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Abstract

By a direct method it’s proved the existence of sign-changing and non-negative
ground states for the p-Schrédinger-Poisson system

—Apu+ V(@) ulP~2u + K (2)$(@) [ulP~2u = a(@)[ult~2u, = € RV,

—Ap¢ = K(z)|ul?, x € RV,
where N € N, 2p = —1 + +/1 4+ 8N < g < p* and the potentials a 7 0 and
V verify conditions that allow them to be sign-changing. Here A, denotes the
p-Laplace operator. We show that the sign-changing ground state has two nodal

domains. The energies of the found ground state solutions verify Weth’s energy
doubling property.

Keywords: p-Schrédinger-Poisson system, ground-state solution, sign-changing
solution, indefinite potential
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1 Introduction

The use of PDE models to theoretically study the phenomena of spatial diffusion for
biological populations started in the 1950’s with [34] and presents some advantages
over stochastic approaches. It allows, for example, to unveil ecological laws for the
space use, [37].

In [34] it was derived the equation,

ou — Au = o(u,x), t>0,z €,

where v = u(t,z) stands for the population density, 2 C R is the habitat and
o models the population supply due to births and deaths. As in the derivation of
the heat equation, it was assumed that the movement of the individuals is random,
meaning that they behave like non-living particles. A consequence of this tremendous
simplification is an infinite speed of propagation.

Migration of animals is not random, [23]; e.g., at a saturation point arctic squirrels
migrate to avoid crowding, [11]. Therefore, from the mathematical modeling point of
view, an important step was given in [24], where a continuum mechanics approach was
applied to get the equation

Opu — An(u) = o(u, x), t>0,z€Q, (1)

71 being a non-linear function such that n’(0) = 0 and 7'(s) > 0 if s > 0. Equation (1)
degenerates to a first-order equation when u = 0, a fact that makes a population that
initially lives in a bounded habitat to spread out of it at a finite speed.

The modeling of biological diffusion phenomena is now far from using the original
randomness assumption and it’s dealing with much more complicated situations which
in many cases produce equations with a non-local component, i.e., u depends on some
global information of u itself. Actually, a very general way to model the dynamics of
a population is obtained by using the equation

ou—Au=o(u,z), t>0,z€Q, (2)

where the operator A, which could be integral or integro-differential, captures the main
component of the diffusion process affected by non-local population information. Of
particular interest is to find solutions of the time-independent or stationary version of
(2),

—Au=o(u,z), z€Q, (3)
and, then, somehow determine if they are attractors, that is, if these solutions are
stationary states toward which a solution of (2) would tend to evolve if the initial
state u(0, -) is close enough to some of them.

Let’s consider a couple of situations which are clearly of interest.

S1 To model cognitive processes like memory (see e.g. [22, 37]), it helps to assume
that the velocity of dispersion is given by v = —al(u) Vu, where a > 0 and the dif-
fusion coefficient, a(u), depends on population information like the total population,



Joy [ul?dz (see e.g. [18-20])) or total energy, [, |[Vu|?dz (see e.g. [2, 15, 38, 40])); here
0 > 1. In this case, a balance of population produces an integro-differential equation,

O — al (u)Au = o(u, x), t>0,z €. (4)

The stationary counterpart of (4) is an elliptic equation of Schrédinger-Kirchhoff or
Kirchhoff-type. This kind of equations has been extensively studied from a mathemat-
ical point of view under different assumptions and with motivations coming mainly
from physics but, in last years, flowing also from biology; see e.g. [14, 16, 40, 43] for
the semilinear situation and [2, 27-31]) for the quasilinear counterpart.

S2 (3) has attracted particular attention for situations where the non-local non-linear
diffusion operator A equals or contains an integral operator given by

Lxu(z) = ~2lim lu(z) — u(y) [P~ (u(@) — u(y) K (z — y) dy,
<10 Jr¥\B.(2)

where p > 1. The function K : RY \ {0} — R is a perceptual kernel or detection
function, related to what an individual perceives, and £%-u(-) could be interpreted
as a resource perception function, which is able to capture information of how the
individuals perceived the resources in their habitat, [36, 37]. In this way, the population
dynamics modeled by (2) would be directly affected by the capacity of learning of the
individuals thru perception.

S3 A characteristic of the biological evolution of a species yields in that

a) each individual’s behaviour is affected by the quality of the habitat, and, at the
same time,

b) the quality of the habitat is affected by the behaviour of the members of the
population.

Point a) has been widely considered in models whose stationary component is a
Schrédinger-Kirchhoff-type equation, even though the principal motivation did not
come from biology but from physics. In [31] is studied a situation involving one species
while in [30] is studied a model for several species interacting with each other.

As far as we know, the coupling a)-b) has not been considered in the literature of
population dynamics. On the other hand, our attention was called by the paper [41]
which study a semilinear Schrodinger-Kirchhoff equation, because, from our point of
view, it’s quasilinear version is adaptable to situations in the mathematical modeling
of biological evolution. That’s what we deal with here. Starting from this work and
considering the results obtained in [13, 14, 17, 27-31, 36, 37] and other papers, we
are currently studying the existence of attractors for several settings motivated by
population dynamics that mix components S1, S2 and S3, as mentioned before.

Let’s consider a theoretical model for the spatial evolution of a species, (2), when
the habitat is the whole space and the diffusion process is quasilinear and mainly
governed by p-Laplace operator,

Ay = div(|V|P~2 Vo),



p > 1, and the population supply attends the coupling a)-b) by means of a p-Poisson
equation:
{8tu—Apu:0¢(u,x), t>0, 2RV, 5)
—App = K(z)[ul’, = €RY,
with
04 (u,x) = a()|ul"*u — [V(z) + K (2)¢][ulP~*u.
The interest yields in finding stationary solutions than can eventually be attractors for
the dynamical system (5), i.e., solutions of the following p-Schrédinger-Poisson system,
{—Apu + V(@) |u|P~%u + K (2)p|lulP~%u = a(z)|u|?"2u, xRN, (SP)
—A,¢ = K(z)|ul?, r € RV,

We assume that the quality of the habitat is not homogeneous, modeled by the space-
dependent potential V', and that its quality is linked to the behaviour of the members
of the population, a factor modeled by the potential K¢ via the p-Poisson equation.
In this context, it’s natural to allow the potentials V' and a to be indefinite in the
sense that they are not necessarily non-negative.

