A REMARK ON ADMISSIBLE TRIPLES FOR THE
GENERALIZED KDV EQUATION

XAVIER CARVAJAL

ABSTRACT. In this paper we give a condition of type LgL%, under which the
solution u(t) of generalized KdV equation satisfies for any 6 € (—1,1), for any
admissible triples (p1, q1, 1) the following inequality

6 6
Dt u@®ll e g < el Dzu(0)llzz-

We also present a global well-posedness result in some spaces of admissible
triples.

1. INTRODUCTION

In this work we consider properties of the solutions of the k-generalized Korteweg-
de Vries equation (k-gKdV):

{ut + Ugze + (uk+1)m = 07

u(z,0) = uo(x), (1.1)

in relation with the norm [[ul|  sx/4 5k/2.
@ T
We will prove that if u(t) is a solution of (1.1) and (p,q, @) is any admissible
triple and if

||u(t)||Lik/4L5Tk/2 <c=c(p,k), (1.2)
then
1D u() Lo s, < el DY u(0)]l L2, (1.3)

for all 8y € R, where D/\gu(f ) = |€|%(€&). Moreover we prove a global well-posedness
result in some spaces of admissible triples. We present a simple proof of previous
results.

Conditions of type (1.2) appear in some situations. See for example the Remark
1.8 and Proposition 1.5 below (see also condition (1.25) in [1]).

The case k = 1 is known as the Korteweg-de Vries (KdV) equation and is the
most famous of the family. It was derived as a model for unidirectional propagation

of nonlinear dispersive long waves [18]. The cases k = 2 and k = 4 are known
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2 X. CARVAJAL

as the modified Korteweg-de Vries equation (m-KdV) and critical KdV equation
respectively.

The k-gKdV equation have the following conserved quantities:

M(u) = /R w?(z, t)dz,

and
2

E(u) = /R ((&cu)2 - Mwuk”) (x,t)dx.
These quantities were used to establish global well-posedness for (1.1) in H*(R),
s > 1 (under smallness assumptions on the initial data when k > 4) see [14, 12].
Kenig, Ponce and Vega in [16] proved the following results about the admissible
triples for the KdV equation

Proposition 1.1. Let u = U(t)ug be the solution of the homogeneous equation

Ou+Bu=0, teR, z€R, (1.4)
u(z,tg) = up(x).
We say that (p,q, @) is an admissible triple if
1 1 1
S+ =2, 4<p<o0 2<g< 1.
PR TR LR R (1.5)
and
2 1 1
a=—-—-—-, —<a<l. 1.6
i 1 (1.6)
Then
DU (#)uol|Lers < Clluol| 2, (L.7)
and

Proposition 1.2. For any admissible triples (p;,qj,c;), 7 = 1,2, the following

estimate holds:
t
1Dz [ U= 050 s < D (18)
where ply and ¢ are the conjugated exponents of ps and qs.
In this work we will prove the following theorems:

Theorem 1.3. Let u(t) be a solution of k-gKdV (1.1) and let (p,q, ), is any
admissible triple. If
(D)l 55072 < € = elp. ),
then
IDg*u(t)[| 1z g, < e DIu(0)| L2 (1.9)



ADMISSIBLE TRIPLES 3

for all 6y € (—1,1). In particular, we have

1D/ o )

20302 + 1DZ Y4 0u(t) | rge < ell DY u(0)] 2.

and if 0y = 1/4, implies
Do)l oo o2 + [u®)[Large < cllu(0)] goja- (1.10)

On the other hand, observe that the norm || - || s 2 also satisfies the condition
(1.7), i.e. for all # € R, it holds

||DZU(t)U0||L;°L3 < C||D5»U0||Lg,

but the norm || - ||L%0L3 is not a norm of admissible triple type. For the m-KdV,
k=2, we will prove a result as (1.9) with this norm (for § = 1/4), i.e. we will prove

that for any admissible triple (p, ¢, «) one has:
1D u(t) || g s, + D3 *w(®) | pge 2 < efu(0)] gaa-

In fact, as other application of the admissible triples, we consider the m-KdV and

we prove

Theorem 1.4. Let T > 0 and u(t), t € [0,T] be a solution of the m-KdV, then we
have the following:

