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Abstract

In this paper we extend the compactness properties for trace-class operators obtained
by Dolbeault, Felmer & Mayorga-Zambrano to an smooth unbounded domain Q C R¢,
d > 3. We consider V, a non-negative potential on Q that blows up at infinity, and the
normed space Hy (Q) = {u € H} (Q) : |lul|} = [o(|Vu(x)]* + |u(x)[?V (x))dx < }. A
positive self-adjoint trace-class operator R belongs to the Sobolev-like cone j‘fvl 4 if

(vir)ny € Hy(Q) and ((R))y = ZVﬁRH%RH%/ < oo, where (V;r)ien is the sequence
i=1

of occupation numbers of R and (y; g);eny C L*() is a corresponding Hilbertian base
of eigenfunctions. We prove that a sequence in f%’i} +» bounded in energy ((-))v, has
a subsequence that converges in trace norm; this is analogous to the classical Sobolev
immersion H' () C L?(Q). We prove the existence of lower bounds for non-linear free
energy functionals and, by doing so, we establish Lieb-Thirring type inequalities as
well some Gagliardo-Nirenberg type interpolation inequalities; then our compactness
result is applied to minimize non-linear free energy functionals working on %‘i,' 4

Keywords: Compactness; trace-class operator; Schrodinger operator; free energy.
2010 MSC: 81Q10, 82B10, 26D15, 35J10, 35P10, 47B34

1. Introduction

Self-adjoint positive trace-class operators R : L?(Q) — L*(Q), Q C R?, appear
quite naturally in the Heisenberg picture of Quantum Mechanics (see e.g. [1]). By
the Riesz-Schauder and Hilbert-Schmidt theorems, there exist a sequence of eigenval-
ues (Vigr)ien € R and a Hilbertian base of eigenfunctions (y; g);eny C L*(Q). Because
of their interpretation in Physics, an eigenvalue V; g is usually refered as an occupation
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number and the corresponding eigenfunction V;  is refered as a wave function; a mixed
state is a pair (V; g, Wi r)ien (see e.g. [4] and [10]).

Along this work we shall assume that Q C R is an unbounded domain, d > 3,
and that the operators R are such that the corresponding eigenfunctions belong to the
Sobolev space Hl (Q) and it’s energy

¥ el ([, 1V + i) P (1) ).

is finite. Here V : Q — R is a prescribed non-negative locally-integrable potential
verifying
limessV (x) = oo. (1.1)
Jx[—ee

We denote 7} the set of these operators.

In this paper we extend the results of [S] where Q was assumed bounded. Our main
result (Theorem [4.1)) is a compactness property for the Solobev-like cone

A ={Le A} 120},

that is, a sequence in ji”vl » bounded in energy ((-))v, has a subsequence that converges

in trace-norm to an operator in e%’(, 4. As it will be seen, the unboundedness of Q is
compensated by the property (I.T) because it 1mphes the compactness of the immersion
Hy(Q) C LY(Q), g € [2,2*] (see Proposition[2.1)

To achieve our goal, we consider a class of non-linear free energy functionals
(sometimes called generalized entropy functionals) like

Fvp(R)=Tr((-A+V)R+B(R)), Re A, (1.2)

which has been used for a number of applications concerning Partial Differential Equa-
tions (see e.g. [1O], [15M, [7], [8], (3, [O] and [12]]). We prove the existence of
lower bounds for functionals more general than (I.2) and, by doing so, we establish
Lieb-Thirring type inequalities as well some Gagliardo-Nirenberg type interpolation
inequalities.

Our setting could physically correspond to an external potential having a singu-
larity, as it’s the case of some potentials generated by doping charged impurities in
semiconductors. For the relation of the kind of results we obtain with the estimation of
the first eigenvalue of the Schrodinger operator —A+V and the analysis of the stability
of repulsive Schrédinger-Poisson systems we refer the reader to [4].