In the physics framework, the case of N = 3 and p = 2 for (SP) is important, for
example, in the study of standing wave solutions of the time-dependent Schrédinger-
Poisson system, that is, solutions having the form e~ *!u(x). In this context V(x)
corresponds to the perturbation of a group of many particles at the point € R3 while
the function K models a charge corrector to the density w2, acting thru the Poisson
equation. The right side of the Schrodinger equation in (SP) captures the interaction
among the particles. For more information on this situation both from the physical
and mathematical point of view, we refer the reader to [3, 4, 6, 33] and the references
therein.

Remark 1 Given a real function f, we shall denote by f1 and f~ its positive and negative
part, respectively, so that f = fT + f~.

Before introducing the conditions we shall deal with and writing our main result in
a precise way, let’s introduce the product space where we will find two weak solutions
for (SP):
(¢07 uO)? ((;51,’11,1) € IDLP(RN) X W{)/(RN%
see Theorem 1 below.
As usual, D'P(RY) stands for the homogeneous Sobolev space equipped with the

norm given by
1/p
ol = ( [ (wac)

We denote by S the best constant for the Sobolev embedding, [35],

WP (RY) C DIP(RY) C L7 (RY), (6)



ie.,

P
o B
$EDLP(RN) ||¢HL1>* (BN)
so that 1
¥6 € DIPRY) 9l wm) < 5175 19lpr )

To introduce the space WY,(RY), let’s observe that by condition (V), (7), (6) and
Hélder’s inequality, we have, for u € WHP(RY), that

bIN L\
<(/ |v-<x>N/de) (/ uf? dx) <l
RN RN

fulley = ( [, 197 + Vi@ dx)l/p

defines a norm on W1?(R¥) which (see e.g. [7, Sec.2]) is equivalent to the usual norm
of WHP(RM). We denote

/IRN V™ (x)|u|Pdx

so that

W (RY) = (WHPRY), [|]y,,,),

so that there exist C,,C, C > 0 such that

vu e WHRY) : Jullper gy < Cullully, (8)
Vue WHRY): Clully, < Nl < C lully, - 9)

Along the paper we assume that
2p=—-14V1+8N <q<p*=pN/(N —p) (10)

and that the following conditions hold.
(V) V= e LNP(RN) with [V || x/p@xy < S and

V(z) — Voo >0, as |z] — +o0;

(K) K € LP(RY) is non-negative;
(a) a € CRN)NL*(RY), a # 0, where s = pN/(Np + pg — Nq).

Theorem 1 Suppose that conditions (V), (K), and (a) hold. Then, there exist
(¢o,u0), (¢1,u1) € DVPRN) x wo, (RN weak solutions of (SP) such that

i) ug is a sign-changing ground state solution with energy m;
it) ug has exactly two nodal domains;
i11) uy is a non-negative ground state solution with energy c;
iv) Weth’s doubling energy holds: m > 2c.



In Theorem 1,

Z(ug) =m = ulél/{/ll(u) (11)
and
T(w) = c= inf T(u), (12)

where it’s considered the natural energy functional 7 : WY, (RY) — R, given by

Z(u) = O(u) + ¥(u) — Au), (13)

with
O = lully,. AW =1 [ a@ulas. (14)
¥ = - [ K@ou@lud, (15)

on two different sets: the sign-changing Nehari manifold
M= {ue Wy RY) /u™ #0,u" #0,(T'(v),u’) = (T'(u),u”) =0} (16)

for point i), and
N ={ue WLRY)\ {0}/ (T'(u),u) =0}
for point ii). It’s immediate that
MCWN. (17)

Before getting the minimizations (11) and (12), we shall transform (SP) into a
Schrédinger equation containing a non-local term; for this we shall verify, using a
Minty-Browder’s theorem, that there is only one solution for the Poisson equation of
the system so that (15) is well defined. This is done in Section 2.

To attack Theorem 1, some preliminary results, like regularity properties of the
energy functional Z, are needed. For this a number of inequalities are very useful,
Remark 3. This is done in Section 3.

In Section 4 we work out the proof of Theorem 1. To get point i) of Theorem 1,
we shall first show that a) M # () (an immediate consequence of Lemma 12), b) there
exists ug € M verifying (11), and c) by using a deformation lemma, ug is in fact a
sign-changing ground state solution of the Schrédinger equation in (SP). Point ii) is
obtained by Reduction ad Absurdum. Point iii) is obtained following the scheme used
for point i) and, in its turn, point iii) allows to get point iv) in a very direct way.

2 Uniqueness for the p-Poisson equation
Let’s fix an element u € W%, (RY). We want to show that the p-Poisson equation,
—Apd = K(z)|ul?, r€RY, (P)

has only one solution ¢, € DVP(RY).



To achieve our goal, we shall use a Minty-Browder’s theorem which is a nonlin-
ear extension of Stampacchia’s theorem; see e.g. [8, Th.5.6&5.16]. Minty-Browder’s
theorem is proved by using Galerkin’s method, [10]. In [21] are provided other exten-
tions of Stampacchia and Lax-Milgram theorems to deal with equations involving the
p-Laplace operador.

Theorem 2 (Minty-Browder’s theorem) Let E be a reflexive Banach space and A : E — E’
a continuous nonlinear map which is strictly monotone and coercive. Then, for everyn € E’,
there exists a unique solution u € E such that

A(u) =n.

In Theorem 2, that A is strictly monotone and coercive means, respectively, that

Vo, ve € B, v v (A(v1) — A(ve), v1 — va) > 0,
(A,

oo, as ||v]|g — +oo.

