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Abstract. We consider the integro-differential problem (P):

p—1
- (a + b(fN |Vu|pd:r) )Apu+ V(@) ?u = f(z,u), zeRY,
R

with |u(z)| — 0, as |z| — +o00. We assume that a,b>0, N >2, 1<p<
N < 400, V e C(RY) with inf(V) > 0, and that f:RY xR — R verifies
conditions introduced by Duan and Huang. We prove the existence of
a non-trivial ground state solution and, by a Ljusternik-Schnirelman
scheme, the existence of infinitely many non-trivial solutions.
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1. Introduction

We consider the following Schrédinger-Kirchhoff-type integro-differential prob-
lem

p-1
—(a+b([RN |Vu\pdx) )AI,1L4-V(917)|u|p_2u:f(as,u)7 zeRY,

[u(z)] — 0,  as |z| — +oo,

(P)

where a,b>0, 1 <p< N < +oco and N > 2.

Non-local problems like with p = 2 have been used to model physical
and biological phenomena where the density u(z) at the point x is affected
by the average of u on its whole domain (see e.g. [1], [7], [L0] and [16] and the
references therein). In this context, problem @ considers a more complicated
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situation where the nonlinear diffusion process is also governed by the p-
Laplace operator,

Apu = div(|Vul2vu),
which coincides with the Laplace operator A when p = 2.

Equations containing the p-Laplace operator, p > 2, are helpful to study
drift-diffusion models for the electro-thermal behavior of organic semicon-
ductor devices (see e.g. [8] and [9] and the references therein).

Problem is also a generalization of the stationary version of both

a) the nonlinear Schrédinger equation,

2
thuy + %Au -Wo(z)u+ f(z,u) =0,

which appears in natural way e.g. when studying the evolution of Bose-
Einstein condensates (see e.g.[I3]) and the propagation of light in non-
linear optical materials, (see e.g. [14] and [6]), and

b) the Kirchhoff equation, [I1],

g — (a+b(/RN |Vu|2dx))Au: Flau),

which is a wave equation that considers the lenght changes of a string
that are produced by transverse vibrations.

Grossly speaking, in this paper we extend, for p > 1, the results obtained
in [7] for the case p = 2, that is, we prove - see Theorems and below
- the existence of a non-trivial ground state solution for as well as the
existence of infinitely many solutions.

We assume that that the potential V : RY — R verifies

(V) VeC(RY) and 6 = irﬂgv V(z)>0;

and that the nonlinear function f:RY x R — R verifies

(F1) there are positive functions 8, € LPY/P")(RN) and 8, € LP/®P~m2)(RV),
such that

V(z,t) eRY xR |f(z, )| <mifi(@)[t] 7+ raBa(a)le> 7,

for some 1 <71y <719 < p; and,
(F2) there exist ¢ RY open bounded and constants 6,7 > 0 and r3 €]1,p[
such that

V(z,t) e Qx[-6,0]: F(x,t)2nlt",
t
where F(x,t) = [ f(z,s)ds.
0
Let’s state our main results.

Theorem 1.1. Assume that conditions (V), (F1) and (F2) hold. Then problem
(]E[) has a non-trivial ground state solution.
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Let’s observe that condition (F1) implies that (]ED has the trivial solu-
tion, v = 0. However, the trivial solution is not a ground state solution, i.e., a
weak solution of that minimizes the associated energy functional, given

in as
I(u) = % /];N (a|vul? + V (z)|ulP) d:z:+}% ([RN |Vu|de)p_/RN F(z,u(z))dx,

where u varies on EP, the space of functions u e W'?(RN) such that V'/P.u €
LP(RM).

In the statement of our second main result, a multiplicity one, we shall
use the following condition.

(F3) f is odd in the second variable, i.e.,
V(z,t) eRY xR:  f(a,t) = —f(z,-t).

Theorem 1.2. Assume the conditions (V), (F1), (F2) and (F3). Then problem
(]E) has infinitely many non-trivial solutions.