This paper is organized as follows. In Section [2] we make a short review of def-
initions and present the Sobolev-like cone %/ together with some of its properties,
in particular, a regularity result (Proposition [2.3)) for the density functions associated
to operators in ff{} 4. In Section , a Casimir class of functions is introduced to de-
fine non-linear free energy functionals; then we prove Lieb-Thirring and Gagliardo-
Nirenberg type inequalities: Propositions [3.1} [3.2] and [3.3] and Theorem [3.1] Section
H]is dedicated to our main result, Theorem[4.1] that stablishes a compactness property
that is analogous to the classical Sobolev immersion but at trace-class operators level.
Finally, we use this result to minimize non-linear free energy functionals in Section [5}



2. Definitions and preliminary results

Let Q@ C R? be an unbounded domain, d > 3, with boundary of class C 1 We de-
note by . = Z(L*(Q)), the set of bounded linear operators acting on L>(Q). By
I = Iu(L*(Q)) and .7 = .7 (L*(Q)) we denote, respectively, the spaces of com-
pact operators and compact self-adjoint operators. We also consider the space of trace-
class operators (see e.g. [[L1]])

I = {Reéf S Y (W R 20| <°°} C S, 2.1)
i=1

where (W;);ey is any Hilbertian base of L?(Q). The trace of an operator R € .# is
given by

oo

Tr(R) = Y (Wi, RY) 2(q)- (2.2)
i=1

Due to the Riesz-Schauder and Hilbert-Schmidt Theorems (see e.g. [2]), for a given
R € ., there exists (Vi g)ien C R and a Hilbertian base (W g);ien € L?(Q) such that

Rl[/l"R = VirViR, for all i € N. 2.3)
We shall assume that (|V; g|);en is ordered, that is
IVie| > |vje|, foralli,jeN,i< j

if v; g and —v;  are both eigenvalues, then —|v; g| comes first.
On the space .71 = .#1 N.%. the trace norm || - ||; is given by

IRl =Tr (IR]) = Y [Vir| < oo 2.4)
i=1

We consider a potencial V : Q — R verifying the conditions

(H1) V(x) >0,ae. x€Q,
(H2) limessV (x) = oo, and
[x| o0

(H3) VeLl (Q).

Then we define the linear space

1/2
Hy () = { € HY(Q) : lully = ( [ avucop+ |u<x>|2v<x>>dx) < w}.

It’s clear that || - ||y is a norm.

The following result about Hy (Q) is well known and has been used to study non-
linear Schrodinger equations (see e.g. [6]); here it’s presented for completeness (for a
proof see e.g [13]).



Proposition 2.1. Ler V be a potential verifying (H1), (H2) and (H3). The immersion

Hy(Q) C L1(%), (2.5)
] tforall g € [2,2], wh 111
r y T = —.
s compact jor atl q 5 wnere 7% ) d

Now we are able to present the cone of operators which we shall work on.

Definition 2.1. Let V be a potential verifying (H1), (H2) and (H3). An operator
R € .#] is in the Sobolev-like cone %’{} if the following conditions hold

Yir € Hy(Q), forallieN; (2.6)
((R))v =Y Vil - | Wiglly < ee. 2.7
i=1

We call ((R))y the energy of the operator R and write
M} ={Re A} :R>0}. (2.8)
Some properties of %‘{} are summarized in the following result.

Proposition 2.2. Let V be a potential verifying (H1), (H2) and (H3). Then
i) ForanyR € %1 and for any o € R, we have that aR € %1 and

({aR))v = | ((R))v-

ii) For any R € £} and for any & € R we have that ({atR))y = 0 if and only if R = 0
ora =0.
iii) There exists a constant C > 0 such that

IR <C{R))v, forallRe ).

Proof. Points 1) and ii) are quite easy. Let’s prove iii) for R € j‘f{}. By Proposition
there exists C > 0 such that

Vil Wirll72q) < ClVirl[Wiglly, forallieN,

whence, ||R||; = Z [Vir| < C{(R))v, since (Wir)icx is a Hilbertian base for L?(Q).
i=1
O

Remark 2.1. Point i) in Proposition [2.2|justifies the term cone for 7} and %1 - In
other hand point ii) implies that

((R)) =0 ifandonlyif R=0,

which is a property verified by the square of a norm; this helps us to interpret Theorem
[@.1) as an analogous of the classical Sobolev immersion but at the level of trace-class
operators.