[l

On DYP(RY) the functionals naturally associated to (P) are given by

J(w) = %/RN [Vw|Pdx and (b, w) = - K(z)|u|Pw(x)dx. (18)

In fact, if b, and J’ verify the conditions of Theorem 2, then there exists a unique
¢u € DVP(RYN) such that, for every h € DVP(RY),

/ |Véu|P2V¢,Vhdr = / K (z)|u[Ph(z)dz, (19)
RN RN
i.e., ¢y, is the unique solution of (P). This is done in Lemmas 3—5.

Remark 2 As usual, the conjugate of a number o > 0 is denoted by o, so that 1/a+1/a’ = 1.
For future use, let’s write

. N Np

— ) = , 20
P =0 = (20)

Np—N+p ; Np—N-+p
=P 7P gpd A =22 TR 21
pP+p—N p(N —p) 2D

By (10), p> +p— N = N, so that

*=p and pp*r =p*. (22)

Remark 8 Before getting into the proofs let’s introduce a number of useful inequalities mainly
taken from [26]. Let [ € N and z,y € R!. Then,

27 Ply — Pt > ||yP Py — [Pl if1<p<2; (23)



(p— 1)y — z?
1+ |y + [a[2)2—P)/2

-2 —2
(o 2y — 1l e,y ) > ¢

lyP=2y = |~
(p— 1) [|ylP=2/2y — |2|(P=2)/2¢| =
’2

‘|y\(p72)/2y _ M(P*?)/?x

2— 1 -2 —2 2
2Py —af? < 5 (I~ + 2P ~%) y — al

ifl<p<2; (24)

< (WP 22412272 itp =2 (25)

2
< B (WP Py -zl ey —a), ifpz2 (26)

< (Il 2y —lal" 2,y — ), ifp>2 (27)

Recall that, given p > 0, it holds
Vt,s €R: ([t + [sD" < Du(t]* + Is"),

(28)

where D), =1if 0 < pu < 1and Dy = 2#=1 if ;4 > 1. In particular, Dy = 2. Then, by (25),

(26)(28) and Cauchy-Schwartz inequality in R, it follows that

-2 —2 1 o 2 —2 —2 .
PPy — el < 2P’ =1 (WP + el ) ly—al.  itpz2 (29)

LpmNy)
Lemma 3 The functional by, belongs to (D P(R )) .

Proof Let h € DVP(RY). By (K), (7) and Holder’s inequality,

(b)) = [ K@)l < KTl oy 1l e

1
< S1/p HK|u|p”LP‘ (RN) Allprs -
By (22) and Holder’s inequality,

K e oy = [, (E@F ") da

(30)

. 1/7 e 1/
< (/ |K (z)|™? dm) (/ |ulPT P dx)
RN RN

_ p* pp®
= ) oy Bl
which, replaced in (30), gives
1
0w, )| < <77 1Kl v 1l gy 1Bl s -

We conclude by the arbitrariness of h.

Lemma 4 The funciontal J is of class C! and its Fréchet differential J'
(DYP(RN)Y is given, for ¢o,h € DVP(RY), by

(60 ) = [ V60" *V60Vh(a)d.

Moreover,

: DLP(RY) —

(31)



i) J'is (p — 1)-Hélder continuous for 1 < p < 2, so that J is of class C1P~1;
ii) J' is locally Lipschitz continuous for p > 2.

Proof 1. Let ¢g € DVP(RY). The directional derivative of J at the point ¢g in a direc-
tion h € DMP(RY) is easily computed, it’s linear in h and, by Hélder’s inequality,
verifies

d
|OnJ (¢0)| = ‘d)\J(d)O + Ah)

/ VolP2VoVhdz| < ol 1hllprs
A=0 RN

which shows that J is Gateaux differentiable at ¢¢ and J(¢o) acts as in the right
side of (31).

2. To show that J is of class C! (and therefore Fréchet differentiable with formula
(31) holding), we need to prove (see e.g. [5]) that Jj : DVP(RN) — (DLP(RY)Y
is continuous.

Let ¢o, ¢, h € DVP(RY).

a) Let’s assume that 1 < p < 2. Then, by (23) and Cauchy-Schwartz and Hoélder

inequalities,

[ (J6(¢) = J&(¢o), D) |

‘ / VI"™*V¢Vhdz - / |V olP =2V o Vhia
RN RN
< /N [IV[P=2V ¢ — Vo P>V | [Vh|d
R
<227 [ 190 Vool Thldz < 2277 o~ dullh [l

which, by the arbitrariness of h, shows that

176:(8) = Ja(@0)ll < 2277 |6 — ol - (32)

b) Let’s assume that p > 2. Then, by (29), (28) and Holder’s inequality with o =
p—1>1land o = (p—1)/(p—2), it follows that

| (J6(8) = T (o), h) | =

[ V67296 = Vo0l ~2¥) Vh o

<GP =17 [ [IVeP™ 4 Vool ] V6 - Voul Vhldz
RN

p—1

1 _ _ 1 B o

< 500 =V Ihllpe., (/N (1Yo~ + [V oo |2 P~ [V — Voo P/ 1>dx>
R

12 2 2 210/ (p—2) (e=2)/p

< 380~ 1? Wil 10— dnllps ([ V6P~ 4 Fnp=2)" " )
R

1 (-2)/

< 392 = 12D (16150 + 60lln.0] 2" 16 = Goll s 1Bl



which, by the arbitrariness of h, shows that

1 —
6:(6) ~ T (@0l < 30°(p — 1)2DY 210
—2
(1600 + 100l51] 7™ 6 = dollprs - (39)

Since ¢ and ¢g were chosen arbitrarily, point i) follows from (32) and point ii) follows
from (33). O

/. . .
Lemma 5 J' is strictly monotone and coercive.

Proof The coercivity of J’ is easy to prove. So let’s just deal with the strict monotony. Let
vy, V2 € Dl’p(RN) such that vy # vs.