If
TY? < !
2(3¢)3(u(0)]1%,, 4
then
[ut) || Lazge + 1D *u(t)||ge 2 < 3cl|w(0) gra- (1.11)
And if
1
TY? < ,
3 (4c)3[[u(0)]1%,, 4

then for any admissible triple (p,q,«), p # 4,
lw(t)ll s pee + ||D§+1/4u(t)HL?;L‘IT + ||Dglg/4u(t)\|L;°L3 < 4c|| D}/ *u(0)|| 2. (1.12)
Now we will consider the case k = 4 in (1.1) (the critical KdV equation). Let

0 € R fixed, ug € H?, and ug n(z) = (X{‘§‘<N}a0)v(5€). We consider the initial
value problem (IVP):

3 5) — R
Ou+ Oou+ 0, (u”) =0, xz,teR, (1.13)
u(z,0) = up N (),
and the IVP
3 5\ _
Ou+ Oou+ 0y (u’) =0, z,teR, (1.14)
w(z,0) = up(x).

In [1] (Proposition 3.3) was proved the next result
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Proposition 1.5. There exists eg > 0 such that if ug € H' satisfies
1U()uoll Lz Lo < €o,
then the corresponding solution u of (1.14) is global and satisfies
lull s 1o < 2(|U(H)uoll s L1o-

Observe that, by (1.5) and (1.6), (5,10,0) is an admissible triple and by (1.7),
one has
1U()uol| s 2o < colluol|L2- (1.15)

Theorem 1.6. Let § € (—1,1), € as in Proposition 1.5 and uy € HY with
luollre < e = min{zz,el} (see (4.52) for the definition of €1 and (1.15) for
co), let (pj,qj,;), j =1,2,3 admissible triples such that
p1 > 9, 6<pi1<1+9 and po < p1 < ps. (1.16)
And let Y, ps.0 be the completion of the space:
{utt,2) € SR llully, 0 = D2 Pu(®)ll 2212 + 1DF ()]s s < o0}

Then u™N (t) solution of the IVP (1.13) converges to the solution u(t) of the IVP
(1.14), in Yy, p,.9. Moreover the IVP (1.14) is globally well-posed in Yy, p, 0.

It is possible that an analogous result of global well-posedness as in Theorem
1.6, can be obtained for other values of k # 4.

Concerning the well-posedness of the IVP (1.1), Kenig et al. [14, 15] and Axel
Griinrock [11] (in the case k = 3), they proved that (1.1) is locally well-posed (and
globally well-posed for data with small H®(R) — norm, k > 4) in the Sobolev
space H*(R), s > si, where s, is defined by s; = —3/4, s = 1/4, s3 = —1/6 and
sp = (k—4)/(2k) if k > 4, this result is sharp since the flow-map wy — u(t) is not
locally uniformly continuous from H*® (R) to H*®*(R), see Birnir et al. [4] and Kenig
et al. [17]. Colliander et al. [8], using the I-method and quasi-conserved quantities
they proved global well-posedness for the KAV and mKdV in H®, s > —3/4 and
H?, s > 1/4 respectively.

In the literature, the equation in (1.14) is known as the critical KdV equation
because, if one considers the g-KdV equation for k < 4, there exists the global
solution for all data in H'(R), while for k > 4 the global solutions exists only for
small data (i.e., data with small H!(R)-norm). Also, the solitary wave solutions
are orbitally stable for k < 4 and unstable for k > 4, see [5].

Although there are many works that deal with the well-posedness issues for the
IVP (1.14) with low regularity initial data, in many practical situation, behavior

of the H'(R) solution holds much importance, for e.g. [19] in blow-up context.
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To be more precise, recently, Merle in [19] proved that there exists ¢ € H'(R),
satisfying [|¢|| 2wy > ||Q||L2(r), such that the corresponding solution to the IVP
(1.14) blows-up in finite time. For more detailed account of the blow up solution
we refer readers to the work of Kenig et al. in [16], and Carvajal et al. in [1].

Fonseca et al. in [10] proved that the IVP (1.14) is globally well-posedness
in H*(R) for s > 3/4. Farah, using Colliander, Keel, Staffilani, Takaoka e Tao
techniques ( I-method as in [6, 7, 8]) proved a global well-posedness result in H*(R)
for s > 3/5, see [9].

The results in [14, 15, 11] (about on well-posedness of the IVP (1.1)) were
obtained by applying a fixed point argument to the integral formulation of Eq.

