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Abstract

We consider a nonlinear Schrodinger equation with critical frequency,
(Pe) : €2 Av(x) — V(x)v(x) + |o(x)[P~To(x), x € RN, with v(x) — 0 as
|x| — oo, for the finite case as described by Byeon and Wang. Criti-
cal means that the continuous non-negative potential V verifies Z = {V =
0} = {x0} # @, and finite means, grossly speaking, that as one comes close
to Z, the potential decays at a polynomial rate. As the Planck constant, ¢,
tends to zero, the finite case has a characteristic semiclassical limit prob-
lem, (Pgp) : Au(x) — P(x) u(x) + |u(x) [P~ u(x), x € RN, with u(x) — Oas
|x| — 400, which differs from the limit problems corresponding to the flat
and infinite cases. We prove the existence of an infinite number of solutions
for both the original and the limit problem, via a Ljusternik-Schnirelman
scheme, by using the Krasnoselskii genus. We prove asymptotic profiles:
fixed a topological level k, v, a solution of (P¢), subconverges, up to a
scaling, to a solution of (Pg,). It’s also shown a concentration phenomena
of the solutions of (P;), in particular, the exponential decay of Uy out of
Z.
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1 Introduction

A number of phenomena involving atomic and molecular collisions can be
analyzed with enough accuracy by using the asymptotic method known as
semiclassical mechanics. By letting the Planck constant tend to zero, one can
deal with quantum mechanics problems by transforming them into classical
mechanics objects that are mathematically easier to handle, [14].

The time-dependent nonlinear Schrodinger equation,

2
ih¥; + %A‘I’ —Vo(x)¥ + [¥|P ¥ =0, (1.1)

is an appropriate tool to study the evolution of quantum systems like Bose-
Einstein condensates, [15], as well as to model the propagation of light in
some nonlinear optical materials, [16]. When 7 is very small, a semi-classical
state of is a standing-wave having the form ¥ (x, ) = v(x) exp (—iEt/h),
where v verifies

A0 —V(x)v+ o[ lo =0, (1.2)

with
2 =1*/2, V(x)=Vy(x)—E, E=inf(Vp).

Let’s assume that
z= {x eRN/V(x) = inf(v)} £ Q.

The case of inf(V) > 0, referred to as non-critical case, has a unique limit
problem,
Au—u+ ulflu=0, (1.3)

which is well-known and was used to study in a number of works (see
e.g. [1], 7], [11], [13], [17], [19], [20]) by using the Lyapunov-Schmidt reduc-
tion or the variational method.

The case of inf(V) < 0 is much less meaningful from the physics point
of view and there is no nice limit problem, [5]. When Z is bounded it’s not
possible to find least energy solutions (mountain-pass solutions) but the prob-
lem can still be treated as in [10] and [6]], at least for the one-dimensional and
radial cases, respectively. In this context the case of inf(V) = 0 corresponds
to a critical frequency or energy and, as we shall comment below, the quali-
tative behaviour of the solutions of changes dramatically compared with
its non-critical counterpart.

In the mentioned works, [1], [7], [11], [13], [17], [19] and [20]], several com-
mon characteristics were found for the non-critical case inf(V') > 0:



(N1) v{, a solution of (1.2), is bounded away from zero,

lim inf max |vg(x)| > 0; (1.4)
e—0 X

(N2) v; concentrates around some critical points of V;

(N3) ©v; exponentially decays to zero away from such critical points, as ¢ — 0;
and,

(N4) there is a unique limit problem, (1.3), and, therefore, a unique profile, as
e— 0.

In this paper we continue the analytical study of the critical-frequency
problem

e2Av(x) — V(x)v(x) + [o(x)|P~to(x) =0, x € RV, P)

v(x) =0, as |x| — oo, ¢

p > 1, that was initiated in [5] and in [9]. The works [4] and [8] are also
related. The work [5] was the pioneer one; there it’s shown the existence of
Ve, a positive standing wave, a least energy solution, for which

(C1) stops holding, giving pass to the following behaviour:
lim [[oe| () = O, (15)

Vel Lo
liminfiH el (RY)

e—0 gz/(l’*l) >0; (1‘6)

(C2) ve concentrates around an isolated component of Z = {V = 0};

(C3) v, exponentially decays out of the region Z; and,

(C4) there is not a unique limit problem and, consequently, neither is there a
unique profile; actually it depends on the behavior of V nearby Z.

