 and 0 < 8 < 1, we study the elliptic nonlinear filter equation in the
system (3):

(25) —a2div (A(p+ @)(V @ 70)") +T0 = @, div(da) =0, B<A() <1,

with periodic boundary conditions in the torus T3, and where, for any time ¢ > 0, the velocity @(t,-) € L2(T?)
is considered as a given datum. In forthcoming propositions, we prove the existence of weak H'-solutions
to equation (25), continuous dependence of data, and higher order H?2-estimates, which are the key tools in
the next sections.

We emphasize that in the particular case when A(-) = 1, these are well-known results for the linear
Helmholtz filter equation (1) in bounded smooth domains Q and the whole space R?. See, for instance, [8,
Chapter IX] and [21, Chapter 6.3]. Additionally, these are also well-known results in the case when the
indicator function A(-) does not depend on the datum @, and we deal with the equation

—a?div(A(2)(V @ 1iy))T) + s = 4,

with additional suitable regularity properties assumed on A(-). See, for instance, [28, Chapter 9] and [48,
Chapter 8].
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In our case, the presence of the datum @ in the expression A(p i) of the divergence term in equation
(25) and the nonlinear character of on the indicator function A(-) make this equation nonlinear, and it does
not allow us to directly apply these previous results to this equation. Additionally, as already explained,
in the setting of the whole model (3), our datum # is constrained to being only an L2-function, and any
supplementary hypotheses (such as continuity and regularity) cannot be assumed.

For the completeness of this article, we revisit classical results from [8, 21, 28, 48] to study the existence and
regularity of solutions to equation (25) (as given in Propositions 4.1 and 4.3). We also establish new estimates
concerning the continuous dependence of data (as stated in Propositions 4.2 and 4.4). We emphasize the
strong dependence of these results on suitable assumptions for the indicator function A(-) and the convolution
term .

All the estimates that we will prove below involve quantities that depend on the parameters «, 3 and
some norms of the functions A(:) and ¢. We will explicitly write out expressions for these quantities since
they will be useful in what follows. However, for simplicity in our exposition, we will omit explicit mention
of generic constants, employing a slight abuse of notation.

Proposition 4.1 (Existence of H!-solutions). Let fived « > 0. For a time 0 < T < +oo, let i €
L>([0,T], L3(T3)). Assume that the function A(-) wverifies (4) with 0 < B < 1. Then, there exists
o € L([0,T), H'(T?)) a weak solution to equation (25). Moreover, for all 0 < t < T, this solution
verifies the control:

(26) ot i < Kollalt, llzs, - with Ko~ orrag—y > 0.

Proof. First of all, recall that V is defined as the set vector trigonometric polynomials verifying divergence-

free and zero-mean conditions. We then define the space H.(T?) as the closure of V in H!(T?).

Let 0 < ¢ < T fixed. Integrating by parts equation (25), for all ¢ € H(T3) we obtain the following
variational formulation:

a2/ A((wa)(t,x)w@aa)T(t,x):(6®$)T(x)dx+/ a(t,z) - G(x)da
T3 T3

(21) )
- / ii(t,z) - §(x)da.
T3

As the term A((y * @)) does not depend on i, nor @, the first and the second expression on the left-hand
side in (27) defines bilinear form

aliig, ¢) = a? A((wﬁ)(t,x))(ﬁ@ﬁa)T(t,x):(6®$)T(x)dx+/ To(t, z) - ¢(z)dz.
T3 T3

Lower and upper bounds on the function A(-) given in (4) yield that a(-,-) is continuous and coercive in the
Banach space H!(T?). By a direct application of the Lax-Milgram theorem, for any fixed time 0 < ¢t < T,
there exists i@, = 1is(t,-) € HX(T?) a solution to equation (27). Recall that by definition of space H.(T?)
we directly have @, (t,) € H(T3) and div(i,(t,-)) = 0.

Moreover, setting ¢ = @ia(t, ) in (27), and using again the lower bound in (4), we have

(28) @?BIIV @ dalt, |7 + l@alt, )17 < /Ts (t,x) - ta(t, )dr.

Applying the Cauchy-Schwarz inequality in the last term, we get

_, L, L, . 1, 1,
/Ts () - ot )dw < [Tt )2 [Talt; Nz < S1EE T2 + 51Tl e
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Then, we can write

. S = L. L.
min(a”B,1/2) i (t, )7 < @®BIV @ da(t, )72 + 5 1@a(t )72 < SllEE L,
1 1
which yields the wished estimate (26) with Ky = Smin(a?5,1/2) ~ (a2 1) and we thus have i, €
L>°([0,T], H(T?)). Proposition 4.1 is proven. |

Remark 2. The proof follows a standard variational arqument, where the convolution term ¢ in equation
(25) does not play any substantial role. Consequently, this result also holds for the non-regularized nonlinear
filter equation:

—adiv (A@)(V @ To)") + T =1, div(da) = 0.
Conversely, additional information on ¢ is required to prove the following;:

Proposition 4.2 (H'-continuous dependence of data). Under the same hypothesis of Proposition j.1, for
i=1,2, denote @; o € L=([0,T], H'(T?)) the corresponding solutions of equation (25) arising from the data
@, € L([0, T}, 13(T%).

Additionally, assume that the indicator function A(-) verifies (6) and the convolution term ¢ verifies (7).
Moreover, define the quantity

(29) Ly = a*Calgllz2,

where Cy > 0 is the Lipschitz constant of A(-). Then, for any time 0 <t < T, it holds:

(30) (11,0 (t, ) =Tt Ml < K (120t ) 22 +1) G0 (t, )~ Talt, Yzz, with Ky = max (K3/2L1, Ko
where the quantity Ko is given in (20).

Proof. In order to simplify our writing, we shall omit the time dependence of functions. Note that
Uq,1 — Uq,2 solves the equation

—a2div (A((p * ﬂl)(ﬁ ® ﬁlu)T — A((p * ’112)(6 & 627Q)T) + (ﬂl,a - ﬁg,a) = 111 — 172,
hence, we write
—adiv(Alp + @)V @ (@0 — G20))7 + [Alp+ 1) = Al + @) (V@ G2.0)")

+ (U1, — U2,0) = U1 — Ua.

(31)

Multiplying this equation by (@ o — U2,o), and integrating by parts, we obtain
o [ Alp*@)|V @ (1,0 — Us,0)|*dx

T3

—

+ o? / (Alp 1) = Alp + @) ) (V @ G2,0)" : (V @ (@0 — T2,0))" do + [[T,0 = Taallf
T3

= / (ﬁl — ﬁg) . (ﬁl,a — ﬁ27a)d17.
T3
By the lower bound in (4), setting Cy, 5 = min(a?8, 1), we have
Cap 10 —alip < BV ® (d1,0 — G2a)l|72 + [|E1,0 — G2l

(32) S 0[2 - |A((p * ﬁl) - A(QD * ’JQ)’ ‘ﬁ ® ﬁgya‘ |ﬁ ® (ﬁl,a - ’L_L'Q’Oé)| dzx

+/ |ty — Us| |Ur,q — U2,0|de,
’]1‘3
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where we must estimate each term on the right-hand side. For the first term, recall that by (6) the function
A(-) is Lipschitz-continuous, and for the constant Cy4 > 0 we can write

o> 3 |A(p *@1) — A(p * @) | [V @ tia,o| |V ® (1,0 — T2,0)| do
T
<a’Cy / | (@ — )| |V @ Taa| [V @ (@0 — T2,0)| da.
T

Remark 3. Note that with the only available information that ;. € H'(T?), the second and third terms
mentioned above are only controlled in the L?>-norm. This necessitates controlling the first term in the
L*>-norm. However, considering only the information that ii; € L*(T?), the convolution term ¢ assumes
significant importance.

By (7) we have ¢ € L?(T?). We thus apply Holder inequalities and Young inequalities to get
OéZOA/ |@*(ﬁ17ﬁ2)|}6®ﬂ2’a}|6®(ﬁ17a7ﬁ2,a)|d$
T3
(33) <a?Cyllp * (i — i) || L= ||V ® tiz,allz2 |V & (1,0 — 2.0)l|22
<a?Ca [l 2@ — sl 12|V @ aall 2 |V @ (1,0 = f2,0)]| 2
<a®Cu |lpllez @1 — @l 2|V @ t,al| L2 81,0 — o0l
For the second term, using the Cauchy-Schwarz inequality, we write
(34) / |ty — U ti,0 — Uz,aldr < [Jty — Ul L2[|th,0 — Uzallr2 < (U1 — Wl L2[|d1,0 — U2al g
T3
With estimates (33) and (38) at hand, we get back to the inequality (32) to obtain
Capllive = zaltn < (a*CallelzllV ® Goallze +1)l1E = Gl 12 110 — Tl

hence, we get

Capllive = zalm < (0*CallelizllV ® Gallie +1) [ - @l 2.

Moreover, remark that by estimate (26) we have ||V ® @012 < v/Kol/@2||p2. Then, we write

. 1 . L
11,0 — tiz,allmr < . (042@1 el 2 v/ Collz |l L2 + 1) |11 — tdal| L2
@,
1 . L
< g (a2Caligpllzz VEo1) (Iallze + 1) [1G - iz
o,

=K (||172||L2 + 1) |1 — a2l =

Finally, recalling that Cy 5 = min(a?8,1), Ko ~ graeggy and L =: a’Cal|g||r2, we have

1
K =: Con max (azCA lell Lz v/ Ko, 1) ~ max (Kg/2L1,K0> .

Proposition 4.2 is proven. |

Proposition 4.3 (H2-regularity). Within the setting of Proposition 4.1, additionally assume that the indi-
cator function A(-) and the convolution term ¢ satisfy (8), and define the quantity

(35) Ly = &*|VAC)llz= o]l -
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Then, the solution i, € L°([0,T], H(T?)) to equation (25) verifies i, € L>([0,T], H*(T?)), and for any
time 0 <t < T, the following estimate holds:

(36) it )iz < Ko () e+ D)2, with K~ max (K5 La, Ko)
where Ky is defined in (26).