(1.1),
t
u=W(u)=U(t)uy — / Ut — )0, (u*T(t))dt'.
0
In the proof of Theorem 1.6 we will use an argument of approximation (see proof
of Theorem 1.6).

In order to prove the theorems above we will prove here the following inequality

of interpolation

Lemma 1.7. Let 0; € R, j =1,2,3, 0 € [0,1] and p;,q; > 1, j =1,2,3 such that
1 0 (1-0) 1 6 (1-0)

0=00+(1-0)3, —=—+-—~= —=—4-—2, (1.17)
P1 b2 ps3 q1 q2 qs
then
||D10:1UHL§1L‘IT1 < ||Dz2u||igquT2 ||D23u| ngaeLgFa- (1.18)

Remark 1.8. 1) If |jug||z2 < € = min {60,61}, then by (1.15), for all N is
€o
1U@)uo,n s pie < colluo,n L2 < colluollrz < eco < €o,
and by Proposition 1.5 is

HUN(t)HLngTO <2|U(t)uoNlrsr10 < 2€co, for all N. (1.19)

2) In order to verify the condition (1.2). Observe that if k = 4, then we have
II- ||Lik/4L5Tk/2 = [|"llzs £10, in this case we known that (5, 10,0) is an admissible triple,
and this norm appear in the well-posedness theory for the critical KdV equation
(see Theorems 2.8, 2.10 and Corollaries 2.9, 2.11 in [14]). Thus if k = 4 there are
solutions u of (1.1) for which this norm is finite.

If k > 4. In [14] (Lemmas 3.14 and 3.15) Kenig et al. proved the following

results
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Lemma 1.9. Let k >4, If ug € H**(R), with s = ij€4 then

IDS* DY W (t)uoll o s < el D3 uo|| 2
and if g € S(R?), then

g1l porrapswre < C| DS DY gl 1o 1o

1 _ 2 -3 _6 1_2 , 1 1__3 _ 4
where ap = 15— 55, Pk =76 — 55 p =8 T 100 g — 10 — 5k

p

(1.20)

(1.21)

Using (1.20) and (1.21) they found solutions u of the IVP (1.1) with |lul|  sk/a  5x/2
finite (k > 4), see proofs of the Theorem 2.15, Corollary 2.16, Theorem 2.17 and

Corollary 2.18 in [14].

If k =1,2,3, the norm || - || sx/a

sk/2 18 not directly involved in the local well-
T

posedness theory established in [14]. But if we consider solutions of (1.1) in weighted

sobolev spaces (see [2, 3, 13, 20]) this norm is finite. In fact

p/q 1/p

r T
lull Lz s = /Rézir (/0 |u(a:,t)th> dx

T
1
< Cpallulls ( | [t s

< Gy T ull 5 I @) Pl 2L

where was used thatp < q, (q—p)/p <r < p(2¢—24q2)/(29), s > 1/2,0< g2 < 2,

¢=q +q and (x) =1+ |z|.

Notation: We use f to denote the Fourier transform of f and is defined as,

fe) = —+ e f(2) dx
f€) = Gy [ @y

The L2-based Sobolev space of order s will be denoted by H*® with norm

e = ([ @+ er1or )™

For f: R x [0,T] — R we define the mixed L2 LJ-norm by

hizas = ([ ([ 1ot a)™ )"

with usual modifications when p = co. We replace T by ¢t if [0, 7] is the whole real

line R.
We will say that f(z,t) € Dg(R?) if
N
f(z,t) = Zfl(x)fl(t)v
i=1

with f;, f; € C°(R) for i = 1,...,N. Notice that Dg(R?) is dense in LEL? and

LILP for p,q € [1,00).
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2. PRELIMINARY RESULTS

In this section we will prove Lemma 1.7 and also we present three results in [14]:
a Littlewood-Paley estimate (Proposition 2.1), a dual version of local smoothing
effect (Proposition 2.2) and a Leibniz’s rule for fractional derivatives (Proposition
2.3).

Proposition 2.1. Let g € Dg(R?), p,q € (1,00). Then

oo 1/2
cillgllzere < <Z|ng|2> <callgllzzre, (2.22)
k=0 LELY
where
Quf(€) = V(&) F(6), v € CF(R), 0< vy <1, (2.23)

Vi is a odd function such that

supp C {w;|z| € (P71, 2540}, [0l < 27k k> 1, o € 6([-2,2)).