Three cases were considered: flat case, where int( Z) is non-empty and bounded;
finite case, where Z is finite and V vanishes polynomially around it; and, in-
finite case, where Z is finite and V vanishes exponentially around it. The flat
and infinite cases have their limit problems defined on appropriate regions of
RY; meanwhile the limit problem for the finite case is defined on the whole
space RV, For the three cases it was also shown that

(C5) ascaling of the positive least-energy solution v, converges to u, a positive
least-energy solution of the corresponding limit problem;
(C6) the energy of v converges to the energy of u.

The work [9] focuses on the flat case, assuming that the potential verifies:

(V1) V € C(RY) is non-negative;
(V2) V(x) — o0, as |x| — oo;
(Vgat) int(Z) # @ is connected and smooth.



Here the limit problem is
Au(x) + lu(x)|Plu(x) =0, x €int(Z2), (P
u(x) =0, x €0Z. flat

The authors showed the existence of sequences of solutions, (v¢).cy and
(wk) ke for and (Pg.¢), respectively. Fixed k, the authors proved that, as
e — 0, the solution vy, - not necessarily positive - behaves like the positive
solution found in [5], that is, (C1), (C2) and (C3) hold. Point (C6) also holds:

lim I (o.c) = 1(wy),
e—=0

where I, and I are standard functionals associated to and (Pyg), respec-
tively. Point (C5) holds in the sense that a scaling of vy, converges, up to
subsequences, to 1y a solution of sharing the energy level of wy:

I(wy) = I(u).

Remark 1.1. Condition (V2) is more restrictive than the one assumed in [5]
were, for some ¢ > 0, liminf V(x) > 2¢.
[x] =00

In short, in this paper we prove that the type of results of [9] hold also for
the finite case. The general framework which characterize the finite case, see
(V3) and (Vgp), is introduced in Section [2|in a precise way. These conditions
provoke a limit problem that, as was already mentioned, differs from those for
the flat and infinite cases, and creates its own interesting technical difficulties;
in particular, it’s required a control over the potential far away from Z, see
condition (PQ). The main results are also presented in Section

¢ Theorem states the existence of sequences (vj.)ren and (Wi e)reN
of different solutions, respectively, for and its limit problem

(P)

Au(x) — P(x)u(x) + lu(x)|P~1 - u(x) =0, xRV,
u(x) =0, as x — +oo.
This is dealt with in Section [3| by setting up a Ljusternik-Schnirelman
scheme for the functionals J. and | associated to and (P), respec-
tively.
¢ Theorem states the convergence of ¢y, the energy of a scaled ver-
sion of vy, to ¢k, the energy of a scaled version of wy. In the context
of the Ljusternik-Schnirelman machinery, an index k of a critical value
represents the topological characteristic of the level set, as captured by
the Krasnoselskii genus. Therefore Theorem also says that level sets
of the functionals J; and | are equivalent. The proof of this property is
the topic of Section



¢ Theorem states the asymptotic profiles as ¢ — 0, i.e., up to a scaling
and up to subsequences, vy, converges to ug, a solution of which
shares the critical energy cx. The proof of this result is presented in
Section

¢ In Theorem is stated that, up to a scaling, vy, exponentially decays
out of Z. The proofs of this and other concentration phenomena are also
presented in Section

2 General framework and main results

2.1 Problem setting

As was mentioned, we consider the problem

Av(x) — V(x)v(x) + |o(x)|P~o(x) =0, x € RV,
(Pe)
o(x) =0, as x| — +oo,
where
2<14+p<2*=2N/(N-2), ifN>3; o
2<1+p, if N=1,2, '

where, in addition to properties (V1) and (V2), we shall assume that the po-
tential V(-) verifies a couple of conditions which replace (Vg,). One of them
is

(V3) Z = {0}.

The second condition, (Vg,) below, differentiates our situation with that
of the infinite case and corresponds, grossly speaking, to V decaying at a
polynomial rate as we get close to Z. For its statement we need the concept
of m-homogeneous positive function, as given in [5].