Now let’s recall the definition of the density funtion (see e.g. [[14]) associated to an
operator R € ..

pr(x) = Y Vil Wir@)[2,  ae xeQ. 2.9)
i=1
We have the following regularity result.

Proposition 2.3. Let V be a potencial verifying (H1), (H2) and (H3). For any R € 7}
we have
pr EWI(Q)NLI(Q), (2.10)

forall g € [1,4/a—2] and all r € [1,d/a-1].

A proof is provided in [[13| Lemma 4.1 and Theorem 4.1] and it is similar to that of [5}
Proposition 2.2].

Remark 2.2. We can extend Definition Propositions [2.2] and 2.3] as well as a
number of the results presented in the following sections to a more general setting.
Given k € N and p € [1,), an operator L € .} is in the Sobolev-like cone ”//Vk P if

(R)vicp = int Yo vial - Vil < ==
PR =]

where % is the set of eigenbases (W; g)icn of L*(Q) verifying
Vig €Wy (Q)NWEP(Q), forallieN,

where

Wi @) = {ucwi (@) [ Ve <.

k 1/p
Julvx = (Z Dl + . v<x>|u<x>|") .
J=1

To finish this section let’s mention that whenever k; < k; and 1 < p < g < oo, the
immersions #;2" C #"", and #;! C #,*? are continuous.

3. Free Energy functionals

We start this section by defining the Kinetic and Potential Energy functionals. Then
we shall define a class of Casimir functions to introduce Entropy and Free Energy
functionals.

Definition 3.1. Let V be a potential verifying (H1), (H2) and (H3). The Kinetic
Energy functional is given by

HR) =Y Vir / Vyir()[2dx,  Re ). 3.1)
i=1 Q '



The V-Potential Energy functional is given by
Py(R)=Tr(VR) = / Pr(X)V (x)dx, Re 4. (3.2)
Q
Remark 3.1. It’s not difficult to see that

((R))y = # (R)+ Py(R), forallRc . (3.3)

Moreover, since formally the Kinetic Energy functional verifies # (R) = Tr (—AR), we
have that the energy is formally given by

((R))v = Tr((-=A+V)R).

To define Casimir classes we shall need the following kind of conditions. We as-
sume that o > 0.

(Vo) The operator —axA+V has a sequence of elements
{(A5: 0% } o SR x Hy (Q)NH(Q),
such that (¢;);cn is a Hilbertian base of L*(Q) and (A;)icn verifies
0<Ay) <APr <. A, <., i=2.3,....
The sequences (Ay;)ien and (9y;)ien verify
lim Ayf; = oo,
i Vs

and
(—A+V)pv;=Avidy,;, forallieN.

In the case of & = 1, for each i € N we shall write Ay and ¢y, instead of Ay ; and ¢y,
respectively.

Definition 3.2. Let a > 0 and V a potential verifying (V). A function F : R —
R U {+-eo} belongs to the Casimir class €} if it is convex and

ZF(/I,-?‘V) < oo,

i=1

In the case of o = 1, we shall write %y .

Example 3.1. Let y > d/2. The function

sV, sis>0;
F(s) = { e sis<0 (3.4)

belongs to 6o N6y (see e.g. [3]).



Now we introduce the concept of entropy at operators level.

Definition 3.3. Given R € ﬂfvl  and a convex function 8 : R — R such that $(0) =0,
we call B—Entropy of R to the number

E(R) =Tr[BR)] = Y B(vig), 3.5)

i=1

and f3 is refered as an entropy seed. Moreover if V is a potential such that (H1), (H2),
(H3) and (V) are satisfied, we define the (V, §)-Free Energy of R by

Fyp(R) = Eg(R)+H (R) + Pv(R). (3.6)
We say that an entropy seed f is generated by the convex function F if

B(s) =F*(—s)=sup{—sA—F(A)}, seR.
AER

Example 3.2. The entropy seed generated by F in (2.3) is

_ —(l—m)’”_lm_”’s’"7 sis>0;
po={ gzl a7

_ 7 d
“yr1© [d+2’1>'

Next, we obtain a lower bound for Zy g.

where

m

Proposition 3.1. Let V be a potencial such that (H1), (H2), (H3) and (V) are verified.
If B is an entropy seed generated by F € 6y, then

Fpy(R) > —Tr[F(—~A+V)], forallRe ;. (3.8)

Remark 3.2. To prove Proposition [3.1| we proceed like in the proof of [5, Lem. 3.1],
but in this case, since Q is unbounded, it verifies that

/ oy ()2 dx = / ~Ayi(x) - dyi(x)dx, forallieN, (3.9)
Q Q

due to the condition (V}). In other hand, when Q is bounded, (3.9) is a consequence of
the Divergence Theorem.