Proof. We shall use the method of differential quotients. Let h € R? be such that h # 0. For every (E ey
define the operator

Sz +h) - é(x)

th_;(x) = |h| 9

which verifies the useful properties:
(37) G Dudado= [ Dsdi-Gade, Dudi-G) = (Dad)) G+ G- (D).
T T

As before, we omit the time dependence of functions. Coming back to the variational formulation (27),
and setting ¢ = D_;, Dpii, € H1(T?), we obtain

o? / A(p* @) (V @ a)T : (V® D_p,Dyity) " da + / g - D_pDpilpda
T3 T3

:/ U - D_hDh’ljadI.
’]1‘3
In the first and the second expressions on the left, we apply the identities in (37) to write

[ AlpxD)(V@ia)" : (V& D_yDpita) de =ao? | Alp x@)|V @ Dyils|*da
T3 T3

+a® | Dy(Alp @)V ®@ia)" : (V© Dyiia)" du,
T3

and
/ Ug - D_pDptide :/ |Dpiia|?da.
T3 T3

Then, we rearrange terms to write
a2/ Ap * @)|V @ Dpila|?dx +/ |Dyiig 2 dx
T3 T3

=—a® [ Dp(Alp*@)(V®i)": (€®Dhaa)de+/ i+ D_p,Dpiigda.
T3 T3

By the lower bound in (4) and using the constant C, 3 = min(a?3,1) > 0, we obtain
(38) Caﬁ”DhﬁaH%Il < a2/ ’Dh(A<@*a’))(ﬁ®ﬁa)T : (6®Dhﬁa)T‘dl‘+/ |§'D7hDhﬁa|dma
T3 T3

where we must estimate each term on the right-hand side. For the first term, note that by [8, Proposition
IX.3] and the Young inequalities (with 1+ 1/00 =1/2 4 1/2), we have

3
1D (A(p * @)= < CIV (Alp* D))l < C Y N10:A(0 * @) (Dip) * Wl 2 < CIVAC) oo |l |1l e

i=1

Remark 4. Note that the information @ € L2(T?) is not sufficient to ensure that V(A(@)) € L*(T3), even
if the indicator function A(-) is sufficiently regular.
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Continuing with the proof, by Hoélder inequalities and by the estimate above and the control (26), we

write
o2
T3

< 02| DAl * )|~ [V & a2 IV © Duial| o2
< (®CIV A =Nl 122 ) (VEolllzz) IV & Daitall 22
< (P VENIVAC 1 el ) 1311 Dnall

For the second term, applying the Cauchy-Schwarz inequality and [8, Proposition IX.3], we write

Dr(A(p+@)(V @ @a)T : (V® Dhﬁa)T] dx

(40) / |@ - D Dytia|de < C|[@]| 2| D-n DiiallL2 < Cl|gl|z2 || Driiall Lz < Clll| L2 | Dntial| -
T3
With estimates (39) and (40) at hand, we come back to estimate (38), to get

Ca | Datialfs < € (a2CV/EoIVAC) e Il 1] 22 + 1) || 2]l Dnal s,
hence,
Ca,p

Dutiallin < C (2CVRVAC) ool s +1) sz

With this estimate and letting h — 0, by [8, Proposition 1.X.3] we obtain that @, € H?(T?). In addition,
we following estimates holds:

. c¢ = . .

el < G (@*OVEIVAO L= el a2z +1) Nl
41 1 = - -
) < g e (aPOVIVAC ol 1) (e + 1)

= K ([[al| g2 + 1) [Jdl| >

Finally, recalling that C, s = min(a?8,1), Ko ~ m and Ly := o2||[VA() |z l¢l 1, we have
Ko i= g —ma (QQC\/COWA(.)”LW [ 1) ~ max (K3/2L2,K0> .
Proposition 4.3 is proven. |

Proposition 4.4 (H?2-continuous dependence of data). Under the same hypothesis of Proposition /.3, define
the quantity

(42) Ls = ol max (Cly gl IV AC) 1 )

where C'y is the Lipschitz constant of VA().

For i = 1,2, let @; o € L*([0,T), H*(T?)) be two solutions of equation (25) arising from the data U; €
L>([0,T), L2(T®)). Then, for any time 0 <t < T, the following estimate holds:

2
(43)  Nva(t) = Gaalt, )l < Kol (o )llns + 182t )2 + 1) () = @t )llss,
where
(44) K5 ~ max (KOKthKoKlLQ,Kg/ 2L3) ,

with Ko given in (26), K1 given in (30), K defined in (36), Ly defined in (29) and Lo given in (35).
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Proof. For simplicity, we shall denote W, = 1o — U2, and W = @; — Uz. Remark that w, verifies the
equation (31), which writes down as follows:

—a2div( Al @)(V @ 0a)" + (Alp + i) = Alp * 02))(V @ ti20)T ) + T = 0.

As the indicator function A(-) and the convolution term ¢ satisfy (8), and as iy, i € L2(T?), by Proposi-
tion 4.3 we have 1 o, @2 o, Wo € H2(T?). Then, for fixed k = 1,2,3, we can multiply the equation above by
0210, and integrating by parts each term (first moving the divergence operator to the right and thereafter
moving the derivative Jx to the left) we find:

— a2/ Ok (A(@*ﬁﬂ(ﬁ@iﬁa)T) : (6®8k117a)T dx
’]I‘S
_ a2/ A ((A(wﬁl) - A(W@))(ﬁ@@ﬂﬁ) (V@ Oia) T da
’]I‘S
— || Op ||% 2 :/ W - Oy da.
TS

We develop the terms involving the derivative of a product, and we multiply by —1 each side of this identity
to obtain

o [, On(Alp = @1))(V @ wa)" + (V @ Ohia)” da

+a? /T3 Alp % 1) |V @ Ot |? da

+a? /T O (Alp* 1) — Alp *@2)) (V @ Ta,a)T : (V @ Opia) T da

+a’ /T (A(p i) — Ap * i) (V @ Opilz,a) " : (V @ Opila)" da

w3 = [ -0 da.

T3
According to the lower bound in (4), the second term above is estimated from below as:
0BV @ s < o [ Al i0)[F © Ohii? .

Moreover, always with the constant C\, 5 = min(a?3,1) > 0, we write

CasllOnBalzy < @®BIV ® Oiallfz + 100dall72-

Rearranging terms, we obtain

Ca,p

ouiall <a? [ [onate )T 0 @) (F 0 0ui)| do
T3

@ /3
T

/3

T

+/ | - iy | da.
T3

Now, we need to estimate each term on the right-hand side. For the reader’s convenience, we will provide
some estimates in the forthcoming technical lemmas.

On(Alp #11) = Alp # 12))(V & Ta,0)” : (V @ 040) " | da
(45)
(Al i) = Al @2))(V @ Okiza)” s (V @ Opiia)”| do
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Lemma 4.1. For the first term, we have

(46)

a2/ O (Alp = )T © 1)+ (V@ i) | da
T3

< K Lol|tiy || g2 (|| @2l 2 + 1) [|0]| 2 |0k Wa |l -

Proof. As A(-) and ¢ verify (8), using Holder and Young inequalities we can write

Moreover, recalling that Wy, = @s,1

Oé2
T3

< |0 (A(p * @)V ® Ta) |12 |V © O 2

< |0 (Alp * i)l |V @ dall2 |V © Opia 12
=a® |0k A(p * @) (Opp) * 1| 2= |V ® @all2 |V © Oidiall 2
<@?|VAQ)||zo [|(Ore) * ]|~ |V @ Wa| 2 |V © Opial| 2
< | VAQ) |z 10kell p2 i 22 IV © @all p2 |V © Ohidial| 2

(Al + i)V @ Ta) + (V © Opia) T do

< &[VAC) [z llell s 121 2 1dal o 10 e

[@all < Ka(l[d2] L2 + 1) @] 22

With these estimates we obtain

a2
T3

—

O (A(p @) (V@ F)T : (V® akwa)T\ dz

< Ki(a®|[VAO) e llellz) ]z (@222 + 1) [10] L2 |Oxiball -

Finally, by the quantity Lo given in (35), we obtain the wished estimate (46).

Lemma 4.2. For the second term, we have

(47)

062
T3

O (Alp* 1) — Alp @) (V ® da,0)T : (V@ Opi,)T | d

<V KoLs(|[t1| pz + 1)tz 2 |0]| 2 || Okl 1 -

Proof. We start by writing the following pointwise computations:

|91 (A(

x1ly) — A(p * 1)) |

= [0k A (@*Ul)( )*Ul Ok A(sp * 12)(Orp) * s

= [(2,A

< [OkA(p xti1) — 5kA(80*U2)| [(Orp) * tir| + |0k Al * ti2) || (Drp) * (1 — ).

(p* 1) — Op Al * U2)) (D) * U1 + Op Al * Ua) (Dep) * (U — i)

— g2 and W = U; — Uy, by Proposition 4.2 we have the control

19

Moreover, by the first assumption in (8), the function 9t A(-) is Lipschitz continuous and there exists a
constant €’y > 0 such that we have

|0k A x i) — O A * U2)| () * 1| + |0k Al + ) || (Orp) * (U1 — ta)]

<Clle * (@ — @2)||(Orp) * @1 + |Op Al * )| (D) * (@ — Ta)|
= Ol 0] |(Dpp) * 1] + |Op A * 1h2)]| (Brp) * ]
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0(2
T3

< a’Clllp = il | (Ohp) * il | 1< IV @ fiz,all 12 |V © Opiia | 2
+0®[VAC) 2o (k) * 2= IV © Gz,all 2 |V © Opdial| 2

‘We thus obtain
A (A(p x 1) — Alp * @2))(V @ d2,0)T : (V@ Oiila)” | dz

< a2Chlellzall @l e 10kellna |l o2 |V @ a0l e |90l
+ a2 [VAC) | 10ksell |82 IV @ Bl 9Tl
< a?[lgllm max (Chllpla, [VAC) 1 ) x

x (@1l 2 + DV @ iz,

|22 ||| L2 [|OkWa || -
Setting the quantity L3 as in expression (42), and using inequality (26), we write
o / ‘ak (A(p* i) — Al # i12))(V ® tiz,a) "+ (V @ Otiia)” | do
T3

= Ly([li1]| 22 + DIV @ izl 2 |0 2 |00 dal| 1
< VEoLs([[an] 2 + Vsl L2 [|@]| 22 |0k @ a1,
resulting in the wished estimate (47). [ |

Third term follows already known estimates: with the quantity L; given in (29), and using inequality
(36), we write
o? /
T3

(48) <a?Call@|l 2 || 2|V @ Oxiia,a 12 || Ok Fa | arr
= L ||t2,all g2 [|90] 22 | Ok Wa || 1
< KoLy (|[tia]| e + 1) ||tz 22 [[0]] 2 [|OkWa || 1 -

(A(p * 1) — Alp * @) (V @ Oyling) T : (V@ Opilia)T | d

Fourth term is directly estimate by Cauchy-Schwarz inequality. Collecting all the constants in inequalities
(46), (47) and (48), we set now

K30 = max <K1L27 KoLy, \/KOLg) .
We substitute these inequalities in estimate (45), and rearranging terms, we write

Co | On B[y

SK3,0(||171||L2(||172||L2 +1) + ([[d1 gz + Dldallz + ([Ji2]|z + 1)|t2][z2 + 1) ||| L2 [| Ok Wa || m11

2
< Ko (lille + 1@allze + 1) 18] 220l

hence we get
K3
Ok We, < :
Jounll < 522
Finally, recalling that Cy, g = min(a?8,1) and Ko ~
K30
Cap

Proposition 4.4 is proven. |

2 2
(Narlize + 12l o2 + 1) Nl o2 = Ks(|llzz + |allzz + 1) @]l z2.