(Vgn) for each x € R,
V (x+x0) = P(x) + Q(x),
where, for some m > 0, Q € C(RY) is such that

|li‘m0 |x|7"Q(x) =0, (2.2)

and P is a m-homogeneous positive function, i.e., P € C(R) and

Vx € R\ {0} : P(x) > 0; (2.3)
Vx € R,Vt>0: P(tx)=t"P(x). (2.4)

Given ¢ > 0 we shall denote
Ve(x) = e 2m/(m+2) y (82/(m+2)x>

= P(x)+ g=2m/(m+2) Q (52/(m+2)x> . (2.5)



Therefore, since V is continuous and non-negative, so is V. The following
easy result provides a control of P over Q and V; around zero that shall be
very useful.

Lemma 2.1. Let o, B, > 0.

1.

2.

Proof.

There exists Re g > 0 such that

Vx € B(0,Repp): & 2/ (m+2) (Q (s?/ (’“+2)x)‘ < %P(x). (2.6)
There exists Ry > 0 such that
Vx € Bey: g 2M/(m42) ‘Q (82/(’”+2)x) ‘ < aP(x) (2.7)
as well as
Vx € Bey (1 —IX)P(X) < Ve(x) < (1 —I—IX)P(X), (2.8)
where Bey = B(0, Re ). It also holds
lim R o = +o0. 2.9)
e—0
1. By (2.2), we have that
Vh>0,35(h) >0: |x| <d(h) = |x|7"]Q(x)| < h. (2.10)
Then we put 6, 5 = min {J (h1), 0 (h2)}, where
o «
hi=—-minP(z) >0, hy =-maxP(z) > 0. (2.11)
B lz=1 &) B lzI=1 (=)
Let’s define
Ryep = Oyp € 2/ (M42), (2.12)

Let x € B(0,Ryep) \ {0}. Since ’82/("”2)36‘ < Oy,p, point (2.10) implies

that
—|x|"hy < g—2m/ (m+2) Q (82/(m+2)x) < x|y,

so that, by and and taking z = x/|x|, we get

- EP(x) < g 2m/(mt2) g (ez/('”+2)x> < EP(x). (2.13)
B p

By the continuity of P and Q, it’s clear that the last relation also holds
for x = 0. Since x was chosen arbitrarily, we have proved (2.6).

In (2.12) we put
(Soc = 5tx,lr Rs,zx = Re,a,lr (2-14)

so that 2.13) and 2.5) provide 2.8).
O



Remark 2.2. Observe that by (2.12), point (2.8) in Lemma can be rewritten
as

Voo > 0,36, > 0,Vx € B(0,64) : (1 —a)P(x) < V(x) < (14 a)P(x).

The last condition, (PQ), which we immediately introduce, is a technical
one; requieres the function Q to be controled by P far away from zero and
shall be used in Section [4l

(PQ) Q is non-negative and there exist p, 7 > 0 such that
vy € RN\ B(0,p): Q(x) <5 P(x),
which is equivalent to

Ve > 0,Vx € RN\ B (O,e_z/('”+2)p) o g 2m/mt2) 2/ (mH2)x) <y P(x).

(2.15)
Remark 2.3. Observe that condition (PQ) implies that
vx e RN\ B(0,p): V(x) < (147)P(x),
Ve > 0,¥x € RN\ B (0,372/<m+2>p) © V(x) < (1+7) P(x).
Remark 2.4. The following problems are closely related to (P):
Aw(x) — Ve(x) w(x) + |w(x)|Plw(x) =0, x € RN, )
w(x) — 0, as |x| — +oo, €
AD(x) — Ve(x) D(x) + 20 |(x)|P~ ' (x) =0, x € RV, B
w(x) =0, as |x| — oo, ¢

where © = ||ZD||§ /2 and ||-||, is given in (2.19) below. In fact, if @ is a solution
of (P.), then
w(x) = (20)YP Vp(x), xeRN,

is a solution of , and
o(x) = e/ (mi2)(p-1)y, (8—2/(M+2) x)
_ [2®.g2m/(m+2>r/(pfl)w (¥ 2x),  xeRN, (216)
is a solution of (P).

Remark 2.5. Under conditions (V1), (V2), (V3) and (Vg,) the limit problem
of is

{Aw(x) — P(x)w(x) + |w(x)|P~1 - w(x) =0, x € RN,

P
w(x) =0, as x — +oo. (Ptin)



Related to is the problem

{Aw(x) — P(x)d(x) + 2T [@(x) [P L d(x), x € RN, B
fin

w(x) — 0, as |x| — 4o,

where I' = ||2]|5 /2 and ||-|| p is given in 220) below. In fact, if @ is a solution

of (Pgy), then

w(x) = DY P Va(x), xeRN, (2.17)
is a solution of (Pgy).