1. Assume that p > 2. By (27), we have that
(J'(v1) = ' (v2), v1 — va) = / (|V1 P2V, — [Vua|P~2Vy) - (Vg — Vg )da
]RN
> 22_p/ |Vor — Vv [Pdx = 2272 ||lug — va| D, > 0.
RN

2. Assume that 1 < p < 2. By (24), (28) and Hélder’s inverse inequality with o = p/2
and o/ = p/(p — 2), it follows that

|Voy — Vg [P < 27/2[|Vuy |2 4 [V ?]P/?

and
(J'(v1) — J' (v2), v1 — va) = / (V1 [P2Vy — [Voa|P~2Vy) - (Vuy — Vug)da
RN

> (p-1) /RN (14 [Vor? + [Vosl2) P27 |90y — Voo

(r=2)/p 2/p
>(p—-1) (/ (|Vui]® + |VU22)p/2dl‘) (/ Vo, — vapdx>
RN RN

(p—2)/p 2/p
> 2*(”*2)/2@ -1 (/ Vv, — Vv2|pdx) (/ Vo, — vapdx>
RN RN

=272 (p —1) oy — o[, > 0.

10



3 Preliminary results

Thanks to the uniqueness established in Section 2, system (SP) is reduced to a non-
local Schrodinger equation,

—Apu+ V() |[uP2u + K(2)py(x)|[ulP?u = a(x)|u|??u, = RN, (S)
where, [26], the function ¢, has the form

K(y)|u(y)?
RN |I—y|d ¢

where d = (N —p)/(p — 1).

Remark 4 Let’s consider u € Wf/(]RN) and (un)peny C W@(RN) such that up, — wu, as
n — 400, in W?,(RN) and a.e. in RY. With help of Brezis-Lieb’s lemma (see e.g. [1, 9]),
it’s not difficult to prove that

|un|? — |uP, asn — +oo, in Lp*/p(RN).

Remark 5 To ease the computations, for n € N, we shall write

bn = by, and oén = du,-

Lemma 6 The mappings W@(RN) 5 u— by € (DYP(RY)Y and W@(RN) SUr— Pu €

DYP(RN) are continuous.

Proof Let u € WL (RY) and (un)nen € WE(RY) be such that un — u, as n — +oo, in
WY (RY).

1. By (20)-(22) and Hélder’s inequality, we get, for h € DVP(RN),

[n=buc )| = | [ K@l =

<K (Junl? = [ul®) e @y 1Al vy
1
< g7 WKl vy [ (nl” = [l e oy 1ol o

1
= St ||K||LP(RN) [[(lunl? — |u|p)||LP*/p(RN) Ihllprs s

so that, by the arbitrariness of h and Remark 4 - perhaps up to a subsequence,

1

”bn - bu” < W

K o ey 1 C(un]” = [ Lo o @y — 0, (35)

as n — +o0.

11



2. By (19) and (18), we have, for h € DVP(RY) and n € N, that

/ |V |[P~2V ¢, Vhdr = (b, h),

RN

/ |V P2V, Vhdz = (b, h) ,
]RN

so that, choosing h = ¢,, — ¢y,

[, (96,7290, ~ [V6,177296,) - (Vo — Vo) da
= <bn - bu7 (Z)n - ¢u> . (36)

Let’s assume that p > 2 as the case of 1 < p < 2 is dealt with in a similar way. By
(27) and (36), we have that

16n — dullBorn = / Vo — Vo P
RN

<272 [ ([90,072V6, ~ V6, 2V6,) - (Vo = Vo) do
<2072 by — bus G0 — du) | < 2P 210y = bull - |60 — dullpro
so that, by (35), as n — 400,
6n — Gullprs < 20-2/GD b, by [/ 0,

O

The energy functional for (S) is given in (13)-(15), i.e., Z : W}, (RY) — R, given
by Z(u) = O(u) + ¥(u) — A(u), where

Ow = lully . AW =7 [ a@)ulda,
and
U(u) = %/}RN K(x)|u(x)? /]RN Wdydm.

By using the scheme for the proof of Lemma 4, in particular taking advantage of
the inequalities stated in Remark 3, it’s proved that the functionals O and A are of
class C! and, therefore, Fréchet differentiable. For u, h € WY,(RY), we have that

(O'(u), h) = /RN [[VulP~2VuVh+ V(z)|u[P~?uh] dz, (37)

(N (u), h) = /RN a(x)|ul??uh dx. (38)

12



Proposition 7 The functional ¥ is of class c! and, therefore, Fréchet differentiable.
Consequently, the functional Z is of class C! and, for every u,h € WP (]RN),

u), h) = / K(2)pu(z) |[ulP~2uh dz, (39)

(T (u), >:<0 ), by + (¥ (u ,h>7<A’(u),h>.

Proof 1. Let’s consider a point u € WY, (RY) and a direction h € WY, (RY). We have,
using Fubini’s theorem (see e.g. [8, Th.4.5]), that

O (u) = %\I}(u—i—)\h)

A=0

p—2
L k@ ( Wu(y)h(y)dy> ()P da
RN RN

|z — y|4

1 K( ) P p—2
vy [ @ ([ 22w dy) [u@)" ™ u(@)h(z) d

N |z =y

/K 6w (@) [u(z) P~ 2u(z) h(z)da

which is clearly linear in h.
2. By (8) and Holder’s inequality with (20), we have that

|0 (u)] = K () ¢y (x)|uP~?uh dx
RN

< |‘K¢u|u‘p_1”Lp'(]RN) ”h”LP*(]RN)
< C, ||K¢u|u|p’1||Lp°(RN> Bl - (40)

Observe that, by (10), p—1 = (Np — 3N + 2p)/(N — p) and that the numbers

Np—N+p . Np—N+p . Np—N+p
=— r"=——7— and = _———7——,
N N-—p Np—3N +2p
verify 1/r +1/r* +1/r®* =1 as well as
N
p*r=p, p*r*=p" and r'(p—l)p'zN_pp:p*.