As it was already mentioned, Theorems and [I.2)extend, for a general
value p > 1, the results obtained by Duan and Huang, [7], for the case p = 2. We
prove Theorem by a direct method of the calculus of variations, Theorem
[B:1] We prove Theorem [I.2] by a Ljusternik-Schnirelman scheme for even
functionals, see Theorem To this purpose, we need to show that the
functional associated to (]ED verifies the Palais-Smale condition; and, for this,
the main problem yields in the fact that the Sobolev space WP (R™) is not
compactly embedded into the Lebesgue spaces L*(RY), a € [p,pN/(N -p)[.
To handle this difficulty, it is usual to require a coercivity property on the
potential V' like

V(x) — +o0, as |z — +o0, (1.1)
or the weaker one
VK >0: meas(V_l(]—oo,K]))<+oo, (1.2)

because this kind of conditions imply that EP is compactly contained in
LY(R™M). We produce the proofs of our results without relying on ,
or on any other coercitivity condition.

Another situation appears when we deal with the Palais-Smale condi-
tion. In [7] the authors worked on the Hilbert space, £2, which is automaticaly
reflexive and, therefore, allows to extract a weakly converging subsequence
from any bounded sequence. In our case we prove that the Banach space EP
is actually reflexive (see Lemma [2.2| below).

Remark 1.3. As it will be seen in our arguments, condition (F1) can be
immediately replaced by the following one.
(F1’) For each k =1,...,1, there is a positive function 8 € LP/®=")(RN) such

that l

V(z,t) eRY xR: [f(z,t)] < 3 raBe(@)l™

for some 1 <71y <719 <...<7T; < Pp.



4 Mayorga-Z., Josué Murillo-Tobar and Macancela-B.

It’s also clear that the following condition implies (F2).

(F2") There exist a bounded open set © ¢ RY and constants §,7 > 0 and
r3 €]1,p[ such that

V(z,t) e Qx[-6,0]: f(a,t)-t>ramt|= .

The paper is organized in the following way. In Section [2] we introduce
the functional setting and some preliminaries. In Sections [3] and [ we prove
Theorems [T.1] and respectively.

2. General setting

Let E? be the Banach space that results from completing C§ (RY) in the
norm given by

oty = [, I9u@l + Vieyurias)

so that EP is formed by all the functions v € WHP(RY) such that V'/Py €
LP(RY). We denote by | - |, the norm on the dual space (EP)’.

Remark 2.1. Let’s denote by p* = pN/(N - p) the critical Sobolev value
from the Sobolev-Gagliardo-Niremberg theorem (see e.g. [5, Th.9.9]). It’s
well-known that the embedding E? ¢ L is

a) continuous for L = LY(RY) with p< ¢ <p*:
30,5 0,Yue B ulyogy < Coluly; (2.1)

b) compact for L =L{ (RY) with p < q<p*;
¢) continuous for L = WHP(RY):

Vue s Julyr gy < max{1,07)17ul],. (2.2)
Lemma 2.2. The space EP is reflexive.

Proof. Let’s consider the Banach space X = L¥ (RY) x [LP(RN)]N, where
1/p
[ w)lx = (ul?y gy *+ ol o)
1/p
lulig vy = ([ JaPdi) . du=V(@)de,

1/p
ooy = 1(1s ooyt rovyg = (/RN |w|”dx) .

Since LP(RY) and LY, (RY) are reflexive (see e.g. [4, Th. 4.7.15 and Cor.
4.7.16]), it follows that X is reflexive. The operator T : EP — X, given by
T(u) = (u, Vu), is an isometry. Since EP is a Banach space, it follows that
T(EP) is a closed subspace of X and, therefore, by [5, Prop.3.20], T'(EP) is
also reflexive. With the last, we conclude that EP is reflexive. O
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Associated to problem is the functional I : EP — R, given by
I(u) = J(u) + G(u) + H(u) = W(u), (2.3)

where

T(u) :% [ vuldz, G :]1) [ V@lupds
H(u):]%([RNWusz)p, W)= [ (@)

In fact, as a consequence of Theorem [2.3] below, the critical points of I are
weak solutions of (]E)

Theorem 2.3. The functional I is of class C. For every for u,h € EP, we
have

(I'(u),h) =a fRN |VulP2Vuvhde + fRN V(x)|ufP?uhde
+ b(/RN |Vul? da:)p_l /]RN |VulP2vuvh dx - [RN f(z,u) hdx.
The proof of Theorem is given in the following lemmas.
Lemma 2.4. The functional I is well defined.