2.2 Main results

We shall look for solutions of and (Py,) in the Hilbert spaces H, and Hp,
defined as the completions of C°(RY) in the norms ||-||, and |-||, induced,
respectively, by the inner products

(u,0)e = /]RN [Vu(x) - Vo(x) + Ve(x)u(x)ov(x)] dx,
(u,v)p = /RN [Vu(x) - Vo(x) + P(x)u(x)v(x)] dx.

Remark 2.6. The non-negativity of Q implies that ||u||p < ||u]|,, for all u € H,
so that the embedding H, C Hp is continuous.

The following very useful result states that a weighted Sobolev space such
that the weight-function verifies (V1) and (V2) is compactly contained in a
range of L7 spaces.

Theorem 2.7. Assume that U € C(RN) is non-negative and such that U(x) — +o0
as |x| — +oo. Let Hy be the Hilbert space that results of completing C3(RN)
whenever is equipped with the interior product given by

(@ wu = /]RN [Vo(x)Vao(x) + U(x) o(x)w(x)] dx.
Then, the embedding

Hy C L1(RN), (2.18)

is compact for all q € [2,r[, where r = 2* if N > 3, and r = +o0 if N = 1,2. For
q = r the embedding is continuous.

Remark 2.8. Theorem [2.7)is obtained by an application of [2, Cor.4.26 & 4.27],
by compensating the non-boundedness of the domain with the property of U
exploding at infinity.



To state our main results we also need to define functionals associated to
the problems and (D). Let’s consider Jo : M CHe - Rand ] : M C
Hp — R given by

) = gl =5 [ [[u@P + v@r@P] e @19)
J0) = gl =5 [ [IVa@P+PeuP] dx, @20

where M. = {u € H, / — 1} and M = {u € Hp/ [— 1}
are Nehari manifolds.

Remark 2.9. Let’s observe that for u € He,
lull? = [[ull} + ©c(w), (2.21)
where

O (u) = ¢~ 2m/(m+2) Jew Q (82/(m+2)x) u(x)|* dx.

Remark 2.10. Lemma [2.T)implies that for all «,&¢ > 0 and all u € H,
g—2m/(m+2) /

2/(m+2)..\ . 2 2
BWQ (s x) lu(x)|dx < LX/BW P(x)|u(x)|~dx

< zx/ P(x)|u(x) [2dx(2.22)
RN
so that for all « > 0 and u € H,,

lim6e(u) = 1im€—2m/(m+2)/8 Q(ez/(’"+2)x) Ju(x) P dx

e—0 e—0 e o

< a/RN P(x)|u(x)[2dx. (2.23)

It also holds, for « > 0 and u € Hp,

2 2_ 1. f 2 2 2
— < = <
(1) el < Jim =l [ [[0) P 4+ Vo) ()] dx < (14 .
(2.24)
Now we present our main results. We shall always assume that (V1), (V2),
(V3), (Vgn), (PQ) and hold. We start with the multiplicity result.
Theorem 2.11. The following points are true.

i) Givene > 0, the functional ¢ has a sequence of different critical points (D)o ©
M. For each k € IN the function given by
€2m/(m+2)] p=1)

Vpe(x) = {2Ck,€ . Wy ¢ (872/(””2) x) , xeRN, (2.25)

where ¢ = Jo(Wy ), is a solution of (Pg).



ii) The functional | has a sequence of different critical points (Wy)xeny € M. For
each k € IN the function given by

wi(x) = 2c) PV @y (), (2.26)

where ¢, = J(y), is a solution of (Pgy).

To prove Theorem we shall use a Ljusternik-Schnirelman scheme so
that, in this context, the index k of a critical value represents the topological
characteristic of the level set, as captured by the Krasnoselskii genus. There-
fore, the convergence of energies, which we are going to write, means that the
critical values of | and J; are topologically equivalent.