In the same way we obtain the following result. A proof is provided in [13]] follow-
ing the ideas of [5].

Proposition 3.2. Let o > 0 and V a potential verifying (H1), (H2), (H3) and (V). If
B is an entropy seed generated by F € €, then

E3(R)+ ot (R)+ Py(R) > —Tr[F(—aA+V)], forallRE€ A} ,.  (3.10)

The interpolation result that follows is similar to [4}, Th. 15].



Theorem 3.1. Let V be a potential verifying (H1), (H2), (H3) and (V}). Let B be an
entropy seed generated by F € 6y, and G : R — R an strictly convex function such that

Tr[F(—A+V)] < / G(V(x))dx. 3.11)
Q
If T is a function such that
(=G)*(—s)=—1(s), forallseR, (3.12)
then
K (R)+65(R) > /QT(pR(x))dx, forallR € %1+ (3.13)

Proof. LetR € jﬁ,l + be arbitrary. Using Proposition we have that
Fpv(R)=E3(R)+H (R)+ Py(R) > —Tr[F(~A+V)),
therefore, due to (3.11)
p(R)+ A (R)

v

CTr[F(—A+V)] - Py(R)
=6~ prov ()] i,
so that (3.13) follows from (3:12). O

To finish this section we introduce a generalized free energy functional and some
results about it.

Definition 3.4. Let V be a potential verifying (H1), (H2) and (H3). We say that the
operator —A+V is g-coercive, € € (0, 1], if it verifies

v

A‘(,}fg) =sup{ueR: —(1—€)A+V >u} > —oo, (3.14)
For A < l‘glfs) , the free energy funcional 9& K %”VI + — Ris given by

F)5(R) = Fyp(R)— A|R|.

In the sense of operators, relation 1| corresponds to —A+V — l‘(,.ll%) > —¢eA when-
ever Dirichlet boundary conditions are considered. '

Proposition 3.3. Let V be a potential verifying (H1), (H2), (H3) and (V1). Suppose
that —A+V is e—coercive, € € (0,1], and B an entropy seed generated by F € ‘5(;/2.
Forall A < lé,.ll_g) and for all R € ,Y@{Jr we have

Fhp(R) > —Tr [F (—%A)} n gjzf(R). (3.15)

Moreover, if F € ‘5‘}:;, then for all A < l‘(,_llfe) and for all R € %1+ it verifies

Fg(R) > —Tr[F(—(1—g)A+V = 1)]. (3.16)



Proof. LetR € %”Vl yand A < 7L‘<,71178) be arbitrary. It is clear that
€ £
Fhe®) = (G R +5H(R)+5H (R)+
+ ((1—&) X (R)+ Zv(R) = A[RI}1). (3.17)
Since F € ol ’ by Proposition we have that
€ €
b > _Z
Ep(R)+ 5.4 (R) > ~Tr [F( 2A)}7 (3.18)
then, it follows from (3:17) and (3.18) that
2 €
Fs®) = T [F(-3a)]+
€
+ 3K (R)+(1=8)X (R)+ Py (R) = 4[] (3.19)
On other hand, since
(1—€)Z(R)+ ZPy(R)—A|R|; >0, (3.20)
it follows, by (3:19) and (3.20), that
1 € £
Fhp(R) = —Te [F (=38)| +5.7# (R,

2
so that (3.13) is proved.
Now, let’s prove (3.16). Once again we use Proposition 3.2} with oo =1 — ¢ and
potential V — A to get

Eg(R)+ (1 —€) A (R)+ Py_,(R) > —Tr[F(—(1 —€)A+V —1)], (3.21)
whence, since 1 —& < 1, we get
Eg(R) + 2 (R) + Py_5(R) > Eg(R) + (1 — €)X (R) + Py_5(R). (3.22)
Now, by (3:21)) and (3:22), we obtain
Eg(R)+H (R)+ Py_5(R) > =Tr[F(—(1—€)A+V —1)], (3.23)

so that, by (3.23), it follows that
F g = E(R) + A (R)+ Py(R)— AlR|[ > —Tr[F(—(1—€)A+V —1)].
0

Proposition 3.3]allows us to establish the following important result for a family of
operators of %’{,1 - that is bounded in free energy.