Proof. By the definitions of EP and I, we just have to show that W (u) € R,
for every u € E. By condition (F1) we have, for every € RY and every ¢ € R,
that

t t
P (2, )| < fo If (z, 8)|ds < [0 [r11 ()]s~ + raBa()|s| ™! ] ds
<Pr(@)H™ + Ba ()™
so that [W(u)| < My (u) + Ma(u), where
M) = [ Be@lul™dz, k=12

Then, using (2.1) and Hoélder’s inequality for k = 1,2, P = p/(p - r) and
P’ =p/ry, we get

Mi(u) < [BrlLe gy Ml ™ e ey

o/ (=) (p-r&)/p o\ Ip
= ([]RN By (ac)dgc) (fRN |ul dx)

= || Bk HLP/(P‘%)(]RN) ) HUHE(RN)
< CF || Brllriw-rmo @wy - lullpt < +oo.

and we are done. m]

Remark 2.5. From the previous proof, it follows that, for every u € E?,

2
W () < 307 [ Bellorcomra vy - [l (2.4)
k=1
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Remark 2.6. Let’s write a couple of inequalities, taken from [12], that will be
useful. Given z,y € R™,

227 Ply — a2 [lyPP 2y — [af" ], if 1<p<2; (2.5)
(lyl"=2y = [Pz, y - z) > 227Ply - P, if1<p<2; (2.6)
p=2
(lyP~2y = |22,y —2) 2 (0= 1) (L+ [yl +|2) = ly -2l ifp>2. (2.7)
Lemma 2.7. The functionals J, G and H are of class Ct.

Proof. This proof is standard so that we omit most of its details.

i) The functionals J and G are Fréchet-differentiable and, for every u, h €
EP
(J'(u),h) =a fN VulP2vuvhdz,  (G'(u),h) = fN V(@) [ulP2uh da.
R R
We shall show that .J is of class C!. G is treated in a similar way. Since
b[p p
H(u) = = [=J(u)]| ,
p?la

it follows, by the chain rule, that H is also of class C! and

p-1
(H'(u),h) = b(/RN |Vl dm) fRN |VulP2vuvh dz.

ii) Let’s show that .J is of class C1, i.e., that J' : EP — (EP)’ is continuous.
Let ug € EP. We have to prove that for any 7 > 0, there exists § > 0 such
that ||u—wuol, < ¢ implies that

Voe EP: [(J'(u) = J (ug),v)| < T|v]p. (2.8)

Assume that 1 < p < 2. Let 7 > 0. Let’s pick & €]0,(2P727)Y/ -1,
For u,v € EP with |u - uo|, < ¢, we get, by using (2.5) and Holder’s
inequality, that

(T (uo) = ' (), 0)| < fRN IVuol? 2o - [VulP2vu| [Vo| da

By e

) (r-1)/p

-p _ p

<2 (fRNWUO Vul) [Vl @
<227 lug —u|p o],

< 22725 o], < 7]l

The case of p > 2 is dealt with in a similar way.

Remark 2.8. It’s clear that the functional N, : E” — R, given by
Np(u) = [T (w) + G ()]

is a norm equivalent to || - | ,.
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Remark 2.9. Let’s recall that for t,s >0,

(t+s)™<t™+s™, m €]0,1[;
(t+s)™ <2 +5™), me[1,+00[;
"+ s < (t+s)™, m €]0, +oo.

Remark 2.10. Let X and Y be Banach spaces, O € X openandT:0c X - Y
Gateaux differentiable at up € O. It’s well-known (see e.g. [2]) that if T is
continuous at ug, then T' is Fréchet differentiable at ug and T"(ug) = T5 (uo)-

Lemma 2.11. The functional W is of class C*.
Proof. Let p,t€]0,1[ and u,h e E.
i) We have, by (F1) and Remark that

fRN |f(:c,u(:1:)+tuh(z))h(:1:)|d:1:sf max | (z,u(z) + tuh(x))| [h(2)|de

RN te[0,1]

< fRN trer[lﬁﬁ [r181(2)|u+ pt b + rafa(z)|u+ pt b ] [hlda.