Then, using Hélder’s inequality as given in [8, pp.93], we get

0ty = [, (RCaIonto )" e

p*/(p°r) p*/(p°r")
< ([ merra) ([ ewpra)

13



p®(p—1)

(/ |u|r‘(p—1)p°dm>(plw
RN
p*/p . p®/p* i p*(p—1)/p"
= ([ m@ras) " ([ odora) " ([ ura)
RN RN RN

. . . -1
= I1EIE oy 1l e oy 1l ) - (41)

By (40) and (41),
-1
00 ()| < Cu | Kl @) [ DullLo @y [l gy 121l

which, by the arbitrariness of h, shows that ¥ is Gateaux differentiable and U, (u)
acts as in the right side of (39).

. To show that W is of class C! (and therefore Fréchet differentiable with formula
(39) holding), we need to prove that ¥, : DLP(RY) — (DLP(RY)) is continuous.
Let u € WP, (RY) and (up)nen € WE(RY) such that

Up —> u, asn — +oo, in WL (RY).
Let’s assume that p > 2; the case of 1 < p < 2 is treated in a similar way. Given

h € WY, (RY), we have, by Holder’s inequality with « = N(p—1)/(N —p) > 1 and
o =N(p—1)/(Np—2N + p), that

[ (W () = Vg (un), h) | < /RN K (@) |pu(@)u]"*u — ¢ (@) |un[P~?un | |h|da

Jo-1) (p=1)/p
< ||KHL1;(RN) (/ |¢u(1‘)|u|l’—2u — ¢n(m)|un|i’—2un}1’ P |h|p/(p—1)dx>
RN
Np—2N+p
2 2 | ~NpeNTs o
S NK o @ay 1lle @y |pu [P0 = b [un [P~ 2 un |77 dx
]RN

N—p

N N
< Iy Wil ey ([ Joula 0= il a0) L )

where we have used the equality p = (Np — 2N + p)/(N — p) which comes from
(10). By using (28) and Hélder and triangle inequalities, we get

/ b (@)l 20— o () [ P20 | 7
RN

RN

< or/(N=p) [/ | — ¢n|NL7p ‘u|N1<v”:p1)dx
RN
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_N _N
b [Tl a7 ]
RN

< op/(N=p) [||¢u _ ¢an*/p p*(p—1)/p

Lrp* (RN) ||uHLp* (RN)
p"/p
ol ( [

as n — +o0. Points (42) and (43) show that || ¥}, (u) — Y5 (un)|| — 0, as n —
+00, so that W, is continuous.

o (r—1)/p
o2 = fun P2 [ dw) ] — 0, (43)

O
4 Ground states for the non-local Schrodinger
equation

As we mentioned in Section 1, we shall find a sign-changing ground state solution for
(S) on the sign-changing Nehari manifold

M ={ue Wy RY)/u™ # 0,0t #0,(T(u),u”) = (T'(u),u”) = 0}
i.e., we shall find ug € M such that

T(ug) =m = inf I(u).
(o) =m = inf T(u)

To start with, we need to show that M # (J; see Lemma 12 below. This shall be a
consequence of the non-emptyness (Lemma 10) of

A= {ue\?\/"'/(]RN)/ujE 7507/ a(x)’ui’q dac>0}.
RN

We need to walk some steps. Observe that, by (K) and (34), given u € W%, (RY),
it holds, for a.e. z € RY and every t > 0,

du(x) >0 and ¢ (z) = Py ().

Additional properties related to ¢, are provided in the following result; see [12, Lemma
2.1] and [25, Lemma 2.3] for the case of p = 2.

Lemma 8 Letu € W@(RN) and (un)nen € WY, (RN be such that wn, — u, asn — +00,
n W{’, (RN) and a.e. in RN . Then, for every pE WI", (]RN),

lim K(x)pn(2)|un|? dz = / K(x)pu(z)|ul? dz, (44)
n——+oo RN RN

lim K(2)¢n (z)|ul |P do = / K (2)éu(z)|uF|P da,
n—-+oo RN RN

15



lim K(z)pn(z)unpdr = K(z)pu(x)up dz.

n—+oo JrN RN

Proof Let’s just give a scheme on point (44). We have that
/ K (&) [gn(@) [unl? = du(2) [ul”] de = Ay + 42,
A= [ K@) ula) - lunl” = ful)da,
A= [ K@ [60(@) = du(a)ldo
Let’s recall the values given in (20)-(22). We have, by Remark 4, that

A< [ K@) o) lunl” = ol | de

. . 1/p
< uluo vy () 57 @) lual? — P )
RN
_1

1 P p|7'p* 'p®
< <t Moo 1K laqemy ([ lual? = a7 do

1
= Sl/p ‘|¢n||D1 P HKHLP (RN) |||un|p |u| ||Lp /p(RN) — 0,

as n — +o00. On the other hand, by (20)-(22), Lemma 6 and Hoélder’s inequality, we have,
as n — +o0,

|Az|

IN

HK|u‘pHLp' (RN) llén — ¢u||Lp* (RN)

1
<75 K Dy 2 e g 80 = Bullpn.r — 0.
O

The proof of the following result is adapted from [42, Lemma 2.1] and [13, Lemma
2.3].

Lemma 9 Letu € W%}(RN) and (un)neN C W%’/(RN) be such that up — u, asn — +0o0,
mn W{)/ (]RN) and a.e. in RN. Then, for every pE W€/ (RN), Then,
lim a(x) |un|? dz = / a(x)|u|?dz, (45)
RN

n——4oo RN

lim a(x) |un|q_2 Unp dx :/ a(a:)|u\q_2u<p dz. (46)
RN

n—+oo JpN

Proof Let’s show (45) as (46) is obtained in a similar way. By using a Brezis-Lieb’s lemma
(see e.g. [1, 9]), we get that |un|? —> |u|?, as n —» 400, in LP /9(RY). Therefore, using
Hoélder’s inequality with the values

pN rp" Np
=————— and § =—=—"—+
Np+pg— Ngq qg (N-p)q’
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coming from (a), we get, as n — 400, that

a(z) (lunl? = |ul?) dx a(x un|? = |u|?| dz
[ @ (unl? = jul?) do < [ jo(@)] Jfunl? = ul?]a

< Nalls @y lunl® = 1ull|pr 0 vy — 0.