Theorem 2.12. Let k € IN. Then

limcy . = ¢k (2.27)
e—=0 7

To state the following result, let’s recall the concept of subconvergence
introduced in [5]. A family of functions (f¢).~0 is said to subconverge in a
space X, as ¢ — 0, iff from every sequence (&,),eN converging to zero, it is

possible to extract a subsequence (&5, );jcn such that ( fgn]_) o Converges in X,
1€

as i — oo.

Theorem 2.13. Let k € IN. As e — 0, (wy,)e>0 subconverges in Hp to some
ux € M which is a solution of and verifies

J(a) =cp, = (2c)V Py (2.28)

Finally we have the result concernig the exponential decay out of Z.

Theorem 2.14. Let u,8,¢ > 0. Then there exist €, C > 0 such that for all € €]0, €] it
holds

|wie(x)| < C-exp (—ce*m/(mﬂ) {|x| — - 5872/('”*2)}) ;x| > ;4—}—(5872/(’"*2).
(2.29)

To finish this section let’s mention that in the path of proving Theorem
we shall get, for each k € IN,

lim [[ore [ (rvy = O,

lim inf [k L (RN) o =0
e 2 p—1ymv2)] = e =

which are analogous to and (L.6).

10



3 Multiplicity

In this section we show how a Ljusternik-Schnirelman scheme provides The-
orem in a very direct way. Given E, a Banach space, we write

Se={ACE: A=A A=-A0¢A}.

The Krasnoselski’s genus (see e.g. [18] and [19]) of A € X, denoted by
7(A) is the least natural number k for which there exists an odd function

fecC (A, ]Rk\{O}) . If there is not such k, then y(A) = +o0; and, by definition,
7(@) =0.

Remark 3.1. It’s important to keep in mind that if A € X, then A is closed in
the || - ||g-norm.

The concept of genus generalizes the notion of dimension: 1y (5"~1) = m
and 1y (S5) = +oo, where S"~1 is the unit-sphere in R” and SY is the unit-
sphere in a infinite-dimensional Banach space Y. In the following proposition
(see e.g. [18]) the basic properties of the genus are stated.

Proposition 3.2. Let A,B € Xr. Then

x#0 = y({xju{-x}) =1
f €C(A,B)odd = v(A) < y(B);
ACB = 7(A) <v(B); (3.1)

7(AUB) < y(A) +7(B);
A compact = y(A) < 4o0.

Remark 3.3. Let M be a C! manifold in X, a Banach space, and ¢ € C'(M).
Let’s recall that (y,),en € M is a Palais-Smale (PS) sequence iff (¢(yx)),en S
R is bounded, and ||¢(yx)| y. — 0, as n — +oo. We say that (M, ¢) verifies
(PS) condition if any (PS) sequence has a converging subsequence.

The following theorem, [18]], is our main tool.

Theorem 3.4. Let M € X be a C! manifold of E and let f € C'(E) be even.
Suppose that (M, f) satisfy the Palais-Smale (PS) condition and let

C = inf , 3.2
((f) =, dnf  maxfu) 32
A(M) ={AeZgnM: y(A) > k}.
Let’s denote by K, the set of critical points of f corresponding to the value c. Then

a) y(M) < Y y(Ke) so that f has at least «y(M) pairs of critical points on M.
ceR

11



b) If Ck(f) € R, then Cy(f) is a critical value for f. Moreover, if

¢ =Cilf) =+ = Cesn(f),

then vy (K.) > m+ 1. In particular, if m > 1, then K. contains infinitely many
elements.

The potentials P, V and V; verify the conditions of Theorem [2.7|so that, in
particular, the result holds for Hp and H; = Hy,. With this ingredient, it is
proved that the functionals ] and J are of class C! and satisfy the Palais-Smale
condition on M and M., respectively. Then, in the context of Theorem
and having in mind Remark we write, for k € N and ¢ > 0,

Y=Yy ={ACH. /A=A, A=—-A0¢ A},
Y=Yy, ={ACHp/A=A4,A=-A0¢A},
Age = AMe) = {A €T/ 1(A) 2k A VueA: ullgpen vy =1},

A= AM)={Aex/ 1(A) 2k A VueA: |lumgn =1}

The k-th critical values are achieved:

Cke = Ck(]e) = Aier}‘{k,e rbfleaﬁ(h(u) = Ie(wk,s)/ (3.3)
= Ce(J) = Aigflk rbfleajf(”) = J (). (3.4)

Remark 3.5. In the context just presented we have used the fact that (M) =
¥(M¢) = +o0. The assertion that vy . and wy are solutions of and (Pgy)), in

Theorem comes by the changes of variables (2.16) and (2.17), respectively.
Also observe that in the proof of Theorem we didn’t use condition (PQ).