<

o [ Be(@) (ul +I1])"™ " [plde

IN

2
o
k=1
2
S 9Ly, f Bi() (Jul™* " + |1 |h|da (2.9)
k=1 RN
By Hoélder’s inequality with
P P 1 1 1

P1= y P2 = , P3 =D, 7+7+7:17
pP—Tk T —1 p1 P2 P3

we get, for k=1,2,

L Be@ Il d < U8l oy 117 | ey Tl s vy

-1
< 1Brlliorw-ro @y [ulh @y [Pls @)
Tk -1

< e_rk/p Hﬁk ”LP/(P‘W)(RN) ||V1/pu||LP(]RN) ||V1/thLP(RN)
<O Bil Lorcomrio ey e - (2.10)
By Hélder’s inequality with P =p/(p-ry) and P’ = p/ry, we get
fRN B (@)™ dx < | BellLe @y (1R e @y
< Hﬁk”LP/(P-%)(RN) ”hHg;(RN)
OBl AL (211)
By (2.9), (2.10) and (2.11)), we get
[ u(@) + tuh(@) ha)lda <

2
< 32 | B ar-ro vy (lel ™+ 1RIGE ) 1A,
k=1
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which, together with the dominated convergence theorem (see e.g. [5l
Th.4.2]), provides the Gateaux differentiability of W at w:

(W§(u),h) = l}f(r)l% fRN [F(z,u(z) +th(x)) - F(z,u(x))]dz

= lim1 [RN flz,u(x) + tuh(z)) h(z) dz

tlo t
- fR f(@,u)) h(z) dr.

By Remark and the arbitrariness of u, it remains to show that W,
is continuous at u.
ii) Let ug,v € E. By Holder inequality and working as in the line before to

, we get
W (0) =W (o), o) = [ 1 (o)) = oy uo@))] () do

(r-1)/p
< (fRN |f (2, u0(x)) —f(m,u(x)”p/(p—l)da:) [0l @)
(r-1)/
<ot ([ 15 @)~ P ar) " ol

so that, by the arbitrariness of v,

[W" () = W (o) < 6717 (fRN If (z,u0) - f (2, u)[P' "™ da

ili) Let (un)neny € E such that

)(p—l)/p

|wn —ull, — 0, asn— +oo. (2.12)

By point ii), to show that W’ is continuous at w, it’s enough to show
that

/N On(x)dr — 0, as n — +oo, (2.13)
R
where ¢y, () = |f (2, un(2)) - f(z,u(@))”’*"". By @12) and 1),
wn, - uHLp(RN) — 0, asn— +0o,
so that, by [, Th.4.9], up to a subsequence (tm )men = (Un,, )meN,
U (¥) — u(z), for a.e. z e RV,

Clearly we can also assume that

+00
> um - uHip(RN) < +o00.
m=1

Thefore, w € LP(RY), where
+o00
w(z)= Y [um(z) —u(x)], xeRV. (2.14)
m=1

Since f is continuous, it holds that

b () — ¢(z), for ae. zeRY,
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so that, to prove (2.13)) via the dominated convergence theorem, we need
to find a function 1 € L*(RY) such that, for every m e N,

bm(z) <(x), for ae. zeRY.

We have, by , Remark the Lipschitz continuity of the absolute

value and putting

p(re —1)
p—-1

that, for every e RY and every m € N,

Om () < op/(p-1) [|f(x,um(x))|p% + |f(x’u(x))|p%]

<o) S [ (PO 4 ()00
k=1

= kzl (20 )P/ P70 BP0 () [y ()M + Ju(2) ]

Ak =

)

(20 )P D BP0 () [ (s ()] — ()] + [u(@)) + fulz) ]

M i

i
A

(20 )P 7D 21D () [22% (e () + fu(@) M) + Jua) ]

M

i
A

(275, )P/ @D [2X kM () + (2 + D)[u(z)[M] 8777V (2)

M

E
Il

1
=1(z).
We have that ¢ € LY(R™). In fact, by using Holder’s inequality with
P=(p-1)/(rgy-1)and P'=(p-1)/(p-rk), we get

2
/ Y(x)dx < Z(Qqak)P/(p—l).
By k=1

(2 B by + @+ D) e Dy L1 e

2
_ Z(zrk)p/(p—l).
k=1
-1 -1 -1 -1 -1
2 Tl Sy O @ 1) Julf ) 1B vy
< +o00.
Therefore we have proved that the subsequence (u,,, ) verifies (2.13]).