Lemma 10 We have that A # () and M C A.

Proof 1. Considering condition (a), let’s take some u € C3°(RY) C WY, (RY) such
that supp(u) C w = {x € RY /a(z) > 0} and for some z1,72 € w, ¥1 # 22,
w(z1) - u(ze) < 0. Then, it immediately follows that u € A so that A # ().

2. Let u € M. By (16), (13) and (37)-(39),

0< Huin/p —|—/ K(x)gbu(x) |ui|p dx = qA(ui)7 (47)
: RV
so that u € A and, therefore, M C A.

To prove Lemma 12 below, we shall need the following version of Poincaré-
Miranda’s theorem, [32].

Proposition 11 Let Q = [a1,b1] X ... X [am,bm] and fi1, ..., fm € CR™,R™) such that, for
each k =1,...,m and every z1, ..., 2k_1, Zk+1, -, 2m € R,

fk’(zl7 ey Rl—15 Ay Zl415 -+ Zm) : .fk(Z].? weey Zk—lvbka Zh415 s Zm) <0.
Then, there exists (21,25, ..., 21m) € Q such that

Fu(21, 25, .., zm) =0, for each k=1,...,m.

Given a function u € W%, (RY) such that u~ # 0 and u* # 0, let’s consider the
mapping 7, : R?> — R, given by

Nu(s,t) = Z(su™ +tu™). (48)

The following result implies that M # (.

Lemma 12 Let u € A. Then,

i) (s,t) €]0,+00[x]0,+00[ is a critical point of n if and only if su™ + tu™ € M;
it) the map 1, has a unique critical point (S,,t,) in ]0,+00[%]0, +00[;
i11) (Su,ty) is the only point of mazimum of n in [0, +00[Xx [0, +00[;
w) if (T'(u), ut) <0, then s,,t, €]0,1].

17



Proof 1. For (s,t) €]0, +00[x]0, +o0[, a direct computation gives
Vnu(s,t) = ((Z'(su® + tu™), ut) (T (su® +tu), u™))

(i (T'(sut +tu), su™), % (T'(su™ +tu™), tu>) ,

which clearly implies point i).
2. By Holder’s inequality,

qA(ui) = /]RN a(x) |ui’q dr < HaHLS(RN) HuiHip*(RN) . (49)

On the other hand, for x € RN, ut(x) - u~(z) = 0, we can see that

K(y)|sut +tu™ "

(z) = d
¢(su++tu )(l‘) BN ‘LL’ —y|d Y
K(y) [su'|’ K(y) [tu=|"
= ——dy + ——————dy = sP ¢+ (v) + PP, (1). 50
e o~ gl R " (@) (). (50)

3. By (50), (49), (8) and (10), we have that
(T'(su™ +tu”), sut) = (O'(su” +tu”), su™) — (N (sut +tu™), su™)
£ [ K@) sy @l + tum P25 + tu ) (sut) d
RN

—gP ||U+HZ"/7P _ qqu(u+) + 2ps2p \I/(u+)

+ sPtP /]RN K(2)¢, (z)|u”|Pdx (51)

> |[ut][}, = 57 el @y [0t e

> sP ||u+||}€/7p —s1C? ||al

L#(RN) H“JrH;I/,p’

for every t > 0 and every s > 0 small enough. In the same way it’s proved that, for
every s > 0 and every ¢t > 0 small enough,

(T'(sut +tu™), tu™) > 0.
Then, we choose 0 < a3 << 1 such that, for every s,t > 0,
(T'(arut +tu™), aqut) >0 and  (Z'(su® + aju”™), aju™) > 0. (52)

4. By (51) and (10), we have that, for every ¢ > 0 and every s > 0 large enough,
(I'(su™ +tu™), sut) < 0. In the same way it’s proved that, for every s > 0 and

18



every t > 0 large enough, (Z'(su™ +tu™), tu™) < 0. Then, we pick ay > 1 such
that, for all s,t € a1, asl,

(T'(agu™ +tu™), agu™) <0 and (Z'(su™ + asu™), apu™) <O0. (53)
By (52), (53) and Proposition 11, there exist s,,,t, > 0 such that
(T'(suu® 4+ tyu™), syut) = (T (syu® +t,u™), t,u~ ) =0.

Let’s prove now that (s,,t,) is the only critical point of 7.
Let’s assume that u € M. Then,

a1, +2p U(u / K(2)gu= () Pdz = gA(u*). (54)

Let’s show that (s,,t,) = (1,1) is actually the only critical point of 7. Let (s, tg) €
10, +00[x]0, +o0[ such that squ™ + tqu™ € M. Without loss let’s assume that

0 < 59 <tp. (55)
By (51) and (16), we have that
sh Hu+||p +2p s W(ut) + sht? /]RN K(2)py- (z)|uT|Pdx = qsdA(u™).  (56)
Analogously, we get
1y, + 2067 W)+ st [ K@ @l Pde = atih ). (57)
By (55) and (57), we get

—p
[|u || llu”llv,

+ )+ [ K@@l > gt A W)
O

which, together with (54), produces

1 _
(t,, - 1> Ju[y, = a (g™ = DA(u).