Proof. For the proof of this proposition we refer to Lemma 3.21 in [14] and also to
Theorem 3.1 (a) and its proof in [21]. O

Proposition 2.2. If g € LLL?, then for any T >0

o t
sup ||=— / Ut —tg(,that'||  <cllgllppe- (2.24)
tel-1.1 1197 Jo L2 e
Proof. See Theorem 3.5 (ii) in [14]. O

Proposition 2.3. Let o € (0,1). Let p,p1,p2,4,92 € (1,00), 1 € (1,00] be such
that 1/p=1/p1 +1/ps and 1/qg=1/q1 + 1/q2. Then

1Dz f(w)llzzrs < ||f/(u)HL?;1L§} ||Dgu||L§2Li}2~ (2.25)
Proof. See Theorem A.6. in [14]. O
Remark 2.4. i) Since limg—o [l9llze = [l9llLge . the inequality (2.22) is also true
with the norm || - || , .
z Ly

ii) Observe that all the admissible triples in (1.5) have the following form:

(
<421_59>, 0c0,1, or < b 10 > ac[-1/4,1, or

0°1-0 4 1—a'1+4a’”

2p 5) (4(] 10—q)
paial_f ) p€4,00, or — 4 ) q€25007
( p—4 p [0 q—2 4q 2,

and if (p,q, ) is an admissible triple then

1
g<100orp>5 = a€0,1], and ¢>100rp<5 = «a € [—470]
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if) We consider (p;,q;,c;), j = 1,2,3, admissible triples with ps < p1 < ps, thus
there is 0 € (0,1) such that

1 6 1-46

— = 4+ ,

b1 P2 b3
and by (1.5) we also have

1 6 1-90

- = 4 ,

G g2 q3

now, for any 6y € R, let 0, = o; + 0o, 7 = 1,2,3, using (1.6), it is easy to verify
that also

61 =665 + (1 — 6)65,
follows from (1.17) and (1.18) that

IDE % ul g1 < cl|DE 4wl e 0o ||D§3+9°UI|1L§39L«T3- (2.26)

In particular we have

1/4 — 3/4
D& ullpe o < e |DY*H0ull 0 0 1D 4 0ull7 o (2.27)
x T
and if 6y = 1/4 we obtain
1/4 3/4
1D} *ull e < ellDaul o 1} e (2.28)

2.1. Proof of Lemma 1.7.

Proof. We can consider 1 (§) = $(£/2¥). Let ¢(€) = [¢[*1(€) and Pyf(¢) =
B(E/2)F(€) = dr(€)F(€). By the definition of Q (see (2.23)), we have

oo

QuD%u = / ETE P (€€ aE, 1) de

— 00

'] ) 01
- c/ ) (2‘;) |2§,€|—912k916(£,t)d§

—00

— ¢k / " e (€)a(e, 1

Let ¢(&) = 9(€)[¢] % and Ry f(€) = o(£/2%) F(€) = ¢x(€) f(€). then
k02 Py — ¢ / ¢iTE R0 5, (€Vi(€, 1) de

00 01
:c/ einahos | £ 1 <5> (e, t)dg

2k 2k
oo
o[ e
— 00

01—0>
€ ¢<f) e, t)de
—c [ e © (e g

2k 2k
—o0

— RuD%u. (2:30)
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~

Now, let W(¢) = $(€)[¢|” % and Qi f(€) = W(&/2%) (&) = Ui(€)F(€), with the

similar argument as above, one obtains
2k0s pu = QD% . (2.31)
On the other hand by Proposition 2.1, one has

0 1/2
1Dg o oy ~ (Z |QkD§1u|2> . (2.32)

k=0 LEI Lg-l

Since 67 = 005+ (1 —6)63, combining (2.29), (2.30), (2.31), (2.32) and using Holder

inequality, we obtain

- 1/2
||D21UHL?;1L‘7T1 ~ <Z 2kelP/cU|2>

Ly LY
oo , 1/2
~ 130 QkGQPku|9|2k93Pku|1_9)>
k=0

P q
Lo

Mz

1/2
(|ReDu |9mDZ3u|1‘9>2>

el
Il

0

>

k=0

P q
Lt

A

0/2 00 (1-6)/
< RkD92u|2> (ZQkDZ%F) . (2.33)