By a contradiction argument, it can be proved that (2.13]) holds also for
the original sequence (t, )nen-

O

Corollary 2.12. For every uw e EP, it holds

Np(u) < [1 ((I'(u)7u) + [RN f(x,u(x))u(x)dx)]l/p. (2.15)

p
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Proof. By Theorem and (2.3]), we have that
(' (w)u) = pNE () + P2 H ) = [ f (o, u(@) u(a)de,
whence it immediately follows (2.15]). O

3. Existence of a ground state

Let’s prove Theorem It states that, under conditions (V), (F1) and (F2),
problem (P) possesses a non-trivial ground state solution. We shall apply
Theorem below, as given in [2].
Let X be a Banach space and I € C*(X). Given c € R we denote
K.={ueX/[TI'(u)=0AI(u)=c}, I°={ueX/I(u)<c}
A sequence (up)neny € X is a Palais-Smale sequence for the functional T iff
a) (I(un))neny € R is bounded, and
b) I'(u,) — 0, as n —> +oo, in X'
If for some v € R, it holds I(u,) - v, as n — +oo, we say that (u,)neny € X
is a (PS), sequence.
We say that the functional I verifies the condition (PS) iff every Palais-
Smale sequence has a converging subsequence, or the condition (PS), iff every

(PS), sequence has a converging subsequence; in this case, the critical level
K, is compact.

Theorem 3.1. Assume that the functional I is bounded from below and verifies
the (PS) condition. Then
c=inf I(u)
ueX

18 a critical value of I.
The proof of Theorem is built in the following results.

Lemma 3.2. The functional I is bounded from below, i.e., there exists c, € R
such that
Yue EP:  I(u)>c,.
Proof. By (2.3) and ([2.4), we have, for u € E?, that
I(u) =J(u) +G(u) + H(u) - W(u)

1 . 2 -1 Tk
2 Emm{a» Ul = 32 07 1Bkl porcorio vy July (3.1)
k=1
Since 1 < 71 <19 < p, the last inequality implies that
I(u) — o0, as |u|, — +oo, (3.2)
so that I is bounded from below. o

Proposition 3.3. The functional I verifies the (PS) condition.

Proof. Let’s assume that (uy,)neny € EP is such that
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a) (I(un))neny € R is bounded;
b) I'(u,) — 0, as n —> +oo0.

We have to show that (u,)nen has a converging subsequence.

i) Let’s prove that (u,)neny € EP is bounded, i.e., that there exists c.. >0
such that

VneN: |up|p < cus, (3.3)

and, therefore, we also have that
VneN:  [unlppmny <077 uplp <07 e, (3.4)

By a), Lemma and (3.2)), there exists C, >0 such that ¢, < I(u,) <
C,, neN. Then, by (3.1), it follows that

1 . 2 -7 Tk
, minda Lfun ;- > 0P 1 Belluororo vy - lunllys < I(un) < C,
k=1

2
p —r/ T
alf < ———— | O+ > TP . Nualk . (3.5
Jen min{a,l}[ k=1 85 oreo-rio vy - |p] =

In case of |u,| >1 we have that 1 < |u,|™ < |u,|™ and so, by (3.5)), it
follows that

2
—r D -ri/
b2 —— | C, + g f~"rIP pl(p-r .
Funl min{a, 1} [ k=1 I k)(]RN)]

Therefore, we get (3.3) with
) 2 1(p-r2)
- ~ri/p
Cyx = max{l, min{a, 1} [C’,r + 1;::1 [ ||Bk|Lp/<p7.k>(]RN)]} .

ii) By Lemma [2.2{and [5], Th. 3.8], there exists a subsequence (uy,, )men =
(m )men € EP that converges weakly to some ug € EP| i.e.,

U, = Up, &S M —> +00. (3.6)

Let € > 0. By (F1), we can choose R, > 0 such that
[ 1B @I do <@, 12, (3.7)

where B. = B(0,R.) ¢ RY. By Remark the embedding EP ¢

Lf’OC(RN ) is compact and, therefore, point (3.6) implies that w,, — g,

as m — +00, in LfOC(RN), and, consequently,

lim fB [t () = ug(z)|" d = 0.

m—>+o0o

Then there exists mg € N such that

A [t () = up(z)|P dx < €, for m > my. (3.8)
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iii) Now let’s show that, as m — +oo,

fRN(f(fEaum(x)) - (@, u0(2))) (um (x) - uo(x))dz — 0. (3.9)