1 .
m, we obtain

Ky — ~ max (KoKng, KoKyl K§/2L3> .
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5. GLOBAL WELL-POSEDNESS OF WEAK LERAY SOLUTIONS

Throughout this section, we shall use C' > 0 as a generic constant that depends on the quantities «, 3, v,
and some norms of the functions A(-) and . This constant may change from one line to another.

5.1. Proof of Theorem 2.1. We will work with the (equivalent) coupled integral-elliptic formulation of
system (3):

Q) = "By + / - (s, )ds — / t e”(t’S)AP((ﬂa : ﬁ)a)(s, )ds,
(49) 0 0
—a?div (A(<p «@)(V @ a’a)T) Vi, =i, div(iy) =0,
where e’*2§ = Z eihe vkt Ek For a time T" > 0, we shall denote Ep = {17 € L>=([0,T], L3(T?)) N
keZ3\{0}
L2([0,T], HY(T?) : div(7) = 0}, with the usual norm
%

T
0], = sup [|9(t,)llzz + Vv (/ 1z, ')||§yldt>
0<t<T 0

For any ¥ € Er, by Propositions 4.1 and 4.2 there exists a unique solution @, € L°([0,T], H*(T?)) to
the elliptic problem

—aniv(A(w «7)(V 5Q)T) Y, =7, div(d) = 0.
With the obtained function ¥, and using the right-hand side of (49), we now define the operator:

t ¢
To(0) = el —|—/ " =98 s Yds — / e”(t_s)AIP’((Ua . 6)17) (s,-)ds

t
=Ty — / e”(tfs)A}P’((ﬁa : ﬁ)ﬁ) (s,)ds.

0
We shall prove that there exists @ € Ep which is a solution to the fixed point problem (49), that is, T, (@) = .

Given that @ € L2(T3) and f € L2 ([0, +oo[, H~(T?)), by well-known arguments we have Uy € Er.
For 0 < T < 1, it holds that

1ollzr < € (Iollze + 171 2o, i asy ) -
See, for instance, [38, Theorem 12.2]. Then, for a fixed R > 0, we define the ball
B={i€ Er: |§-Uo|e, <R},
and we shall prove that for sufficiently small 0 < T' < 1, the operator T, defined in (50) is contractive on B.

Our starting point is to prove that 7, maps B into B. Let ¥ € B. Again by [38, Theorem 12.2], we have
the known estimate

(51) |

Ta(®) - O

< Ol - V)1l 2 gy
Er

t —
/ ev(ffsmzp((aa : V)ﬁ) (s,-)ds
0

=

As div(ty,) = div(¥) = 0, we can write (U, - V)T = div(7 ® ¥,). Then, we get

v
Ol )il 30 = OIS T)| s < CIT® Tallzzng < CTVAF® Fallngns.

Er ‘

In the last expression, we apply Holder inequalities, first in the spatial variable with 1/2 =1/3 4+ 1/6, and
thereafter in the time variable with 1/4 = 1/00 + 1/4, to write

CTYT® Vall ez < CTY* 0l Lars [1allLpre-
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Moreover, by Sobolev embeddings we get
(52) CTY |8l grs 1Tallge s < CTHNT s grve 10all e pry < CTYANTN Lo 1allzge -

We still need to estimate both terms on the right-hand side. For the first term, recall that v € Ep and by
interpolation inequalities in homogeneous Sobolev spaces we have

— - 1/2 —n1/2 —
(53) 180 a2 < CUIBIER 2 181357, < Ol

For the second term, recall that by the control (26) we have
1allogemy < CllTl Loz < CllV]|E,-
We thus get

CTY Ty grre 1allLzemy < CTV |01,

|| L?Hx
Gathering these estimates, for ¥ € B we obtain

Ta@® - O, <OTldllE, < CTV(15 - Dolly, + 100l%,)

N 2
<oT'! <R2 + (||ﬁo||L2(Q) + Hf||L2([0,1],H—1(’JI‘3))> > :

IN

" 2
We thus set the time 0 < 7' < 1 small enough such that C 7"/4 (R2 + <||110||L2(Q) + ||f||L2([0,1],H*1(11‘3))) )
R, hence we have T, (7) € B.

Now, we must verify that 7, : B — B is contractive. For ¥y, 7> € B, we write

1T (51) — Tal@)l s
t — t —

- ] [ e (@ D)0) su)ds = [ eI (- )22 (5, s
0 0

S ’

Er

t t
/ B (T 0 — o) - D)0 ) (5, s / DB (0 D)@ — ) ) (5, s
0 0

"

ET ET

For the first term, by estimates (51) and (52) we have

t
(54) / AP (B — Taa) - V)T ) (5,)ds
0 Er

S CT1/4||’1_)'1||L%H3/2 ||171,a — 1727Q||L§OH;.

The expression [[U1]|, 4,1/ was already estimated in (53), and we have [|T1 |, . 41/2 < C||t1||,. Moreover,
tlax t i1z
concerning the expression ||U] o — U2,a[|Le m1, by estimate (30) proven in Proposition 4.2 we have
110 = Taallem < C(IBallmrz +1) 17 = llzzrz < C(I5le, +1) 171 - Balla
We thus obtain:
t
/ e”(t_s)AlP(((f)’La — Ua,q) - V)Ul) (s,-)ds
0

(55) < CTY|81| gr (|92l 7 + DL — 2 5y

Er

The second term verifies a similar estimate:
¢
(56) ‘ / eV“—S)AP((@,a-V)(ﬁl —172))(3,-)ds
0
With estimates (55) and (56) at hand, we can write

(57) ITa(@) = Ta(@) e < CTY4 (13 e (182l +1) + 1252 ) 151~ Toll

< CTY ol 5, 151 — Tal
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As before, since U1, U2 € B, the term |0 || g, (||02]| g7 + 1) + ||U2]| g5 is ultimately controlled by an expression
depending on R, ||tdp||r2 and ||ﬂ‘L2([0,1],H*1(T3))7 which we shall denote by C (R, 10| 2, ”f“L%H;l) > 0.
We thus write

17a(@1) = Ta(B2)|2r < C <R7 [ o] 2, Hﬂhgﬂ;l) TV |5 — 2
Resetting the time 0 < T < 1 (which already verifies the smallness condition above) so that it holds
C (R, 1o ]| 2, Hﬂ|L$H;1> T'/* < 1, the operator Ty, is contractive on B.

At this point, we can apply the Banach’s contraction principle to obtain a (local in time) solution @ € Er
of equation (49). Moreover, this solution is uniquely defined by the condition @ € B.

In the next step, we shall prove that this local-in-time solution extends to a global one. Specifically, we
will demonstrate that the energy control (5) holds with equality. To achieve this, we will need the following
technical lemma:

Lemma 5.1. Let @i € Ep. Then we have (i, - V)i € L2([0,T], L%/5(T3)).

The proof is straightforward and relies on the key information that i, € L>([0,7], H*(T3)). With this
lemma, and noting that @ € Ex C L%([0,T], H'(T?)) c L?([0,T], L°(T?)), we have that for a.e. 0 <t < T,

the integral / (i - V)il(t, z) - @(t, z)dx is well-defined. Moreover, by the divergence-free condition of @ and
T3

iy, we have
/ (i - V)a(t, x) - @(t, z)dz = 0.
T3

Thus, through standard computations, the energy control (5) holds with an equality, and the solution @ of
the coupled system (3) can be extended to the entire time interval [0, +o0].

In the last step, we use classical arguments to recover the pressure term P. Since 4 solves the first equation

=

in the system (3) and div(@) = div(f) = 0, we have
P (aﬂz— VAT + (To - V)i — f) —0.

By well-known properties of the Leray’s projector P (see [38, Lemma 6.3]) there exists a distribution P such
that

Ol — VAU~ (U - V)U — f = —-VP.
Moreover, it is easy to verify that each term on the left belongs to the space L2 ([0, +oo[, H~(T?)), hence

loc

P e L2 ([0, +oo[, L3(T?3)). Theorem 2.1 is now proven. |

loc

5.2. Proof of Theorem 2.2. Once we have Proposition 4.4, the proof of Theorem 2.2 follows from standard
energy estimates. We define @ = @y — @y € (L$°)10¢(L2)x N (L7)10cHY, which solves the following equation:

58) {atw — VAT + P((ﬁl,a G + (.0 — Taa) ﬁ)ﬁg) = i~ fo, div(@) =0,
B0, ) = o1 — o.2.

Remark 5. The nonlinear filter equation (25) does not allow us to write Uy o — Uz,q = Wo. Consequently,
the expression Uy o — Us,o 15 not simply controlled by W,. In this sense, Proposition 4.4 is our key tool for
controlling the term Wy o — U2,q-

)

Since iy, dz, W € (L®)10c(L?s)s N (Lf)locffi, by Lemma 5.1 we have (@1, - V)W € (L?)loch/5 and
(1,0 — U2,a) - V)ia € (Lf)loch/5. Therefore, from the equation above, the divergence-free property of 0,
and after integrating by parts, we can write

1d 5 o
69 5T AT + [ (@~ 20) V)52) - @de = (Fi - o)

T3 H-1xH!'
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In this identity we must estimate the term (((ﬁl,a —U2q) - ﬁ)ﬁg) -wdz. Using Holder inequalities
’]TB

and Sobolev embeddings, we get

< (@10 = d,0) - Vol |10 2

[ (o) ) -

< |10 — Goallze |V ® | p2 @] 2 < C i1, — G20

(60)

|12 (| g (|0 2

At this point, recall that the expression ||@1,q — U2,q||g2 Was already estimated in inequality (43). We thus
write

Clltr,a — G2,allm2 G2 g2 W] L2
2
<0 (il + el + 1) [ ) g
- . 2. -2
< C K (|linllns + a2 + 1) all o 13-
Setting
— — — — 2 —
(61) g(it, ) i= € Ky (a2 + all s + 1) lliall s

we finally have

(62) < g (i, @) [|]|7 -

| (@0 =) 9)2) - s

Once we have this estimate, we get back to identity (59) to write

1d _ 2 - 2 — — =\ — — r Foo=

= . 2 . o < a T a)” al - ) . .