Thanks to (47) and (10), the last estimate implies that

0<50§t0§1. (58)
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By (55) and (56), we get
H +||Vp + q—2p
+2p¥(u K )bu- () |utPde < gsg™PA(u™)
s6
which, together with (54), produces
L) WP < a6t - DAt
sh Vip = 1170 '

In the last estimate, 0 < sg < 1 produces a contradiction, so that s > 1 and, by
(58), we conclude that so = to = 1.
b) Let’s assume that u ¢ M. Let (s1,%1), (s2,t2) €]0, +00[x]0, +00[ such that

up=sut +tiuT e M and  ug = squT +tou” € M.

u2:<82>51u++<tz)t1u:< ) ++( )ul eM,
$1 tq S1 ty

point a) applied to w; implies that so/s7 = ¢2/t1 = 1, so that (1,1) is the only
critical point of 7.
6. Let’s deal with point iii). By (48), we have, for s,t € R,

Since

g

p
o) =ty + ol + s (60) + P9,

ot [ K@ e o [ K@ @ P
RN RN
= [s[7A(u®) = [t]TA(u”),

which, by (10), shows that n,(s,t) — —o0, as |(s,t)] — +oo. Therefore, to get
iii), we just have to analize the behaviour of 7,, on the boundary of [0, +-00[x [0, +00].
Working as in previous points, we get, for ¢ > 0, that 951, (-, t) is strictly increasing
when the argument is small enough. In the same way, for s > 0, 9y, (s, -) is strictly
increasing when the argument is small enough. With this we get iii).

7. Point iv) is obtained working as in point 5.a).

Lemma 13 There exists ug € M such that
1 =m= inf Z(u). 59
(uo) ulen./\/t (u) (59)
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Proof 1. Let’s show that Z is bounded from below on M. Let u € M. By (47), (49)
and (8), we have that

0 < [Ju*|[y,, < llu*[ly,, + /RN K(@)pu(z) [u*|” do = q A(u™) (60)
< |lal Ls(RN) HUinLp*(RN) < Cfllal Ls(RN) ||Ui|}(‘],7p,
so that
. . p/(a-p)
[ Iy, = (CEIIaIIL@m> =a>0. (61)
By (61), (47), (17), (13), (37)-(39), we have that
Tl) = T(w) - 5= (' (u). )
1 q 1 «
= g bt + (1) A > ol = 2. (62

The arbitrariness of u shows that m > « > 0.

2. Let (tun)neny © M be such that Z(u,) — m, as n — 4o0. Point (62) implies that
(tn)nen is bounded in W%, (RY). Then, by [8], we pick ug € W% (RY) such that,
up to subsequence,

utf —~uF, asn— +oo, in WL (RY), (63)

n

uE — uf, asn — +oo, a.e. in RY. (64)

Then, for each n € N, u,, € M. Moreover, by (63), (64), (60) and (61), we get
gA(uf) = / a(x) |u§|q de >a>0 (65)
RN

which implies that uy # 0 and ug # 0. By Lemmas 8 and 9 and the weak lower
semicontinuity of a norm, we have

[+ [ K)bue) ()" d

n—:oQo

< lim inf [[|uj§||@p+/ K (@), (@) |uy|" dm} :/ a(@)|ug|” da,
’ RN RN

whence (Z(uy), u§> < 0 as well as (Z(up), ug) < 0. Then, by point iv) in Lemma
12, there exist so,to € (0,1] such that soug + toug € M. Now, by (65)) and the
weak lower semicontinuity of a norm, we get

m < T (sougd + toug )

21



=T (soug +toug ) — % (T’ (soug + toug ) , soug + toug )
sh o 1 1
=+ 5 i I+ (55— 5 ) 8 L ) [ o

q
11 o
+tl [ —— = / a(x) lug | dz
°<2p q> RN (@ 1o

1w 11 .
< % [uolly, + <2p — q) /RN a(x) Jugl? dz

< liminf [I(un) - % (7 (un),un)} =m.

n——+oo

Therefore, sg = to = 1 so that ug = ug +uy; € M verifies (59).
O

Let’s prove now that the minimizer ug € M provided by Lemma 13 is a sign-
changing ground state solution of (S), i.e., Z'(ug) = 0.

Remark 6 Recall that in a metric space (X, d), B(w,r) and B(w,r) denote, respectively, the
open and closed ball with center w € X and radius r > 0. Given Z C X and 7 > 0, we write

r={we X /dw,Z) <1}
Finally given f: X — R and b € R, we put
f'={we X/ fw)<b}.

Proof of Theorem 1, point i). Let’s reason by Reductio ad Absurdum. Let’s assume that
Z'(ug) # 0.

1. By Proposition 7, Z’ is continuous so that there exists 7,0 > 0 such that
Vu € B(ug,30) : || T'(u)]| > . (66)

Let’s pick a number g such that

1 5
0<p<min{=, ——— (67)
{2 [uolly,, \/5}

and write R =]1—p, 1+u[x]1—pu, 1+p[. Consider the mapping 8 : R — W}, (RY),
given, for (s,t) € R, by
B(s,t) = sug + tug,
so that
nuo(s?t) = I(ﬁ(sv t))
Then, by Lemma 12 and its proof, we have that

m = (Sgl)%}éRI(ﬁ(S,t)) <Z(B(1,1)) = m. (68)
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By point (66), we have that

8¢

Vu € T7H[m —2e,m+2e])NQas: || T/ (w)| > 5 (69)
= —m 0
where @ = B(up,d) and the value € is such that 0 < ¢ < min{QO,WS}.

By (69) and the deformation lemma, [39, Lemma 2.3], there exists a mapping
T € C([0,1] x WP (RY), WY (RY)) such that

ug I ([m—2e,m+2¢]) N Qas = Y(1,u) = u; (70)
T(1,I7"*NQ) CI™ (71)
Yue WERY) . Z(Y(1,u) < Z(u).

. Let’s show now that

max Z(Y(1,5(s,t))) < m. (72)
(s,t)ER

For (s,t) € R, we have that Z(8(s,t)) < m < m + ¢, so that B(s,t) € I™. By
(67), (28) and the triangle inequality, it follows that

18(s,8) —wollZ, = [[(s = D + (¢ = g |13
<2 (=12 [l |3, + ¢ = D sl ] < 262 uolly, < 8%
so that B(s,t) € Q. Point (72) follows by (71).