Corollary 3.1. Under the conditions of Proposition If (Rs)oex C %’(} + is a family
such that (575L 5 (Rs))oex C R is bounded, then

(HRG”)GEZa (%(Rc))ce)ia (éaﬁ (RG))GEZ and (QV(RG))GG)L
are also bounded.

The proof is easy and we left it to the reader.



4. Compact immersion of the Sobolev-like cone

In this section we present our main result. For (R,),en C %’{} 1, we denote by
(vl-<")) ien and (l//I-(")) ;e the corresponding sequences of eigenvalues and eigenfunctions
of R, for each n € N.

Theorem 4.1. Let m € [d/(d+2),1). Let V be a potential verifying (H1), (H2), (H3)
and (V1). Let (Ry)nen C %’@u be a sequence such that

Uso = sup{(Rp))y < oo. 4.1)
neN

Up to a subsequence, (R, )nen converges in norm || - ||1, to some R € %’{/{Jr.
We divide the proof of Theorem[4.1]in a sequence of Lemmas.

Lemma 4.1. Under the conditions of Theorem{.1| the sequence (||Ry||1)nen is bounded
and

sup Z(vi(”))m < oo, 4.2)
neN;=1

Proof. By part iii) of Proposition[2.2]and (.1), there exists C > 0 such that
IR:|[1 = ¥ v < C((Ru))v < CU., foralln€N, (4.3)
i=1

so that (||R,||1), is bounded. To get (@.2) we consider § as in (3.7), that is generated
by F given in (3:4). Using (3.8) we have that

(= my™ ™ Y () < A (Ry) + Py (Re) + e [F(—A V)],
i=1
whence,
sup Y (v < (1= m) =" m™ - (U 4+ Tr [F(~A+V)]) < oo,

O

Lemma 4.2. Under the conditions of Theorem[.1| for each i € N, up to a subsequence,
there exists V; € R} such that

=V 4.4
Moreover; for each i € N, up to a subsequence, there exists W; € H' (Q) such that

lim v =V, inIA(Q). (4.5)

10



Proof. Leti € N. By (@.3) we have that
vi" < CU., foralln€N, (4.6)

so that (vi(") )nen is a bounded sequence and, therefore, there exists V; € R such that,
up to subsequence,

lim v") =V, foralli€N. 4.7)
n—soo

Since (vi("))neN C R, it follows that

Vv; >0, forallieN. 4.8)

Now let’s prove (@.3). For each i,n € N, we write
E(”) — ()12 _ \v4 (n) 2d 1%4 (n) Zd 4.9
O = = [V WP [V @Pas @9)

Since (v\"),en is bounded, we have by @I) that (Ei("))neN is bounded in Hy (Q).

1

Then, by Proposition 2. 1| there exists W; € L?() such that, up to subsequence, it veri-
fies
lim y") =¥, in L}(Q).

n—so0

Using [2, Prop. IX.3] we prove that ¥; € H'(Q) and then (4.1) implies that ; €
Hy (Q). O

Lemma 4.3. Under the conditions of Theoremd.1} up to a subsequence, we have that

1im Y (v")" = Y (%) (4.10)
i=1

) (vl-(n))’" <eg, forallneN. (4.11)
=N

Let’s recall that for p € (0,1) and g € (—e,0) such that % + é = 1, the reverse Holder

inequality holds
- - Y s 1/q
fanz(Lw) (Ew)
i=1 i=1 i=1

for all (&)ien € €P(RY) and (M;)ien € €9(R™). Therefore, by choosing p = m and
g = —7 we have that