First, let’s estimate the left side of (3.9) in the ball B.. By Holder’s
inequality with P = (p—-1)/(p-7rx) and P’ = (p-1)/(rr — 1), we have
that

f |81 [P/ P~V |y [P~ D/ (P~ 1) g <
B

ﬂk|p/(p—1) ||LP(BE)

-1
< H Bre Hi/p(/i?p—r)k ) (RN)

<|

|‘u0|p(m—1)/(p—l) “LP'(Be)

rE—1 -1
o2 . (3.10)
In the same way, using (3.4), we get

[ |Bk|p/(p_1)|um|p("’“_1)/(p_1)dx <
B.

-1 re—1 —1
SIBRIZEE oy et [y ® D

p(ri—1)/(p-1)

< [9—1/170**] Hﬁk”p/(p_l) (3.11)

Lp/(p*rk)(RN) .

By (F1), Remark (13.8), (3.10), (3.11) and Holder’s inequality, we

have, for m > myg, that
fBE |f (@, um (@) = f(z,u0(2))] - [um(z) = uo(2)|dz
(»-1)/p
<( [ V(@) = Fa @)U Vda) " = ey

(p-1)/p
<e[2700 [5G )P [ uo ()P0 d| 1

pip-1)\ 1@V
< 2e l[ ( ) dm]
Be

2 (p-1)/p
< 46(2 Tz/(pfl) f |8 [P/~ [|um|p(rk—1)/(p—1) + |uO|p(m—1)/(p—1)] dm)
k=1 Be

2 p/(p-1)

3 T Bel |

k=1

2

> rBrluol™ !

k=1

+

-1

2 p(rE-1) p(rg-1) P
/(p-1) /(p-1) -1 = o1
S46 {];-’I’Z p HB’CHZP/Z(;p—rk)(RN) |:(0 /pr.*) p-1 + |u0|LP(RN)]}

2 rE—1 rr—
< ¢.9272(p-1)/p Z T ||ﬂkHLp/(p-rk)(RN) [(G—I/PC**) A o ”LZ(]]l{N):I (3.12)
k=1

Now let’s estimate (3.9) out of the ball B.. By using (F1), Remark
(12.9), (3.7, (3.4) and Holder’s inequality with P = p/(p — 1) and
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P’ =p/ry, we get

[ 1@t (@) = £ 0 ()] (2) = o () o
< 3o [, B llunl™ ™+ ol (ol + ol
<3 [, Bellunl™ ol de

I/\

2
Y 18kle ey [Hml™ L ey + Mlol™ [ ey |
k=1

[|umHLm/P(RN) HUOHL%/P(RN)]

il
<oy [( 1/pc“)”+|\u0|\wp(RN)]. (3.13)

By (3.12)) and (3.13]) and the arbitrariness of €, we obtain (3.9).
iv) By (2.15)), we have that
PNE (U = 10) < (I (U = 10), U — uo) + /]RN F(@, = ug) - (um — ug) dz,

where the first term in the right- side tends to zero as m — 0, by (3.6

and I'(um — up) € EP. By using (3.9), 2:2), (2.6) or (2.7), and using

estimates like those in the proof of Lemma 2. 11 we get

I/\
[ Mm

[Nf($7um—u0)'(um—uo)dﬂc—>0, as m — +oo,
R

so that NV, (um —ug) — 0, as m — +oo. We conclude by Remark
]
Proof of Theorem[1.J, i) By Lemma Proposition and Theorem
3.1, ¢ = ingf(u) is a critical value of I, so that there exists u* ¢ EP
ue
such that
I'(uy) =0 and I(us)=c.
So it remains to show that w, is a non-trivial critical point of I.
ii) Let ug € C(R™)~ {0} such that supp(up) € Q and s > 0. Then, by (F2)
and (22.3]), we have

2
I s Vol + 2 fuol? - [ F d
(sup) < ) max{a, 1} |uo|p + e luolz = |, F (,su0(2)) dz

sP » bs?” p2 s 3
< % max{a, 1} fuolly + 25 Juolly ~ns' [ ()" .

Since 1 < r3 < p, the last imples thatl(sug) < 0 for s > 0 small enough.
Therefore, I(u*) = ¢ < I(sug) <0, so that u* is a nontrivial critical point
of I.