4 Convergence of energies
The proof of Theorem [2.12}
Vke N: limcg, = cg. 4.1)
e—=0 7

is given by Propositions 4.3|and [4.4] below.
g Y P

Lemma 4.1. Let k € IN and a, e > 0. Then, Hp = He and the norms ||-||, and ||| p
are equivalent.

Remark 4.2. To ease the proof let’s introduce the following notation for annu-
lar regions of RN. For ¢ > 0 and pp > p1 > 0:

Guris = B(O,u2) \B(O, 1), Giyppyy = B(O, pia -7/ ™F2)\ B(0, g - 72/ ""2).



Proof. Let’s assume that d, < p, where J, is given in (2.14). The case of p < J,
is easier so it’s omitted. Let u € Hp. Then, by (2.7) and (2.15), it follows that

Oc(u) = 872m/(m+2)/N Q (82/(m+2)x) . |u(x)‘2 dx
R

—  g2m/(m+2) / +/
Bf,rx Ggoup
2 2
< /B P lu(x) Px /]R 0 ez, PGP+

+£72m/(m+2) ||QHL°°(G5MP) . /GE |M(X)|2dx

v
]RN\B(O,p £—2/(m+2))

S0
2
< T /IR P(x) fu(x)2dx, (4.2)
where

HQHLOO(Gd )

_ o0

T = max a’ﬂ’iinf ply) (/

ythsa,P

and we have used the relation

0< inf P(y)=e 2/ (m+t2) inf Pp(y),
yo (y) =e¢ yelgw (y)

which directly comes from the homegeneity of P. Then, by (£.2), we get

w2 = lullp +©:(w)
< Jullp+7 [ P ) Pdx
< (147 [Jul,

which shows that the immersion Hp C H; is continuous as u was chosen
arbitrarily. The last together with Remark [2.6|let us conclude the proof. O

Proposition 4.3. Let k € IN and & > 0. Then, it holds
Cj S Ck,g. (4.3)

Proof. By Lemma a set W C Hp open (closed) in the ||-||,-norm is also
open (closed) in the [|-|| p-sense. Then, having in mind Remarks [2.6|and [3.1|as
well as point (8.1), it follows that A, C A and

¢ = inf max](u
k AcAx ueA ]( )

inf max/J(u
AGAk,g ucA ]( )

IN

IN

inf max Je(u
Ac Ay, ucA ]E( )

Ck,s-

13



Proposition 4.4. Let k € IN and o > 0. Then

limsupcy, < ¢ + 0. (4.4)
e—0
Proof. Lete > 0. By Lemma aset W C Hp = H; open (closed) in the ||-||p-
norm is also open (closed) in the |[|-||,-sense. Then it follows that Ay C Ay,
and, for all A € Ay,

c = inf max]J.(u
ke A€A, ucA ]6( )

IN

inf max Je(u
AcA; ueA ]E( )

< max Je(u) (4.5)
ucA

Now we choose A, € A such that

o o
< i - = —. .
R = ety matsy “o
Let’s pick
o/2
= — . 4.7
% 1 o/2 >0 4.7)
Then, by 2:24), (&.5), and (£7), we get
limsupcy, < limsup max Je(u)
e—0 e UEAs
< maxlimsup J¢(u)
U€As g0
< (1+a)maxJ(u)
UEAy
c/2
< 1+——— - 2
< ( +Ck+0/2) (ck+0/2)
= ¢ +o0, (4.8)
where we have used the relation
lim sup max J¢(#) < max limsup J¢(u). 4.9)

e—0  UEAs U€As  ¢50

To show ([@&9) let’s pick (M;),en C R such that

Vre N: maxlimsup Jo(u) < M,,

U€Asr g0

and

Iim M, = maxlimsu u).
r—>+00 ’ ucAy €_>0p]€( )

Let’s fix r € IN. Then, for all u € A,

limsup Je(u) < M.

e—0
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Therefore, for all u € A, there exists ¢, > 0 such that
Ve €10, ey: Je(u) < M,.