. 1/ . 1y
(Z v |’"> <U. (Z E™ |7> . forall N € N. (4.12)
=N =N

11



Let’s notice that

8

E" = )y [(9vie i) P Ay, (4.13)
k=1

8

Y (v )P = (4.14)
k=1

Since y > d/2, then (0,00) > s — s~ € R is convex. Therefore, by @.12) and @.13),
we get

oo

EMT <Y [(9va v")P(Avx) 7, foralli€ Nandn € N. 4.15)
k=1
Now, since 0 < )y\/?] < )uvg <...< 2.\/71{ <...and Z()uvﬁk)iy < oo, by @, @
k=1
and @13, we can choose N, M € N such that

M—1 o

Z(Ei("))fy — y |(¢V,k,ll/,~(n))|2(lv,k)7y+ Yy |(¢Vkallll )|2(7Lv,k)7y
i=N k=1 i=N k=M i=N
M—-1 & 2 o
= 72‘ oV P+ Y Y 1(0vi w2 ()
(Av.1) k=M =N
e\’
< — | . .
< ( U«,) (4.16)
We conclude by combining (#12) and (@.16). O

Lemma 4.4. Under the conditions of Theorem 1} for all m' € [m,1], up to a subse-
quence, it verifies that

}522 i Vi) 4.17)

Proof. Letm' € [m,1]. We have to prove that given € > 0 there exists N € N such that

Y (v (4.18)
i=N
Since (vi(") )ien is ordered, it verifies that
(v > (viymem s forall N < jy (4.19)
Y o=y v
i=N JjeAy
where Ay = {ie N/i>N A v ) 2£0}. Then, by (@.11) and (@.19), we conclude:
Y v = Y s Z <e. (420
i=N i=N
O

12



We use Lemmas [.1]- F.4] to prove Theorem [.1]
Proof of Theorem Let’s prove that the operator R : L>(Q) — L*(Q) given by

=

Rn =Y Vi(Vi,n)Wi.

i=1

belongs to Jf{} 4 and
li_r)n R, —R||; = 0. 4.21)
n—yo0

It’s not dificult to verify that R is a self-adjoint, positive and trace-class operator. By
Fatou’s Lemma, we have that

2
(R <11’£gg1f/ Zv \Vq/l x)|[*dx < Us, 4.22)
<
lim inf / ):v Ny ()2 (x) dx < U, (4.23)

sothatR € %’(} .. Foreach N € N we consider the orthogonal projections Py : Lz(Q) —
F" and Q% = Id — P}, given by

vy,

™=

() =

i=1

where
Fp=span{y™ :i=1,....N—1}.

Q% is the orthogonal projection on (F1)*. We also consider Py : L*(Q) — Fy and
Oy = Id — Py given by

[V]z

Pv(n) =) (N, v,

where
Fy=span{y;:i=1,...,.N—1}.
Now given € > 0, we can choose N € N so that

IRy =Rl < [|(Ry = R)Pyll1 + [RaQn [l1 + IRON |1 + [|Rn (Qv — ON) 1 < &,

for n € N large enough. O

5. Applications

In this section we apply Theorem [4.1] to minimize two types of non-linear free
energy functional. First we consider a generic free energy functional.

13



Theorem 5.1. Let V be a potential verifying (H1), (H2), (H3) and (V). Assume that
—A+V is e—coercive, € € (0,1]. Let A < lé}fe). Let B be a lower semicontinuous

entropy seed generated by F € Cﬁos/ ? ﬂ‘f‘}:i. Then there exists a unique R € (%?,1 | such
that
FL.R) = inf F}.(R). (5.1)
vp(R) rem, vp(R)
Proof. By Proposition 3.3 we have that

Fg(R) > ~Tr[F(—(1-€)A+V —1)], forallRe .74,

ie. ﬁ’& p is bounded from below. Then we choose (Ry)nen C %”VI  such that

lim Z},(R,) = inf Z:(R), (5.2)
n—oo Vﬁ( ") Reyf{),+ V’ﬁ( )
Since (ﬁ& B (Rn))nen C Ris bounded, Proposition(3.2{implies that the sequences (|| Ry ||1)nen,

(A (Rn))nens (Pv(Ru))nen and (6g(Ry))nen are bounded. In particular, there exists
U.. > 0 such that
Uso = sup{# (Ry) + Pv(Ry)}.