2dt”w<t7 iz + vl )5, < ‘/ﬂ (((UL Ua,q) - V)ia, ) wdzr| + ‘<f1 fa w>Hile1
< (it (1, ), a8, ) Nt 3 + 153 (8 7) = Folt Mg 158

and then

d 4 - .
14 MNEz 4 vllw(t, %, < g(@t,-), da(t, ) b, )7 + SlA () = falt, -

t
Denote the quantity e(t) := ||@(t,-)||2> + 1// [@(s, )%, ds. Then, we obtain
0

Se0) < gt ), ) e(t) + 1) = Falts M,

and applying the Gronwall inequality, for 0 < ¢ < T, we have

e(t) < ([ ol )1a(6.)ds ) e0)+ [ oxp ([ ot atrn)ar) 1) - Flor 1y s
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¢
Now, we must estimate the integral / g(@1(s,-), Ua(s,"))ds. By expression (61) we write
0

/ g(ﬁl(s, -), da(s, ))ds
0

iz (s, )|l

:cm[(w( Mo+ ats, e +1) |

(63) 2 t 1/2
<C Ky swp ([17(s, )|z + |2(s, )l 22 + 1) ( / ||a2<s,->§,1ds) 12
0<s<t 0
t 12 4172
<CKa s (la(o, )+ 1a(s. )+ 1) (v [ s las) - 2
0<s<t 0 14

Then, since 4; and @y verify the energy control (5), we have

1/2 /2

t
— 2 — 2 — 2
Ks Osglirg)t (||u1(s7 Mgz + l[w2(s, ) g2 + 1) (V/O [tz (s, ')||H1d3> 2
2 1
— 2 212 —
<CK3 <§—1 [ dio,i il + 1> (

3/2
CK3
<7 (Z o,/ ||fz|| 2H$1+1> £z,

1/2 41/2
i)

Setting
3/2
CKj;
(64) ¢y = iz Z || o, %HL2 +— Hle L2H; 1 +1 ’

t

we have exp </ g(a’l(s, 2), da(s, .))ds) < € t*/?, resulting in the first wished estimate (9). The second
0

wished estimate (10) directly follows from inequality (30). Theorem 2.2 is now proven. ]

6. CONVERGENCE PROPERTIES TO CLASSICAL MODELS
6.1. Proof of Proposition 2.1. Recall that for any time 0 < T < 400, we denote the space Er =
{Ue L>=([0, T], L2(T3)) N L2([0, T], H(T?)) : div(7) = o}, with the usual norm [|7] g, = sup [|5(t, )12 +
0<t<T
- 1/2
N / |o(t, -)||zldt . Let (t(a))a>0 C Er be the family of weak Leray solutions to the coupled system
0
(13). We divide each step of the proof into the following technical lemmas.

Lemma 6.1. There exists a quantity 0 < My = M;(d, f, v, T) < 400, which depends on i, f, vand T, so
that the following uniform bounds hold:

(1) sup ||d(a)llpr < M,
a>0

(2) SUI()) ||3tﬁ(a)||L2H_3/2 S Ml.
a> L

Proof. The quantity M; may change from one line to another, but it does not depend of a. The first
point is a direct consequence of the energy control (5), hence we write

(65) o) I, < lloll72 + / L7t 5 dt =: M.
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To verify the second point, for each o > 0 we write
Oil(a = v Nii(a) = P((iE(a),0 - V)ii(a) + [

where we must verify that the first term and the second term are uniformly bounded in L?H, 3/2, Indeed,
for the first term, since (o) € Ep C L7H,, and using the estimate above, we have

VIIAG ) || o =22 S VIAT )| L2yt < VT @)l L2y < M-

For the second term, first we shall prove that the family of filtered velocities (175(60’04)&>0 verifies the uniform
control

(66) sup ||ﬁ(oz),a||Lt°°L§ < M.
a>0
In fact, coming back to estimate (28), and using the Cauchy-Schwarz inequalities, we get

tiay,allze < )l L2 ]|t @)ll2
hence
e, ()22 < |Uallz2-

and (66) follows from (65). With this uniform control at hand, using Hardy-Littlewood-Sobolev inequalities
and Holder inequalities, we can write

[P0 Vi)
< Cllia) ® t(a),a

L2 H]P(div(ﬁ(a) ® ﬁ(o‘)’a))‘

‘L%H;1/2 < CHﬁ(a) ®ﬁ(o‘)’o‘”L%Li/2

LfH;Sp

< Clltiayllpzre 1) ,allegrz < Clldall 2 g 1) allLerz < M.

Lemma 6.1 is proven. |

Once we have the uniform controls proven in Lemma 6.1, by the Banach-Alaoglu theorem and the Aubin-
Lions lemma there exists a sub-sequence (ay)ken, where o, — 0 as k — +00, and there exists a vector field
i € Er, such that for any 0 < T' < 400 it holds:

(67) U(qy) — U, in the weak-+ topology of Er,
and
(68) U(a,) — U, in the strong topology of L7L2.

Now, we must prove that the limit @ € Er is a weak Leray solution of the classical Navier-Stokes equation
(11). In order to simplify our writing, from now on we will write the velocity (,,) = i, and the filtered
velocity U(a,),a, = Uk,a-

Our starting point is to study the convergence of the family of filtered velocities (@ o )ken C Li°HY.
Lemma 6.2. We have iy o — i, in the strong topology of LYL2, with 1 < p < +00.
Proof. First, let consider p = 2. We write
k.o — Ullp2rz < ko — rll2re + (i — Ul p2r2 -

To study the first term on the right, recall that for every k the function uy, . is a weak solution of the filter
equation:

—afdiv(A(p @) (V @ (Tra)") + Tra = T,
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hence we write

- - . - = - T
@k ,0 = Ull22 =i HdIV(A(w * ) (V © U a) )‘

L33
(69)

= (o v (Ao ) (9 & 7))

L%Li) '

Then, we will show that there exist § > 0 such that the following uniform control holds:
. LN/ S o o AT
) (o oo+ 0@ 030" .., ) = 20

0<aR<é
with a quantity 0 < My = Ma(A(+), ¢, 8, M1) < +00. As before, in forthcoming computations this quantity
Ms may change from one line to another but it is always independent of . Using Holder inequalities and
Young inequalities, we have

Otk‘

< ale/z ‘

diV(A((p * i) (V@ ﬁk,a)T> ‘

L2L2

div(A(go sily (V@ a’k,a)T)‘
<T'Y2|VAQ) | [Vepll 2 ikl oo 2 anl|V @ ik allpgere
+ T2 AC) || poo 0| At k]| Lo 12

Ly Ly

(71)

< Mol|tk| peo 2 x|V @ Gl ooz + Ma ogl| Adiy,o || o re-
Here, we still need to control each term above. First, by estimate (65) we have
(72) |kl Loer2 < M.

Thereafter, to control the term ay ||V @ o k||Lge 2 uniformly with respect to k, we return estimate (26).
Here, since o — 0, we have min(a,%ﬁ, 1/2) = a%ﬁ for all 0 < ap < §, with 0 < 6 < 1/4/2B. Consequently,
we can write

(73) |V ® tig o g2 < M.

_\fHukHL LQ_\/>

Similarly, to control the term ay||At o L2, We come back to estimate (41). Here, for any 0 < oy, < § we
also have min(a23,1) = a3, and we write

_ Cy
(74) ol ol iz < 2 (1l cz + 1) [l < 2 (0 + )0y < M,

VB VB

Gathering together inequalities (72), (73) and (74) in estimate (71), we get the wished uniform control (70).
With this uniform control at hand, by (69) we write

[0 = trllLzr2 < ar Ma.

Consequently, from this last estimate and from the convergence (68), for p = 1 we obtain the convergence
stated in Lemma 6.2. This also holds for 1 < p < 2. Moreover, for 2 < p < 400, recall that by (66) the
sequence of filtered velocities (@ q)ren is bounded in L{°L2. Lemma 6.2 is proven. |

Following standard arguments, we study now the convergence of the non-linear transport terms.
Lemma 6.3. We have P((ix,q - ﬁ)ﬁk) —P((a- ﬁ)ﬁ), in the weak topology of LfH;?’/Q.

Proof. By Lemma 6.2 and convergence (67) (recall that in particular we have V @ @@, — V ® @ in the
weak topology of L2L2), we obtain that (@i« - V)ix — (@ - V)i in the weak topology of LfH;S/z for any
1 < g < 2. Moreover, since the sequence ((ﬁk’a . ﬁ)ﬁk)keN is bounded in LfH;3/27 this weak convergence
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also holds in LEH; 3/2, Finally, the boundedness properties of the Leray projector P in Sobolev spaces yield
the desired convergence. Lemma 6.3 is proven. [ |
Thus, the limit @ is a weak solution of the equation
Oyl + vAT+P((7-V)d) = f, div(@) =0,
and by well-known arguments, there exists a distribution P such that P € L,?Hx_ 2 and
solution of the equation (11). Moreover, since each function y, verifies the energy control (
classical tools (see [38, Theorem 12.2]) to find that the limit « fulfills this inequality.

(t, P) is a weak
5),

we can apply

To complete the proof of Proposition 2.1, we verify the convergence of the pressure terms. Note that, for
any k € N, we write
VP, = =0yt + vty — (ko - V)iik + f,
and we also write
VP = —0ii+ vAi— (@ V)i+ f.
On the right side, each term converges to the corresponding term in the weak topology of LfH;S/Z. We
thus have the convergence P, — P in the weak topology of LfH; 172, Proposition 2.1 is now proven. |

6.2. Proof of Proposition 2.2. Let (ig)o<g<1 C E7 be the family of solutions to the coupled system (14)
with the fixed parameter a > 0.

First, note that estimates (65) and (66) also uniformly hold with respect to the parameter 5. Consequently,
the uniform estimates proven in Lemma 6.1 are valid for the family (@g)o<g<1. By invoking the Banach-
Alaoglu theorem and the Aubin-Lions lemma, there exists a sub-sequence (8k)ken, where S — 1 as k — +o0,
and there exists a vector field @ € Ep such that for any 0 < T < 400, it holds:

(75) Ug, — U, in the weak-* topology of Er,
and
(76) @, — U, in the strong topology of L?L2.