By a contradiction argument we prove that e, = ir}‘f gy > 0. Then
u€A,

Ve €]0,e0[,Vu € Ay 1 Je(u) < M,,

and

Ve €]0,e,[:  limsup max J.(u) < M,,
e UEAs

whence we obtain by letting r — +o0.
O

5 Asymptotic profiles and concentration phenom-
ena

Let’s prove the asymptotic profiles stated in Theorem that is, for a fixed
k € N, as ¢ = 0, (wke)e>0 subconverges in Hp to some u, € M which is a
solution of and verifies

J(@) = cx, (5.1)
we = (2¢)V/ 0Py (5.2)

Proof of Theorem[2.13] 1. Let us prove that wy, weakly subconverges to
some uy € Hp. Let § > 0. By (4.1) there is €5 > 0 such that

Ve €]0,&)][: Che < C+ 9, (5.3)

whence,

_ N 2 A 2
Ve €]0,8)[: ([ @rellp < [xells = 2¢ke < 2(cx +9),

so that (d)k,s)se(o,%) is bounded in Hp. By [2, Th.3.18], @ . weakly sub-
converges to some @y € Hp, as ¢ — 0. By Remarks and and
point we have that wy, = (2¢c)Y (r 71)d’k,e weakly subconverges to
uy, given by (5.2), as ¢ — 0.

2. Let us prove that 1y is a weak solution of (Py,)). Point 1 implies that @y

subconverges to il point-wise almost everywhere. From Theorem [2.1]
and Remark [2.4] we have that

v € CZ(RY): /IRN (Ve - Vo + Vet e dx) = 2c /}RN | @rel " e dx.
(5.4)
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Since Q is o(h™), it immediately follows, for all ¢ € CJ(RV), that

lim S%Q (sm%lx) Wi e(¥)p(x)dx = lim E%Q (smiﬂx> Wy ¢ (x)p(x) dx

e—0 JRN e—0 Jsupp(¢)

= 0.

Therefore, by passing to the limit when ¢ — 0 in (5.4), we have by (4.1)
and (5.5), that

Vg € CP(RN) - /}RN (Vilg - Ve + Pitgpdx) = 2¢; /}RN P g dx,
(5.6)
i.e., uy is a weak solution of (Pg,). Through a density argument we prove
that holds for all ¢ € Hp. Therefore, by taking ¢ = 7y in (5.6), we
get that J(i;) = c.

3. By Proposition [4.4]and the non-negativeness of Q, we get that

. N 2 . N 2 . ~ 12
limsup [ |5 < limsup ||| < 2 limsup ce < 2¢, = [[]3-
e—0 e—0 e—0
(5.7)

Since Hp is a Hilbert space, it is also a uniformly convex Banach space.
This, together with (5.7) and point 1 provide, by [2, Prop.3.32], the sub-
convergence of wy , to uy in the norm Hp, as ¢ — 0.

O

For the last part of this paper, devoted to prove Theorem let’s strengthen

the assumption (V1) by requiring that
(V1,) For some 7 >0, V € C1(RN).

Then, by using standard regularity arguments, it follows that vy, and wy be-

long to C>7(IRN) and that they are classical solutions of (Pg) and (Pg), respec-
tively.

We shall use the following result.

Proposition 5.1. Let U be an open and connected subset of RN. If w € H}(U) is a
classical subsolution of the elliptic problem

Aw—f(w)>0 inl,
w >0 nu,
w=20 on oU,

where N >3, p+1 € (2,2*) and forall t € R
tf(t) < ctPtl,

for some ¢ > 0, there exists C = C(c, p, N) > 0 such that

4/[N+2—p(N-2)]

HwHLw(u) S CHwHLZ*(u)

16
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A proof of Proposition is provided in [3] under the conditions that U is
smooth and bounded. Nevertheless, as it’s mentioned in [9], it can be modified
to release the constraints of boundedness and regularity of the domain.