. Let’s show that
T(1,B8(R)) N M #0,

which provokes a contradiction with the second equality in (59). For (s,t) € R,
let’s consider

V(S7t) = T(l,ﬂ(s,t)),
(s,t) = (11(s,1), To(s, 1)) = (<I’(Sua' + tug ), ua'> AT (sug +tug ), ug ),

b(s.0) = (T 05007600 (Tl 07 (5.0)).

By (51), we have that

T1(s,t) = P71 Huj”@m — qsq_lA(ua') + 2p st \I/(uar)

+5p71tp/ K(z:)gbuf(xﬂug'\pdx,
RN 0
To(s,t) = " lug |1, — gt7 T Aug) + 2p 2P W(ug)

+sMP | K(2)¢,4 (2)|ug [Pda,
RN 0
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so that
dsmi(s,t) = (p = 1)s" 2 |[ug ||y, — alg = Vs Aug) +2p(2p — 1) s~ U (ug)

p—1)sP~ 2t”/ K(z z)|ug |Pd,
Dy (s,1) = ps?= 11 /R K@), @l Pdr,

Bea(s, 1) = ps? 17~ / K (@), (2)|ug Pd,
RN 0
Qira(s,t) = (p = P2 [lug |7, — ala = Dt Aug ) +2p(2p — 1) 1772 U (uq)

+(p - 1)sPtP? o K(2), 1 (x)|ug [Pde,

as well as
asmi(1,1) = (p = 1) [[ug ||}, — alg = DA(ug) +2p(2p — 1) ¥(ug)
Fp-1) RNK( o (@) 1P,
9y (1,1) / K(2)é, (2)|u [Pdz,
0sm2(1,1) / K(x z)|ug [Pd,
O (1,1) = (p—1) Huo ||f,7,, —q(g — DA (ug) +2p(2p — 1) ¥(ug)

1) [ K(@)6,: (@)l P,

RN

By (65), it follows that the determinant of the Hessian matrix of ® is positive at

(1,1), ie
6371(15 1) 8t7—1(1a 1)

det <6372(1,1) om(1,1)) =~V
Now we call the properties of the topological degree to our help; see e.g. [5, Ch.3&4].
Since ® GVCI(R, R?) and, for it, (1,1) is the unique isolated zero point, it follows
that deg(®, R,0) = 1. Since m < m — 2¢, it follows, by (68) and (70), that 8 = v
on JR. Then, . }

deg(®, R, 0) = deg(®, R,0) = 1,

and, consequently, there exists (sg,tp) € R such that (i)(So, to) = 0, whence
T(la 5(307 tO)) = V(SO7 tO) € M7

which contradicts (72)).
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Proof of Theorem 1, point ii). Let’s reason by Reductio ad Absurdum. Let’s assume that
there exist w1, ws, w3 € WY, (RN )\ {0} such that the interior of their supports are pairwise
disjoint,
up = w1 + wa + ws,

wi; < 0 and we < 0. By (17), <Z’(u0), wk> =0, k = 1,2,3. Let’s write w = w; + wa so
that w™ = w; and w™ = wsy. By (60), w € A. Therefore, Lemma 12 implies the existence of
a unique (Sw,tw) €]0,1]x]0, 1] such that swwi + twwe € M. Adapting the computation to
reach (51), we get

= % <Il(u0), w3)

1 q
_ 1 T(ws) — LA
" wslly,, + ¥(ws) o (w3)
1 1
+ 50 | K@), (@)|ws|"de + */ K(z)pw, (x)|ws|Pdz
P JRN 2p Jr

1 1
< T(ws) + / K - uy () w3 P + — / K - oy () ws[Pde, (73)
2p Jrv 2p Jrv

as well as

Z(sww1 + tww2) = Z(sww1) + Z(tww2)

|5w‘p‘tw|p P |3w|p‘tw|p P
2Dl [ K@) @lwalPde + P K (@) g, (@) e
p RN 2p RN

i, sl
< \P \P q9
< S T (1) ) + Aw)

1 1
=TZ(w1) + Z(w2) + — / K - sy (z)|w1 |Pdz + 7/ K - ¢ws (z)|w1|Pdx
2p JrwN 2p JrN
1 1
+ — K - ¢, (z)|we|Pdz + —/ K - s (z)|we|Pdz. (74)
2p Jrw 2p JrN
By (73) and (74), it follows that

m < Z(swwi + tyww2)

< Z(wn) +Zws) + Zlws) + 5 [ Kb @)l

1 p 1 p
o5 | K dw@lon e+ oo [ K- Gu @lwalds

1 1
+ % o K - ¢ (z)|we|Pdz + %/]RNK-¢wl(x)|w3\pdm

1
+ = K - s, (z)|ws|Pdz = Z(ug) = m,
2p RN

a contradiction. O

Proof of Theorem 1, points iii) and iv). Let’s finish the proof of Theorem 1. Let’s recall

that

= inf 7
¢ ulél/\/' (u),

where N = {u € W@(RN) \ {0}/ (T (u),u) = 0}. By (17), it immediately follows that ¢ <
m.
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1. Working as in the proof of Lemma 13, it’s found u, € A which is a critical point
of Z that verifies Z(u,) = ¢ > 0. Now, the function

uy = |u.| = ul —ug >0,
belongs to A and also verifies
Z(uy) = ¢ >0,

so that u; is a non-negative ground state solution of (S).

2. By point ii) of Theorem 1, ug € M C A has exactly two nodal domains. Then, it
can be shown that there is a unique (so, t) €]0, +00[x]0, +oo[ such that soud € N
and tou, € N. We have that

(I'(ud); ug) < (T'(ug), ug ) + . K(2)¢,-(x)lug [Pdz
= <I’(uo) ug ) =

< (T'(ug), up) / K (@), (2)|ug [Pde
= (Z'(uo) ,u0>:07

), ug
(I'(ug ), ug )

it follows, by Lemma 12-iv), that 0 < sg,tp < 1. Then, by Lemma 12 and its proof,
we get

2¢ < I(soug) + Z(touy ) < Z(soug +touy ) < Z(ud +ug) = Z(ug) = m.
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