We shall prove that @ is a weak Leray solution to the Leray-alpha model (12), moreover, we shall prove that
the convergence (75) holds in the strong topology of Er.

As before, to simplify of writing we shall denote @g, = iy and Ag, (-) = Ay, where this function verifies
Br < Ag(-) < 1. Moreover, we shall write the filtered velocity @g, o = Uk q-

We start by studying the convergence of the family of filtered velocities (ko )ren C L HL, which for
every fixed k solves the nonlinear filter equation (25):

—a2div<Ak(<p x10,) (V@ ﬁk,a)T) + ko = Uy, div(tg,a) =0,
to the filtered limit @, € L{°HY, which solves the linear filter Helmholtz equation:
—? Al + iy =i, div(id,) = 0.
In this context, our first lemma is as follows:
Lemma 6.4. We have i o — s in the strong topology of L?H_}.
Proof. The proof follows from the next estimate:
(77) min(a? By, 1) [Tr,0 — Tallpzmy < o (1= Be)T@all ey + @k — @ 1212,

which can be proven by following similar ideas in the proof of Proposition 4.2. Indeed, first remark that the
linear Helmholtz equation above can be rewritten as:

—aldiv ((ﬁ ® ﬁa)T) — Ty =1
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Consequently, @y, o — @, solves the following elliptic problem:
—a2div(Ak(go 5 103)(V @ (ka — a))” + [Ar(px i) — 1](V @ a’a)T)

+ (ﬁk)a — ’l_fa) = U — U.

(78)

Following the computations performed in (32), we have
min(a?Be, 1)||Ga.r — @all?n < a2/ | Ak (i * i) — 1] |ﬁ ® g | |6 ® (g, — Ua)| da
3
(79) R
+/ (i — ][ o — Tl
T3

We must estimate each term on the right. For the first term, recall that for every k € N and for every x € R3
we have the pointwise bounds 8 < Ag(z) < 1. Then, we get ||Ax(-) — 1]|p=~ < (1 — Bg). We thus write

o / Ao i) — 1| |¥ © ] | © (Fak — Ga)| de < a?(L — Bi)l|all i1 1o — oo
T3
The second term is directly estimated as follows:
[ 0~ Talde < [ @520 — Tl
T3

Therefore, coming back to (79), for any time 0 < t < T we get
min(a® B, 1/2) |k, (t, ) — Ga(t, M < o (1= Bi)llda(t, e + |, ) — @t )] e
Finally, taking the L?-norm in the time variable we obtain the desired estimate (77). Lemma 6.4 is proven.

With Lemma 6.4 at hand, we can follow the same ideas in the proof of Lemma 6.3, and using the
convergence (76), we have the convergence P(q,, - ﬁ)ﬁk) — P((tq - ﬁ)ﬁ), in the weak topology of Lt2Hz_3/2.

Consequently, the limit @ is a weak solution of the coupled system (12).

To finish the proof of Proposition 2.2, we verify that the convergence (75) holds in the strong topology
of the space Er. Indeed, since iy is a solution of equation (14), and 4 is a solution of equation (12), by the
first equations of these system we can write

t t
Up(t, ) = e’y + / e”(t_s)Af(s7 ds — / e”(t_s)AP((ﬁk@ . ﬁ)ﬁk) (s,-)ds,
0 0

and . .
() = Dy + / eV t=A Flg s — / e =0 (d, - V)i (s, )ds.
0 0

Then, for any time 0 < T' < 400, we have

t
it = ey < | [ 2 (0 ~ @) )0 5.
0

(80) o

" ‘ /Ot ev(t*S)AP((ﬁa V) (@ — a‘)) (s,-)ds

Er
The first term on the right was already estimated in (54). Moreover, using interpolation inequalities and the
uniform control (65) (applied to the family (uk)ren), one gets

< CT1/4||171€||L§H;/2 lk,0 — UallLge 2

t
‘ / ev“—smp(((akﬂ — ) ﬁ)ﬁ) (s,-)ds
0 Er

<CTY iy pp |0 — ol s < CTYAMy |0 — al| L2
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To estimate the second term on the right, we use again estimate (54) and interpolation inequalities to write

1
At this point, for a time Ty < T small enough such that CT()1/4||1704||L;?°H; < o e obtain

< CTY|Go|| poo e i, — )| -
Er

/O t e"@*S)AP((ﬁQ V) (i, — ﬁ)) (s,-)ds

/ t =0 (i, - ) (@ — D)) (s, )ds

0

1
Er, 2
Then, gathering these estimates in (80), in the interval of time [0,7p] C [0, T], we get
Lo 2 1/4)) - .
5k — il g, < CTy it — ol oz
and by iterative application of this argument up to the T', we have
.. _ .
§||uk — il gy < CTY* gk — || Lo 12 -

By Lemma 6.4, we obtain the desired convergence. Finally, the convergence of the pressure terms follows
similar ideas as those presented in the proof of Proposition 2.1, so we omit the details. Proposition 2.2 is
thus proven. |

7. GLOBAL ATTRACTOR AND FRACTAL DIMENSION

7.1. Existence of a global attractor: Proof of Theorem 2.3. We start by summarizing some results
from the theory of dynamical systems and by introducing some notation that we will use to prove Theorem
2.3. All the theorems and definitions below involve the semi-group (S(t));>0 defined in (16). Moreover, for
fixed t > 0 and for B C L2(T®), we shall use the notation

S(t)B = {S(t)iiy : iy € B} C LX(T?).

Definition 7.1 (Absorbing set). Let B C L2(T?). Then B is an absorbing set for the semi-group (S(t))i>0
if, for any bounded set B C L%(T3), there exists a time T = T(B) > 0 such that for any t > T, we have
S(t)B C B.

Definition 7.2 (Asymptotically compact semi-group). The semi-group (S(t))i>o0 is asymptotically compact
if, for any bounded sequence (ton)nen C L2(T?) and for time sequence (tp)nen such that t, — 4o as
n — 400, there a sub-sequence (ny)ren such that S(t,, )io.n, converges in the strong topology of L*(T?) as
k — +o00.

Now, we are ready to state the key result needed to prove Theorem 2.3. For a proof of this (known) result,
we refer to [42, 46].
Theorem 7.1. Assume that the following conditions hold:

(1) The semi-group (S(t))i>0 has a bounded and closed absorbing set B in the sense of Definition 7.1.
(2) The semi-group (S(t))i>o0 is asymptotically compact in the sense of Definition 7.2.
(3) For anyt >0, the map S(t) : B — L2(T?3) is continuous.
Then, the semi-group (S(t))i>0 has a unique global attractor A C L2(T®) in the sense of Definition 2.2,
which verifies the characterization given in (18).

Proof of Theorem 2.3. We will verify each point stated in Theorem 7.1.
Point 1. Absorbing set.
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Proposition 7.1. Define the quantity:
L2

(81) R? = annipl >0,
and the set
(82) B = {ig € LI(T%) : ||io|7- < R*}.

Then B is an absorbing set for the semi-group (S(t))t>o0 in the sense of Definition 7.1.

Proof. First, note that every weak Leray solution to the coupled system (15) verifies the energy identity

d -
S e + 2wl g, = (Fatt, )

hence we can write

(83) < =1 +vllac, )iz,

H-1xH! v
d, .
at I

By the Poincar’s inequality, we get

- 1, =
(8, )Z= < —vllCt, ) + S I

. L.
lat, ez < 5l )l

and setting

(84) n =

we obtain d 1
e, 3 < =it lEe + = 1%

Then applying the Gronwall lemma, and setting R? as in expression (81), we find

2

. o R
(85) (e, )22 < e oll3e + 5

Consequently, for [|@||?, < R? one can always find a time 7' > 0 such that for ¢ > T, it holds that
R2
e MR? < R and hence [|@(t,-)||2, < R?. Proposition 7.1 is proven. |
Point 2. Asymptotic compactness.
Proposition 7.2. The semi-group (S(t))i>0 is asymptotically compact in the sense of Definition 7.2.

Proof. Let (@ ,)nen be a bounded sequence in L2(T3), and let (¢,)nen be a time sequence such that
t, — 400 asn — +oo. We need to verify that (S(¢,)%o,n)nen has a sub-sequence that is strongly convergent
in L2(T?). To do this, we shall follow some of the ideas in [17, 32], which essentially use an energy method.

For any n € N, we consider the initial time —t,, and the initial value problem:
Bty — vy +P((na - V)idn) = f, div(d,) =0,
(86) —a2div (A + @) (V @ o)) + e = Tny - div(fin,a) =0,

ﬁn(*tna ) = ﬁO,n~
Then, by Theorems 2.1 and 2.2 we obtain a unique solution

@y € Lige([~tn, +00[, LI(T®)) N Liy([~tn, +ool, H(T?)).

loc

The uniqueness of solutions, the explicit definition of the semi-group S(t) (see the expression (16)), and the
fact that @, (¢,-) starts at —t,, allow us to write

(87) S(tn)to n = Un(0,-).
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Consequently, we will prove that (@, (0,-))nen has a sub-sequence that is strongly convergent in the space
L2(T3). The limit of this sub-sequence will be given by . (0, -), where i, is an eternal solution to the system
(17). Thus, our strategy is as follows: first, we shall prove the existence of this eternal solution ., and then
we shall prove the convergence i, (0, -) — @ (0, -).

Lemma 7.1. Let f € H™Y(T®) N L%(T3) be the stationary external force. There exists an eternal solution
to the coupled system (17) in the sense of Definition 2.3.

Proof. The eternal solution #, will be obtained as the limit (as n — +00) of solutions ,, to the initial
value problem (86). Our starting point is to consider the following energy controls on ,,. First, by estimate
(85), we have

RQ
(88) 1 (t, )72 < [[Fonl|72 e + ==, for any t > —t,.
Moreover, integrating the energy inequality (83) on the interval of time [t,t + T, it holds
H-1°

4T T .
(89) V/ l[n (s, ) |32 ds < |ltin(t, )17 + ;Hsz for any ¢t > —t, and T > 0.
t

Recall that (i ,)nen is bounded in L2(T?), and there exists M > 0 such that sup||ig,,|/z2 < M. There-
neN

fore, by estimate (88) we obtain

(90) sup sup. [, (1,3 < M2 4+ 2
neN t>—t, 2
Similarly, by estimate (89) we get
t+T BT
(o) sup S V/t (s, I ds < M2+ 2 + |11

With these uniform controls at hand, by the Banach-Alaoglu theorem there exists
i, € LS, (R L2(T) 1 L (R HA(TY)),
and there exists a sub-sequence (ng)ken, where ny — 400 as k — +00, such that
(92) U, — Ue, in the weak-* topology of Ep.