Proposition 5.2. Let k € N, § > 0and €5 > 0 as in (5.3). Then there exists K5 > 0
such that
Ve € (01E5): ||wk,eHLoo(]RN) < K(S- (58)

Proof. Let’s assume that N > 3 as the cases N = 1,2 are easier. Let ¢ € (0,%;)
and A a connected component of W, = {x € RN / wy, > 0}. Then, since

Wy ¢ is a solution of , we have that
Awy . + w,’zs >0 in Af,
Wye > 0 in A7, (5.9)
Wi,e = 0 BAj

Therefore, by Proposition 5.1} we get

Lo(A) S C||wk,s||i§*[1(\]fz+2)ipwiz)]- (5.10)

On the other hand, by Theorem 2.7]and (5.3), we have that

| | Wi e

1 K
5 ||Zbk,s||iz*(A£+) < ||@e (RV) < Sl @rell; = Kice < Ku(ex +9).

From this and (5.10), there is K5 > 0 such that
Ve e (0,8):  |lwkell (wz) < Ko (5.11)

because A" was chosen arbitrarily. The same result can be worked out for
W, ={xeRN /wg, <0}. O

Remark 5.3. By the definition of vy, (2.25), we see that Proposition 5.2 imme-
diately implies that

lim [[ore [ e vy = 0-

Moreover, since for all k € IN and all e > 0,
to find #7; > 0 such that

Delpper gy = 1 it's possible

o ok L= (RN)

R T )
Remark 5.4. To prove Theorem the exponential decay of wy ., out of Z
we shall use the following comparison result. Given a,b,d > 0 and A C RN
bounded, let U be a positive solution of the problem

2 1k > 0.

AU-2bU=0 xecRN\ A4,
U=a X € E)Ad, (5.12)
lim U(x) =0.

|x|—o00
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Then U verifies
U(x) < C-exp{—b-dist(x, A9}, xecRN\ A
where C = C(a,d) and
A% = {x e RN / dist(x, A) < d}.
Let’s recall the statement of Theorem Given p,d,c > 0, there are
values &, C > 0 such that for all € €]0, ¢[ it holds

|wy e (x)] < C-exp (—ce_m/(m+2) [|x| —u— 58_2/("”'2)}) ;x> e/ mt2),
(5.13)

Proof of Theorem Let us consider g5 > 0 as in (5.3) and K; as in Propo-
sition[5.2] Let’s pick & € (0,&;) such that

Py = inf P(x) > (Kg +2c§m;fz> gtz (5.14)
x|>0

Let e € (0,€). By (5.14) and the homogeneity of P it holds

Poe = inf{P(x): x| > 072/ (™42} = inf p (e72/(m42)y)
’ ly|>d

— 872771/(7114*2) inf P(]/) — Eme/(erZ)PJ
ly|>¢

> K5 +2ce ™M/ (m+2)
From this and Proposition we have for |x| > de=2/(m+2) that
-1
Tk,e(x) = VE(x> - |wk,e|p ’
> P(x) = wge ",
-1
> Pse — |wk,s|p ’

> P5,€ - Kﬁ/
> 2ce ™/ (m+2), (5.15)
Let us now consider U, a positive solution of (5.12), with

a=Ks;, b=ceg™mt2) g 5g72/(mt2)
and, for some y > 0

A=B(0,u), A% =B(0,u+de 2 (m2),

ie.,
AU —2ce™ M2 =0, |x| > u+ e 2/ (m+2),
U = Ky, x| = p+ 6e=/ (mF2), (5.16)
lim U(x) =0.
[x]—00
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Thus, by (5.15),

AU~ To(x)U <0, x| > p+ e 2/0m+2),
U = K, x| = p+ e/ (mF2), (5.17)
lim U(x) = 0.

|x|—o00

Since wy, solves (P}), from (5.17) and it holds

AU - wk,s) - Tk,g(x)(u — wkfg) <0, |x| > u+ (5€—2/(m+2)’
u-— W, > 0, |x| =u+ 58—2/(m+2)’ (5.18)
lim (U(x) —wg,e) = 0.
‘x‘%oo 4
From (5.18), we get by the weak maximum principle (see e.g. [12]),
wie(x) < U(x), |x| > p+ de72/(m+2),
In an analogous way it is proved that

_U(X) < —wk,g(x), |x| > u _|_§€—2/(m+2)'

Therefore, by Remark there exists C = C(6,¢) > 0 such that, for |x| >
p+ 8¢ m+2) it holds

|wie(x)| < U(x) < C-exp (*Ce_m/(m‘ﬂ) {|x| — - 58—2/(m+2)}) '

We conclude by the arbitrariness of e.
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