k=0 Lot Lg}

Let

~ 1/2 - 1/2
= (Z |RkDg2u |2> and g = (Z Qsz3u|2> .
k=0 k=0
From (1.17) and (2.33) by Holder inequality, one gets that
ID% g S 1F%0 sy S UF ozl (2:30)

we conclude the proof using Proposition 2.1 and Remark 2.4 i). O

3. PROOF OF THEOREMS 1.3 AND 1.4

Proof of Theorem 1.3. Considering the integral equation associated with IVP of

(1.1)
u(t) = U(t)u(0) + /t Ut — )0, (w)* 1 (t)dt'. (3.35)
0
It suffices to prove:

IDE % u(t) | prz e + D2 ut)l| pps 3 < el DY u(0)]| e, (3.36)
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for all 8y € (—1,1), and for all (p;,q;,®;),7 = 1,2,3 admissible triples as in (1.16),
i.e. such that
5
p1>5, 6O <17 <146, and ps <p1 <ps.
1
The desired result for the general case will then follow from these cases.
In order to prove (3.36), let (p, ¢, o) an admissible triple such that
1 1 1 1 1 3
T 3.37
5 ¢ @ 5 (3.37)

P P
then

1 1 4 1 1 2
l-a-—a; =0, and —=—+—-, —=—+—, 3.38
' P o 5 ¢ a5 (3:38)
applying (1.7) and (1.8) in (3.35), with triples admissible (p3, g2, @2) and (p,q, @)

we deduce that for any 6y € (—1,1) the following chain of inequalities:

1)

IDg=*%u(t) | r2 po2 < el D (0)]| 22 + ¢l| Dy * D |
< el D u(0)lle + el DYt Ut

< c[|Dgeu(0)l|z2 + |l D F  ull g g || 5/ o2
< ¢ || D u(0)l|z2 + el Dg ul pos g full o s sras (3:39)

@ T
where was used (2.25) and (3.38). By (2.26) we obtain
IDg2 % u(t)| prz o2 <c || DEu(0)]| 2
+ Dl g (D258 e o
@ T

(3.40)
Similarly applying (1.7) and (1.8) with admissible triples (ps, g3, a3) and (p,q, @)

we get
1D ut)]| a3 < ellDu(0)| 2 + el DZ* D | Ly
< c|| D u(0)] 2

[ 0 6 k
+ el D5 u) s e 1D 0l Nl e (3:41)

Let X = [Dg2*%u(t)|prapee, ¥ = [DE+u(t)l|prspzs and Z = Jull¥su oio-
@ T
From (3.40) and (3.41), using the Young inequality we have
X < ¢ D%u(0)|| g2 + Y 2179 and (3.42)
Y < ¢|| D%u(0)]| > 4 ¢X 219, (3.43)

adding (3.42) with (3.43) yields
X +Y < 2] DEu(0) | 2 + (X + Y) (200 4 21/8),
if ¢(2Y/(1=0) 4 21/0) < 1/2, we have
X +Y < 4| DY u(0)] e,
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which proves the theorem O

Proof of Theorem 1.4. Following a similar argument as the proof above, we consider
the integral equation associated with the IVP (1.1) with k = 2, and we apply (1.7)
and (1.8) with triples admissible (p, ¢, ), p # 4 and (00, 2,1), to obtain

IDSH *u(®) 219 < el Dy *u(0) 2 + €l Di/*u? || 1 2,
< e| D3 u(0)llzz + el Dy *ull 12 pz ull e
< e DY u(O)lz= + T (IDY iz p + el parz )
(3.44)
Similarly applying (1.7) and (1.8) with admissible triples (4, co, —1/4) and (o0, 2, 1),

we arrive
lu®ll sz < el DY ()2 + T (| DY *ull e 12 + \|u||LgLoTo)3. (3.45)
And using the dual version of local smoothing effect (2.24):
IDY 4 u(®)l| 1z 12 < el DX 4u(0)llzs + | DY 4o s s
< | DY () g2 + T2 (| DY ul 12 + Hu||L§L§9)3. (3.46)
Let Xr = [[u(t)|parse, Yr = 1D u(t)|rzrs and 2o = ||Dy*ullpge 2. From
(3.44), (3.45) and (3.46) we obtain
Xr + Y + Zp < 3¢| DY 4u(0)|| L2 + 3¢ TY? (2 + X + Yr)°. (3.47)
Observe that by immersion, yields
Yo+Y0+20 = [[u(0)]| 4+ DL u(0) |2 < el DX 4u(0)]| 2+ DY u(0)]| 12 < 26| DY 4u(0)] 12,