Now, we must prove that @, verify the coupled system (17) in the weak sense. To do this, we recall that
each function @, is a solution to (86). Thus, it is enough to prove the following convergences:

(93) — 02div(A(p * tn, ))(V @ Gy )t = —a2div(A(p * Ge))(V @ Te.a)T
and
(94) P((ﬁnk,a : ﬁ)ﬁnk) — P((ﬁe’a : ﬁ)ﬁe%

in the sense of distributions. Our starting point is to extend each solution ,, by zero to the whole real line
R. Then, for any time 0 < T' < 400, we will prove the following uniform controls:

(95) sug H’lzn||L2([_T7T]7H1(T3)) S ]\4'17 Sull\); Hatﬁn||L2([,T’T]’H71(T3)) S Ml,
ne ne

where 0 < My = My (v, R, || fll 1, T) < +oc is a quantity independent of n. Indeed, the first uniform bound
directly follows from (90) and (91). To prove the second uniform bound, we write

Oty = vy, — P((dne - V)in) + f,
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where we will verify that each term on the right is uniformly bounded in L? H, . For the first term, recall
that i, € L?H} and by estimate (91) we have

1 R2 T 1z
S - - 2 12
8Tz < 18Tl < Wnllgin < 7z (M2 + 5+ 7R )

For the second term, we write

-

”P((ﬁn,a ’ v)ﬁn)”LgH;l < [|div(d, ® ﬁn,a)||L§1iI;1 <|ld, ® ﬁn,a”LfLi < ”ﬁn,a”L?,oL;O ”'Jn”LfL?T'
Then, by Sobolev embeddings, by estimate (36), and by the uniform control (90) we get

Il re @l 2z < CTY? |@nalliz nz lGallzrs < CTY? Ko(l|@nll e rz + 1)|Gnl|750 12

2\ 1/2 2
<C2T K> <<M2+IZ) +1> (M2+};>.

Finally, for the stationary external force f we have ||f||L%H;1 < THJE“LgOH;l < THf“H,l.
Once we have the uniform controls (95), by the Aubin-Lions Lemma (see [47, Lemma 3.2]), it holds:
(96) @n, — e, in the strong topology of L?L2,

and with this information, we are able to verify the convergence (93) as follows: first, as i, is bounded in
L>([-T,T],L*(T?)) and using estimate (30), we have the strong convergence of the filtered velocities

(97) Uy = o, in L2([~T,T), H(T?)),

and consequently, one has the strong convergence V ® @n, o — V ® @e.a, in L2([=T,T], L*(T?)). On the
other hand, since the indicator function A(-) is Lipschitz continuous (recall that in all this section we assume
(8)), we have the pointwise estimate

|A(p * tin, ) — A(p * tie)| < Calp * (tin, — te)l,
hence we write
[A(p * tn, ) — Al * te)ll 22 < Call@llpr (|G, — UellL2r2,
and by (96) we obtain the strong convergence
(98) A(p *in,) = A(p * o), in L*([-T,T],L*(T?)).

Thus, the convergence (93) follows from the convergences proven in (97) and (98). Now, we will prove the
convergence (94). By (97) and Sobolev embeddings, we have the strong convergence

ﬂmwoz — ﬁe,av in L2([_T7 T]7L6(T3))'

Then, by the convergence (96), the Holder inequalities, and the well-known properties of the Leray’s projector
P, we get the convergence

—

(99) P((Tg o0 - V)iing ) = P(Aiv(iln, @ tny.0)) = P(iv(le ® Ton)) = P((Ton - V)ile),
in the strong topology of the space L' ([T, T], W~3/2(T?)). Lemme 7.1 is now proven. [ ]
Lemma 7.2. Let (@, (0,-))nen be the sequence defined in (87), and let @.(0,-) be the eternal solution to

the system (17) constructed in Lemma 7.1. Then we have the convergence ip, (0,:) — @.(0,-) in the strong
topology of the space L2(T3).
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Proof. Recall that, for any n € N and for all t > —t,, , the solution #,, of the coupled system (86) verifies
the energy identity:
1d >
(100) 5 g 18 (8 e = =211, (6 ) + (F B () s

We multiply each term by e, and we integrate over the interval [—t,,, 0] to get:

1, 1 o o 0
S (0,913 = ge 2 o [B —n [ 2,3t
_tnk

(101) . .
:_V/ QtHU’ﬂk( )||H1dt+/ €2t<faﬁnk(tv')>}"{*1><ﬂldta

_tnk _tnk,

hence we obtain

0 0
H%@M%w%M%mm+ﬁm2WM WM—%/ |, (1)

tnk t”k

0
+2/ e2t<f’aﬂk(t7')>H*1><H1dt'
_tnk

In each term of this identity, we take the limsup as n — 400 to obtain

lim sup (|, (0,)||32 < lim sup e 21 o, || 72

0
+ lim sup 2/ 2t||unk Hdet
N —>—+00 _tnk
(102) 0
ttimsup (<20 [ e
N ——+00 _t”k
0 —
+ lim sup 2/ 62t<fvﬂnk(tv')>H*1xH1 )
N —r+00 _tnk

where we need to study each term on the right. For the first term, recalling that the sequence (@ n, )nen is
bounded in L2(T?), we have

(103) limsup e~ % ||, |72 = 0.

nE——+00

For the second term, by the convergence (96) we have

0 0
(104) lim sup (2/ 2, (2, )||det> / || (¢, -)|[72dt.
ng—r+00 —tn —00

For the third term, by the convergence (92) we can write

0 0
. . Qt 2t
ggg(n/t [, (1 mp>zw/w|m<mm
hence we have

0 0
lim sup —21// ||, (t, )H < — liminf QV/ ey, (¢, )||
T —>+00 —tn, nk—+oo -

tnk

0
s—w/ (b, )| d.

— 00

(105)
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Finally, for the fourth term, using again the convergence (92), we obtain

N ——+00 — — 00

0 0
(106) lim sup (2/ 62t<ﬁa’nk(t,-)>H1XH1dt> = 2/ 2 F ety ) gror o At

tn,

Gathering estimates (103), (104), (105), and (106) into estimate (102), we obtain

0 0
limsup 7, (0.)[F: <2 [ et et =2 [ ae ) de

nk—++00 —00 —00
0
b2 [ ) s = (),
Now, we will analyze the term (A) above. Since w is a weak Leray solution of the coupled system (17),
by performing the same computations as those done in (100) and (101), we find

0 0

li2.(0, )22 =2 / Hita(t, ) |2 dt — 20 / Hliia(t, )1 dt
0 —
+o / T alt, ) gy gt = (A).

Consequently, returning to the previous estimate, we obtain limsup ||@,(0,-)[|22 < ||@(0,-)||22. On the
N —r 400

other hand, by the convergence (92) we also have the ||@.(0,-)||3. < lim Hlf |, (0,-)]|32. We then obtain
Nk —+00

the wished strong convergence: lin+1 [Ty (0, )||22 = ||Ze(0, -)||22. Lemma 7.2 is proven ]
N —r+00
We thus finish with the proof of Proposition 7.2. |

Point 3. Continuity. This directly follows from the estimate (9) with fl = fg = f, which was proven in
Theorem 2.2.

Theorem 2.3 is now proven. [ ]

7.2. Upper bounds of the fractal dimension: proof of Theorem 2.4. We shall use the following
result, which is stated in the general framework of an abstract Hilbert space H, with its associated norm
|| - |lzz. We begin by establishing some notation. For ¢ € N, recall that a finite-dimensional orthoprojector
P; is an orthogonal projection P; : H — H,,,, where H,,, C H is a subspace of finite dimension dim(H,,,),
with m; € N and m; > 1. Moreover, dim(P;) < dim(H,,,) represents the rank of P;.

Theorem 7.2 (Theorem 2.10 of [16]). Let A C H be a bounded and closed set. Moreover, let S: A — H be

a mapping such that
(1) Ac S(A),
(2) S is Lipschitz continuous: there exists a constant Cg > 0 such that, for every hi, ha € A, we have
[S(h1) = S(he)|li < Csllhy — hall-
(8) There exists two finite-dimensional orthoprojector Py, P, and there exists two constants 0 < k1 < 1
and 0 < Ko < 400, such that for any hq,ha € A the following inequality holds:

(107) 1S(h1) = S(hi)llar < mallha = hollg + k2 (1PL(Ry — ha) ||l + [|P2(S(ha) — S(h2))llm)-

Then, we have

(108) dimy(A) < (dim(Py) + dim(Py)) In <1+W> (m( 2 )>_

1—,‘<;1 1—;‘{1
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Proof of Theorem 2.4. In the setting of Theorem 7.2, one may set H = L2(T?), A = A, where A is the
global attractor of the semi-group (S(t));>0 defined in (16), and S = S(¢) for some fixed time ¢ > 0. However,
this choice of the mapping S would yield that the associated constants Cg, k1 and ko depend on the time ¢.
Consequently, by inequality (108) the quantity dims(.A) would be estimated by a time-dependent expression,
which does not seem natural since we aim to estimate dim¢(A) solely with the data and parameters of the
model (15).

To overcome this problem, we will follow some of the ideas in [16], and we define a framework as follows:
for a fixed time 0 < T' < 400, which we will specify later in expression (120) below, we consider the Hilbert
space

H = L(T?) x L*([0,T], LX(T%)),

with the usual norm .
(o, @)1 = llollZ- +/O (¢, )72 dt.
Then, with the global attractor A C L2(T?3), we define the set
(109) A= {U — (o, @) € H: Gy A, T=1dlt,)=S8(t)idy, tec [o,T]},

where w(t, ) = S(¢t)dp is the unique weak Leray solution of the system (15) arising from #@,. Recall that
TS L‘X’([O,T],Lg('ﬂ“g)), and hence @ € L2([0,T], L2(T?)). Moreover, since A is compact in L2(T?) and
i(t,-) € A for every t > 0, the set A is bounded and closed in H. We then define the mapping

(110) S:A—=H, U= (i,u)— SU)=(aT,),aT+t)), with ¢te0,T].
In other words, the mapping S is simply a translation to the time T of the pair U = (i, @).

Once we have established the framework, we will verify each point stated in Theorem 7.2. For simplicity,
we shall omit generic constants that appear in our estimates in order to focus on explicit expressions involving
the relevant data and parameters of our model.