neN

Then, by Theorem there exists R € %1 - such that, up to subsequences, verifies

lim R, —R|j; =0, (5.3)

2 (R) <liminfK(R,), (5.4)
n—o0

Py (R) <liminf 2y (R,), (5.5)

by @22) and @#23). On other hand, putting A = sup,n(&p(Rx)), let’s consider on the
convex set

Ay = {a: (ai)ien € L' (RT) : iﬁ(a,-) <A}7

the application D : A, — R given by

D is convex and lower semicontinuous so that

&g(R) < liminf&g(R,). (5.6)

n—soo

Therefore, by (3.3), (3-4), (5.3) and (5.6), it verifies
FlgR) = ER)+H (R)+Pv(R)~ AR
lir?liol;lf[éaﬁ (Rn) + L%/(Rn) + <@V(Rn) - ;L||Rn||l]

A

= inf Fr.(R), 5.7
ReH), v.p(R) (5.7
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so that R verifies (5.1). Using mixed states, we stablish the uniqueness of R as it’s done
in the proof of [5} Th. 4.1]. O

Remark 5.1. Since formally ﬁ&ﬁ (R)=Tr((—A+V —A)R+B(R)), as a critical point
of ,37& p in Theorem R should have the form
R=(B)"(—(-A+V)+A).

Now let’s consider a free energy functional involving a non-linear but local function
of the density. Let g be a real function. Formally, for R € %’(} 4> We write

R) = [ glpax))dx

FyE(R) = F 5 (R)+9(R).

Theorem 5.2. Let V be a potential verifying (H1), (H2), (H3) and (V). Assume that
—A+V is e—coercive, € € (0,1]. Let L < l‘(,_llig). Let B be a lower semicontinuous

seed entropy generated by F € ‘508/2 N ‘5‘}:; and g € C([0,+o0)) such that
C) <g(s) <Cys?, foralls>0, (5.8)

for some constants Cy,C, > 0 and some q € [1,d/a—2]). Then there exists a unique
R € 4}, such that

FyER) = inf FyE(R). (5.9)
VB Ref‘

Proof. We proceed as in the proof of Theorem [5.1] and observe that for a sequence
(Rn)nen C %ﬂ 4 minimizing .7 V ﬁ , it holds by (5.8) and Proposmon | that

4(R) < liminf%(R,,), (5.10)

n—soo

where, up to subsequence, lim R, —R|1 =0, with R € 4} ,. Then, by 33), 5-4),

33, (5.6) and (5.10) we have that

FyER) = inf FyE(R).
’ ReAy,

O

Remark 5.2. Formally, the minimizer of ﬁ"} ‘Bg is a fixed point of the aplication Y :
jf{,l L Jﬁ} 4 given by

Y(R)=(B) ' (~(-A+V)+A —g opg).
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6. Conclusions

Given an smooth unbounded domain Q C RY, d > 3, we have extended the results
obtained in [5] (where Q was assumed to be bounded). Our setting could physically
correspond to an external potential having a singularity, as it’s the case of some poten-
tials generated by doping charged impurities in semiconductors.

A positive self-adjoint trace-class operator R belongs to the Sobolev-like cone %1 L
if its Hilbertian eigenbase (for L?(Q)) is included in the normed space Hy () and has
finite energy

(R)v =Y virlvirl?,
i=1

where (V; r)icn is the sequence of eigenvalues of R. Here

Hy (Q) = {uem%(sz) Ml = [ (IVu) P+ ) PV () e < oo}7

where the potential V is non-negative on Q and blowing up at infinity. For us it was a
key the well known property that Hy (Q) immerses compactly in L(Q), g € [2,2%].

We proved that a sequence in .7/, , bounded in energy ((-))v, has a subsequence
that converges in trace norm; this is analogous to the classical Sobolev immersion
H!(Q) C L?(Q). By proving the lower boundedness of non-linear free energy func-
tionals more general than the one given by

Fvp(R) =Tr((~A+V)R+B(R), ReA,,

we established Lieb-Thirring type inequalities as well some Gagliardo-Nirenberg type
interpolation inequalities. Then our compactness result was applied to minimize those
non-linear free energy functionals.
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