O
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4. Multiplicity

Our second main result, Theorem (1.2} states that, under conditions (V), (F1)-
(F'3), there exist infinitely many pairs of solutions for problem (]ED We
achieve our goal by means of a Ljusternik-Schnirelman scheme for even func-
tionals: we shall apply Theorem below, as given in [15].

Let X be an infinite-dimensional Banach space and

Sx={AcX /A=A A=-A 0¢A}.

By v(A) we denote the genus of A € Xy, that is, the least natural number
n for which there exists an odd function ¢ € C (A, R™ \ {0}). If there is not
such n, then v(A) = +o00; and, by definition, v(@) = 0. It’s well-known that
Krasnoselskii’s genus generalizes the notion of dimension: y(Sgi-1) = I and
¥(Sx) = +oco, where Spi-1 and Sx denote the unit-spheres of R! and X,
respectively.

The following properties are useful. Their proof can be found e.g. in [3].

Proposition 4.1. Let A,B € Xx. Then
n€C(A,B) odd = ~(A) <v(B);
AcB = v(4) <v(B);
A compact = y(A) < +o0.
We denote, for n e N,
A, ={AecXx [~v(A) >n}.
Now we can state our abstract tool.

Theorem 4.2. Assume that I € C*(X) is even and verifies the (PS) condition.
For n e N we put

cn = inf supI(u). (4.1)
€A ueA
i) If A, # @ and ¢, € R, then ¢, is a critical value of I.
i) If I(0) # ¢y = Cpy1 = -.. = Cnat €R, then y(K.) 21+ 1.

Proof of Theorem[I.4 By Theorems [2.3] and the functional I is of class
C', bounded from below and verifies (PS). By (2.3) and (F3), the functional
I is even and I(0) = 0. We claim that for every n € N, there exists € > 0 such
that
(1) > n. (4.2)
Then, by (4.1), it follows that —co < ¢, < —¢ < 0, whence, by point i) in
Theorem [£.2] for every n €N, ¢, is a negative critical value of I.
i) Let’s prove the claim. Let n € N. Let’s pick n disjoint open sets ;
RN, i = 1,...,n, such that [ JQ; c Q. For each i = 1,...,n, we take
i=1
u; € CF(RY) such that supp(u;) € ; and |u;], = 1. We put

EP =span{uj,us,...,u,} and S,={uekFE?/[|ul,=1}.
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ii) Given u € EP, there exist A,..., A, € R such that
U= AU+ ... + AUy (4.3)
Then,

1/T3
HUHLTS (RN) = (Z |)\ |T3 jg\z |u|7'3dx) , (4.4)

b
and

n

ZlA;’ [J (IVs]” + V(@) Juy ) da
N J

A7 s, = Z AL (4.5)

lull?

'MS

1

J

iii) Since EP? is finite-dimensional, all its norms are equivalent. In particular,
there exists a constant ¢ > 0 such that

clulg < |ulrs, for weEP. (4.6)

By (2.3) and (4.3)-(4.6)), for u € S,,, we have
sP bs? 2 &
I(su) £ — max{a, 1}Hu|\§ +— ||u|\£ - Z fﬂ F (z,s\ju;(z))dx
b p j=17%%

sP » b8p2 p? s n T3 T3
< = max{a, 1}|ul? + = |ul? —ns" Y )] f |uj(2)["* d
P P =1 Q;
2
sP bsP 2
= E max{a, 1} |u|b + p—2||u|\£ — s Jul 72
2
gP bsP 2 e
< max{a, 1} |ul} + pTIIHHZ =1(es)" Jul?
2

P bsP
-2 max{a, 1} + S—z -n(cs)™,
p p

whence, since 1 < r3 < p and u was arbitrary, it follows that for some
€,0 >0 it holds

VueS,: I(ou)<-e (4.7)
iv) Let S7 = S, and Q = { (A1, Aa,..., \p) e RY : ZA? <O'p}. Then, by
j=1
(4.7), it follows that I(v) < —e, for every v € S7, so that
Sy cl e

On the other hand, it follows from and that the mapping ¢ €
C (S9,0Q), given by ¢(u) = o (A1,..., A\n), is an odd homeomorphism.
Then, by Proposition it follows that v (I7¢) > v (S%) = v(9Q) = n,
and so we get .

O
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