Point 1. This fact directly follows from the second point of Definition 2.2, and from the definitions of
the mapping S and the set A given in (110) and (109), respectively. We thus have S(A) = A.

Point 2. Lipschitz continuity of the map S essentially follows from estimates provided in the proof of
Theorem 2.1: let @y and 2 be two initial data in A. For 0 < t < T, let @ (t,-), ua(t,-) € L2(T?) be
the associated weak Leray solutions of the coupled system (15). We define w(t,-) = @ (¢, -) — @2(¢, ), which
solves the problem (58) with ﬁ = fé = f, hence ﬁ — f; =0.

By the energy balance given in (59), and by estimate (62), where the expression g(u, 2) is defined in
(61), using the Gronwall inequality we get

t
(111) |1 (t,-) — da(t, )| 72 < exp (/ g(@1(s,-), da(s, '))ds) [ do,1 — a0l 72-
0

By expression (63), we have
(112)
1/2 t1/2

[ at@nts. 1 ats)as < s sup (Jastsv )13 + il +1) (v [ s uts) - S

To control the first term on the right-hand side, by estimate (85) and the fact that @ 1, ip 2 € A C B (where
the absorbing set B is defined in (82)), we obtain

sup (I17(s, I3 + Ilas, )3 +1) < 3R + 1.
0<s<t
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On the other hand, to control the second term on the right-hand side, we use estimate (89) to write

t , 1/2 A2 T2

(13) (v [ Vs Mas) < Daoalla + Sl < Rt D0

0 14 14
Gathering these controls into estimate (112), we have

¢ , T2 £1/2

[ oo nte)ds < 0 KGR + 1) (R L 1l ) S
Setting
CK; T2

(114) el = V1/2 (3R2 + 1) (R+ m”f”H,1 5

we come back to inequality (111), and we get

S _ 1z .
[ (t,-) — o (t, )| L2 < e [|ido1 — o,

ILQ.
With this estimate at hand, for Uy = (o1, %1), Uz = (Uo,2, U2) € A we write

2T

1S(U) = S(Ua) |17 =@ (T, -) = wa (T, -)||72 + /T @ (t,-) — a(t,-) |72t
¢ TY? ) > o2 T ¢, /2 —» S 2
(115) <e 0,1 — o.2ll72 + e dt | ||, — o 2|72
T

1/2 5 R
<eS T (14 T) G0 — ool 7
Sea‘l T1/2(1 4 T)||U1 . UQH%I? Cg = %1 T1/2(1 —|—T).
Point 3. Our starting point is to prove the following technical estimate:

Proposition 7.3. Let iy 1,102 € A be two initial data. For 0 <t < T, let i1 (t, ), a(t, ) € L2(T?) be the
associated weak Leray solutions of the coupled system (15).

Let n > 0 defined in (84), €y > 0 given in estimate (9), K3 > 0, R > 0 given in (44) and (81) respectively.
Define the quantity,
C
(116) Ky= —K3(2R + 1)*R%.

Moreover, for m € N, and for g(z) = z e* Gy, define the finite-dimensional orthoprojector Py, (§) =

keZ3\{0}
Z ezkw/g\k'
keZ3\{0}, |k|<m

For any 0 < e < 1, there exists m = m(e) € N* such that it holds:

ecotl/z

1E(t) — ot Y2 < ( per

) [do,1 — o217
(117)

t
LK, / | Pt (7,) — i (7, )2l
0

Proof. As before, we define w(t,-) = @ (t,-) — @ (t, ), which solves the problem (58) with f; — fo = 0.

We write
d, 2 - 2 - - S
10 L + 20|, )l = 2 . (@10 — 2,0)V) Uz - 0 da,
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where we need to estimate the term on the right. As @ o and s o are divergence-free vector fields, integrating
by parts and applying the Cauchy-Schwarz inequality, we obtain

— 2/ ((ﬁl,a — 722104)6)172 -wdx = *2/ diV((ﬂl’a — 7._1:270‘) X ’L_L'Q) - wdz
T3 T3

3 3
= — 2 Z / @((uld,a — u2,j,a)u2,i)widx = 2 Z / ((Ul,j,a — u2,i7a)u27i)8jwidx
ij=1"T° ij=17T°
. . . ~ 1, . . . .
< 2l|(dra — d20) @ G|z D]l < (@16 — G20) ® |72 + v ]|, -
It yields
d, N 1. - o
2 1 Nz + vlld(t, ) < l(@ra = d20) @ |7
Using the Poincar’s inequality, with n > 0 defined in (84), we obtain

d, - . L. _ .
@@ T+l D )7z < Sll(@a = T2,0) © 72

Then, by Proposition 4.4, and the fact that for i = 1,2 we have ||@;(¢, )|z < R, we can write

1., . . . . . c, . . .
(0 = t2,0) @ all7s < Sl o = Bal|Te [@allZe < 110 = Goalfe (017
c . . - .

(118) < K (|t )|z + 12t )22 + D [0( ) 7 17 )2

c - -
< —K3(2R+1)"R? ai(t, )l|7e = Ka [[0(t, )7

Now, for 0 < € < 1, we shall prove that there exists m = m(e) € N* such that the following estimate holds:
(119) (¢, T < ellwt, Mz + [P (@t )72
Indeed, we write

lal3. =22 Y J@mlP=r* Y @P+rr Y @l

keZ3\{0} keZ3\{0}, |k|<m keZ3\{0}, |k|>m
For the second term, we obtain
Y @mP=rt Y PRSP < m S kP
keZ3\{0}, |k|>m keZ3\{0}, |k|>m keZ3\{0}, |k|>m

We have m~2 < ¢ as long as m > e~ '/2. We thus set m = m(e) > [¢7'/?] + 1, where [¢~1/?] is the smallest
integer greater than or equal to e /2. Gathering these estimates, we obtain the desired inequality (119).

Returning to inequality (118), we have
1

(a1 = Tla2) @ 2|72 < eRallai(t, )T + Kl Pon (@t )72,

hence
d, 2 - 2 - 2 2s - 2
Sl ze + vl[w(t, llze < eKalld(t, )l + Kam™ || Pa (@(E, )l

Applying the Gronwall inequality, we get

t t
(¢, )z < e[ (0, )17 +€K4/0 Hw(ﬂ-)llfgldﬂr&/o 1P (7, -)) |2

e¢0t1/2

dr < (0, -)||22, hence we

¢
Finally, by estimate (9) (recall that f; — fo = 0) we have / |5 (T, )||?1
0

obtain the wished estimate (117). Proposition 7.3 is proven. |
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In estimate (117), setting ¢t = T we obtain

e€0T1/2

T
i@y (T, ) — @a(T, )7 < (6_"T +eKy ) [do,1 — o272 + Ka / | Py (01 (7, ) — tia(T, ")) |72 d7.
0

On the other hand, we integrate estimate (117) over the interval [T, 2T, and estimating each term on the
right, we get

eQ‘oTl/z

v

2T
/ i1 (t, ) — da(t,-)||32dt < (e—"TT+aK4
T

T) [do,1 — o 2|7
T
FEA [Pl (r,) - Ta(r ) [
0
Gathering these estimates, for Uy = (do,1,%1), Uz = (2, U2) € A, we have
1S(Uy) — S(U2) 1%

2T
=@ (T, ) — @ (T, )| +/T l1(2, ) — da(t, )| 22dt

¢oT /2

IN

_ € i U,
<€ "y eKy ) (1+T)lldo,1 — to 2|2

T

+Km+n/uawmn—@@»mﬁ
0]

€0T1/2

IN

v

T
— € — — — —
(6 "t Ky ) (1+T) (uO,l — tio 272 +/ [ar(t,-) = da(t, ~)|%2dt>
0

T
+EKy(1+T) (IIPm(ﬁo,l — i) | +/ ([P (102 (7, -) — iz (T, ~))||%2dt>
0

€0T1/2

e
= (e"T +eK,y > (1 +T)||U1 — UQ”%{ + K4(1 +T)||Pm(U1 — UQ)H%

1
In this estimate, we can choose 1" large enough so that e_"T(l +T) < 1 In fact, this inequality is equivalent

to In(4(1 +T)) < nT. Moreover, In(4(1 +T)) < nT, it is sufficient to verify the inequality 2v1+ T < T,
which holds as long as T' > 172—2(1 + 1+ n?). We thus set

(120) T, = %(1+\/1+n2).

QOTT}/2
With the time T;,, we set the parameter ¢ small enough such that e Ky

1
1+7T,) < 1 We thus obtain

1/2
<6nTn + €K4€¢°Z") (1+T,) < %, hence we write

1
(121) 1S(T1) = S(Ua)ll7 < 10 = Vol + Ka(1 + T) | P (U = U2) 13-
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CoT/? 1
At this point, recall that we have m = m(e) > [e7'/2] + 1. Moreover, note that 5K4e ’ 14T, < 19
4
long as e 1/2 > 7 K,(1+1T, ) ;"% We thus set e~1/2 := 7 K,(1+ Tn)efTé/z, and we set

Copl/2

(122) m = Kiy(1+Ty)e= ]+1.

{f

In this manner, we can apply Theorem 7.2 to conclude that the set A (defined in expression (109)) is
compact in the strong topology of the space H. Moreover, by inequality (108), its fractal dimension is

bounded by
dim(A) < dim(P,,)In <1 + W) (ln ( 2 ))1 :

1—/{1 1—I€1

where, by estimates (115) and (121), we have

1/2 1
OS = €€1T’7/ (1 +T»,7), R1 = 5, Ro = K4(1 + Tn)

In addition, by [9, Lemma 8] and since m > 1 (see expression (122)) we get
dim(P,,) < 8 (4m® + 6m> + 8m + 3) < 256m°.
Gathering these expressions and estimates, we write
256 ([ 4 g/ ’
dimy(A) < —— ([ Ki(14Ty)e= T } +1>
(123) ! In(4) \ [ Vv !
x In (1 +16V2K, ((1 FeuT (14T )) 1+ Tn)> - D.
Finally, we define the operator Q : H — L2(T?) by U = (ig, %) — Q(U) = . Since Q is Lipschitz
continuous and A = Q(A), we have dimy(A) < dims(A).