where Yo = 0, since p # 4 implies 2 < ¢ < oco. Now using a known result of
continuity and (3.47) we obtain that
X7+ Y7 + Zr < 4| D/ u(0)] 12,
if T2 < 1/(43 3c3||u(0)\|i.[1/4). Which enclosed the proof of (1.12).
Now, in order to prove (1.11). Let X7 = |lu(t)|r12e and 27 = ‘|D31;/4U||L’10§Li.

From (3.45) and (3.46) we obtain
Xr + Zr < 2¢|| DY *u(0)| 22 + 2¢ T2 (Xr + 27)° . (3.48)
By immersion is
Xo+20 = [[u(0) 2+ DX u(0)l| 1> < e DY u(O)]| 2+ DY 4u(0) |12 < 26| DY 4u(0) | 2.
Now using a known result of continuity and (3.48) we obtain that
X7 + 27 < 3¢| D3/ u(0)|| 2,

if 712 < 1/(3%2¢||u(0)|/,,,). Which enclosed the proof of (1.11). O

2
H1/4
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4. GLOBAL WELL-POSEDNESS THEORY

In this section we will prove Theorem 1.6.

Proof of Theorem 1.6. Initially we will prove that {uV(¢)} is a Cauchy sequence in
Y, ps.0- Considering the integral equation associated with the IVP of (1.13):

u™ (t) = U(t)uo.n + /Ot U(t — )0, (u™)3(t")dt’, (4.49)

we have
[u™ (t) — u™ ()ly,,, ,,.0 < clluon — woarll o
+ |l /Ot U(t = )0:((u™)” = (@)*)(#)dt |ly,, 00 (4.50)

let (p,q,«) an admissible triples such that (3.37) holds, using Proposition 1.5 and
with a similar argument as the proof of Theorem 1.3, (see (3.39)) follows that
1/ U~ 0~ ()N, 0 <D (@~ @)y
< ellDge (@™ =) gar (¥ g o + a1 130
< el (1) = M (1)1, o (16 1 g + 1™ s 130)

< Ju (t) — uM(t) 2¢(2¢co)?, (4.51)

||Yp2,p3,9

where in the last inequality was used (1.19). As
1

e<e = o)A’ (4.52)
from (4.50), (4.51) and (4.52) we obtain
[u () — ™ () ly,,, 00 < 2¢luo.n — vo,arl s70- (4.53)

Therefore {u™ (¢)} is a Cauchy sequence in Y,, ,. 9, and u¥ (t) = u(t) € Yy, ps.0-
We observe that u¥(t) — u(t), in Yj, »,.¢ also in the case when p; = 5, thus by
interpolation (see (2.26)), we get

1 (8) = w(®)lgz 1o < el (©) = ult)ly,, .0 — 0, when N oo,
hence ||UN(75)||L3L1T0 — [lu(t)l| L5 L1o, and if [|u?Y ()l s Lo < 2éco for all N, then also:
[u()llzs 10 < 2eco.

Now we will prove that u(t) satisfies

u(t) = U(t)ug + /Ot Ut — )0 (u)®(t)dt'.
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In fact by (4.49) and (4.51) we have

[u(t) = U(t)uo —/O Ut = t1)0:(w)*(t)dt Iy, .0 < N[ult) = u™ (B)]lv,, 0.0

t
+ ||U(t)u07N — U(t)u0||yp2,p3,9 + || / U(t — t’)@x((uN)5 _ u5)(t/)dtl||yp2)p3’9
0

< lu(t) =™ ®)lly,

ops0 T clluo,n — uol| o + [|u(t) — uN(t)Hym,pSﬂZ 0(2600)4 — 0.

If u(t) is a solution of the IVP (1.14) with initial data ug and if v(t) is other solution

of the same IVP (1.14) with initial data vg. In order to see continuous dependence

of dates and uniqueness, we follow a similar argument as in (4.50)-(4.53) to obtain

[u(t) = @)y, 5.0 < 2¢lluo = voll 70,

and this completes our proof. O
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