To complete the proof, we must estimate the right-hand side of (123). Recall that we will focus only on

quantities depending on the parameters o > 0, 0 < 8 < 1 and the norm || fH -1- Consequently, we set
L =1, v = 1. Therefore, from expression expression (84), we have 1 ~ 1, and by expression (120), we obtain
T,, ~ 1. This yields

3
D5 (14 VE(e®) In (14 K(1+ %))

3
< (14 VE ) In (14 Kq(2e%))
3
< (1 + Ky 660) In (1 + Ky ecl) .
Then, we have
Lemma 7.3. Fora >0 and0 < <1, let K(a, 8) be the quantity defined in expression (20). The following
estimates hold:
(1) For the quantity Ky given in (116) we have Ky < K(o, 8)(1 4+ ||]?||H,1)6.
(2) For the quantity € defined in (64) we have € < K(a, 8)(1 4+ ||ﬂ|H_1)3/2.
(3) For the quantity €, given in (114) we have € < K(a, B)(1+ || fll5-1)
Proof. We come back to the quantity K3 defined in expression (44), and we shall prove that K3 < K (o, B).

Since K3 is defined by the quantities Ko, K1, K2, L1, Lo and L3 given in (26), (30), (36), (29), (35) and (42)
respectively, we must estimate each of them. To do this, let consider the following cases of the parameter .
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e When 0 < a < 1. Since 0 < 8 < 1, we have Ky ~ a%ﬁ > 1. Moreover, by expressions (29) and

(35), we have L; ~ o? < 1 and Ly ~ o? < 1. Thereafter, by expressions (26) and (36) we obtain
K S KS'/ % and Ky S Kg’/ 2, Consequently, getting back to expression (44), and since by expression
(42) we have L3 ~ o? < 1, we obtain K3 < KS/Q ~ asﬁls/Q.

e When 1 < a < ﬁ In this case we also have Ky ~ a%—ﬁ > 1. Moreover, since L; ~ Ly ~ a2, from

expressions (26) and (36) we get K7 < QQKS/Q and Ky < a2Kg/2. Thereafter, since Ly ~ a? we
obtain K3 < 04K/? ~ L

aBs/2"

o When ﬁ < o. Here we have Ky ~ 1. As before, we have L; ~ Ly ~ o2, hence we obtain K; ~ «
2 4

and Ky ~ o?. Then, since L3 ~ o?, we have K35 ~ a*.

2

With inequality K3 < K(a, ) at our disposal, and recalling that from expression (81) we can write
R =~ || fllz-1, we obtain the following estimates: for K given in (116), we have Ky < K3(1 + R)® <

K(a, B)(1+ || fll;-1)6. Then, for €y defined in (64), we have €y < K3(1+ R)32 < K(a, B)(1+ | fll5-1)%/2.
Finally, for ¢; given in (114), we obtain ¢; < K3(1+ R)® < K(a, 8)(1+ || f]|;-1)?. Lemme 7.3 is proven. B

Gathering these estimates in the last control: D < (1 + v Ky 6€0>3 In (1 + Ky eGl), we finally obtain the
wished estimate (21). Theorem 2.4 is now proven. ]

APPENDIX A. THE NON-REGULARIZED NONLINEAR FILTER EQUATION

As explained in the introduction, we prove here that additional hypotheses on the indicator function A(-)
yield the existence of a weak Leray solution to the Navier-Stokes-alpha model with a non-regularized filter
equation:

- —

Oyl — VAT + (o - V)T + VP = f, div(d@) =0,
(124) —a*div (A(@)(V @ Ga)7) + o = @, div(ia) =0,
’IT(O, ) = G07 diV(’L_l:()) =0.

Theorem A.1. Let iy € L2(T?) be an initial datum, and let f € L2 ([0, +oo[, H~1(T?)) be a divergence-free
and zero-mean external force. In the nonlinear filter equation:

—a?div (A(a)(ﬁ ® ﬁa)T> Y=, div(@.) =0, a>0,

for a fized constant 0 < 8 < 1, assume that the indicator function A(-) satisfies:

(125) B < A(z) <1, for all x € R3,

and that

(126) A() € COH(R?).

Additionally, assume that A(-) satisfies the stronger Lipschitz-type continuity condition:
(127) [A(g1) — A(Go)lL= < Cllgi — Gollze,  for any g1, g2 € L*(T?).

Then, the coupled system (130) has a weak Leray solution (i, Uy, P) in the sense of Definition 2.1.

Note that conditions (125) and (126) are the same as those in Theorem 2.1. Conversely, the stronger
Lipschitz-type continuity condition (127) is a technical requirement to get rid of the convolution term .
This Lipschitz-type continuity condition is stronger than the classical one stated in (126) in the sense that
the L>-norm of A(g) — A(g2) and is controlled by the L?-norm of g — go.

Proof. Coming back to the coupled system with regularized nonlinear filter equation (3), for fixed ¢ > 0,
we set = ¢., where (:)c>0 is a family of approximation of the identity defined over T3. See, for instance,
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[29, Chapter 1.2]. Assuming (125), (126), and since we have ¢. € L?(T3), by Theorem 2.1 there exists
(UWe, U o, P-) & weak Leray solution to (3). We will prove that this family converges to a Leray’s solution
(t, Uy, P) to the coupled system (130).

For every € > 0, the velocity . verifies the energy equality (5), hence, for any time 0 < T' < +o0, we
have the uniform control

T T
(128) s (e s v [ e < ol + [ 171
Moreover, we also have the uniform control:
(129) 10 || 2 (j0.1y,1 -1 (7)) < M,
with a quantity 0 < M = M (i, f, v, T) < 400, which does not depend of €. Indeed, we write
Opiie = vAi. — P((iiz,0 - Vi) + f.

For the first term on the right, by (128) we obtain ”Aﬁs”Lngl < |||z 2 < M. For the second term on
the right, since div(#@e o) = 0, using Holder inequalities, Sobolev inequalities and interpolation inequalities,
we obtain

T . 2 T
A\@mufwamukéascénwww®@w»@uﬁ

T T
SOA\@@®%<mmm<c/H%u 2o ot ) 2t

T
< sup [la(t ) [ 1l 7l gt
0<t 0
T
< s el sup BT+ [l )
0<t<T 0< 0

By estimate (26) and estimate (128), we have sup ||te o (t, )|| <K sup i (t,)|2: < K1 M, where
0<t<

we recall that the quantity K; > 0 does not depend of €. Moreover, always by estimate (128) we have

T
( sup |- (t, )| T+/ |l (¢, )Hldt> < M. We thus obtain the uniform control (129).
0<t< 0

Once we dispose of the uniform controls (128) and (129), by the Banach-Alaoglu theorem and the Aubin-
Lions lemma there exists a sub-sequence e, where £ — 0, and there exists @ € L2 ([0, +oo, LZ(T?)) N
L} ([0, +oo[, H'(T?)) such that the following convergences hold:

loc

U, — U, in the weak-* topology of Er,

@le, — U, in the strong topology of LZL2.

With this information, we will prove that u is a weak solution of the coupled system
it — vAT +P((d, - V)id) = f,  div(d) =0,

(130) —o?div (A(a')(ﬁ ® ﬁa)T) VG =1, div(da) =0,
4(0,) = dp, div(dp) = 0.

To do this, we start by proving the following convergence:
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Lemma A.l. Let 0 < T < +oo. For every e > 0, let i, o € L°([0,T], H(T?)) be the solution of the
reqularized filter equation

—a?div (A(pe, *Te)(V @ eya)T) + oo = Ty dit(iTzy,a) =0,

which is obtained by Proposition /.1. On the other hand, let i, € L>([0,T], H'(T?)) be the solution of the
non-reqularized filter equation

—adiv (A(a')(ﬁ ® aa)T) =, dio(@a) =0,
which is also obtained by Proposition /.1 (refer to Remark 2).

Assume that the indicator function A(-) satisfies the stronger Lipschitz continuity property (127). Then,
it holds:

(131) Uey.o = Ua, in the strong topology of L*([0,T], L*(T?)).

Proof. For the sake of simplicity, we will write ¢ instead of ;. Taking the difference between these
equations, we obtain that . , — iU, solves the following problem:

—adiv ((Alp. * @) = A@)(V @ e.0)") = a2div (A@(V @ (@0 — 7)) + e — o = - — 0.
In each term, we take the L?-inner product respect to #. — @. Then, we integrate by parts to write

o [ (Al ) = A@)T © ) (F9 (70 — 1)) o

0t [ AT @ (T~ 00) P + [T~ Tallfe = [ (= 0) (T = ),
T3 T3
Since A(-) verifies (125), and rearranging terms, we obtain
2 - -2 2 SN ~ 2 o ~ 12
min(a” B, 1)||te,q — Uallfn < B IV ® (le,a — ta)|"dz + ||tic,a — Ual|L2
T3
< = s N~ Tallzz + 0 [ JAGe #2) = A@] 90 ] [§ @ (e~ Ta)lda
T3

< |t — 1| L2 Ha’aa — Ul + O‘2/ | Ape * i) — A1) |6 ® 66,a| |6 ® (ﬁe,a — Ug)|dz.
T3

Here, we need to estimate the last expression. Using Hélder inequalities, using estimate (127), estimate (26)

and the uniform control (128) (where we denote the right-hand side by a quantity M = M (i, f, v) >0
independent of €), we write

0 [ 1A ) = A@ 19 ][99 (00 — ) d
< || A(pe * i) — A(@D) || o ||V @ G |2 IV @ (te.a — tia)| 2
<a’Cllpe x iz — |2 IV @ e 0|2 |V @ (fic,0 — ia)| 2
< a’Cllpe # itz — ill| g2 /K1 e ]| 22 [[ie.o — a2
< a?C\E M| pe %t — |12 | Ge, — Gall -
Coming back to the last estimate, we have
min(a®8, 1)@, — Galfn < (I8 = @z + 0*CV/ET M. e — 12 ) G0 = a0
hence, we get

min(azﬂ, D|[te 0 — ﬁaHLgH; < |l@. - ﬁHLng + OZQC\/ K1 M- * tie — ﬁHLng-
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Finally, as #. —  in the strong topology of the space LZL2, we obtain the wished convergence (131). |

With the convergence (131) at hand, we follow the same ideas of (98) and (99) to obtain the convergences
in the sense of distributions:

—a?div (A(%k ., )(V @ UE,Q)T) = —aldiv (A(a)(ﬁ ® aa)T) ,
and
P((tey,a - V)iz,) = P((Ga - V)@).
Moreover, based on the arguments already explained, there exists P € L? ([0, +oc[, L?(T?)) such that

loc

P. — P in the strong topology of L?L2. Consequently, the limit (i, i@,, P) is a weak solution to the coupled
system (130). In addition, since @, € L H}, the nonlinear transport term is regular enough, and by direct
computations, the velocity @ satisfies the energy control (5). Theorem A.1l is proven. ]
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