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Abstract

In this article we study Holder regularity C” for solutions of a transport equation based in the dissipative quasi-geostrophic
equation. Adapting an idea of A. Kiselev and F. Nazarov presented in [I1], we will use the molecular characterization of local
Hardy spaces h° in order to obtain information on Holder regularity of such solutions. This will be done by following the
evolution of molecules in a backward equation. We will also study global existence, Besov regularity for weak solutions and a
maximum principle and we will apply these results to the critical dissipative quasi-geostrophic equation.
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1 Introduction

The dissipative quasi-geostrophic equation has been studied by many authors, not only because of its own mathematical
importance, but also as a 2D model in geophysical fluid dynamics and because of its close relationship with other
equations arising in fluid dynamics. See [6], [14] and the references given there for more details. This equation has
the following form:
o0(x,t) = V- (ub)(z,t) — A**0(z,1)
(QG)a
0(x,0) = Bg(x)

for0 < a < 1landt € [0,T]. Here 0 is a real-valued function and the velocity u is defined by means of Riesz transforms
in the following way:
u = (7R29, R19)

Recall that Riesz Transforms R; are given by EJ\G(«E) = —%é\(f) for j = 1,2 and that A?* = (—=A)“ is the Laplacian’s
fractional power defined by the formula

A2a6(¢) = |¢**0(¢)

where 8 denotes the Fourier transform of 6.

It is classical to consider three cases in the analysis of the dissipative quasi-geostrophic equation following the
values of the diffusion parameter a. The case 1/2 < « is called sub-critical since the diffusion factor is stronger than
the nonlinearity. In this case, weak solutions were constructed by S. Resnick in [16] and P. Constantin & J. Wu showed
in [5] that smooth initial data gives a smooth global solution.

The critical case is given when o = 1/2. Here, P. Constantin, D. Cérdoba & J. Wu studied in [7] global existence
in Sobolev spaces, while global well-posedness in Besov spaces has been treated by H. Abidi & T. Hmidi in [I]. Also
in this case, and more recently, A. Kiselev, F. Nazarov & A. Volberg showed in [12] that any regular periodic data
generates a unique C* solution.

Finally, the case when 0 < o < 1/2 is called super-critical partially because it is harder to work with than the two
other cases, but mostly because the diffusion term is weaker than the nonlinear term. In this last case, weak solutions
for initial data in L? or in H~1/2 were studied by F. Marchand in [15].

In this article, following L. Caffarelli & A. Vasseur in [2], we will study a special version of the dissipative quasi-
geostrophic equation (QG),. The idea is to replace the Riesz Transform-based velocity u by a new velocity v to obtain
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the following n-dimensional fractional diffusion transport equation for 0 < o < 1:

00(z,t) = V- (v0)(x,t) — A>*0(x,t)
(T)a 0(x,0) = 0o(x) (1)

div(v) = 0.

In (), the functions 6 and v are such that § : R™ x [0,7] — R and v : R™ x [0,7] — R™. Remark that the
velocity v is now a given data for the problem and we will always assume that v is divergence free and belongs to
L ([0, T]; bmo(R™)).

We fix once and for all the parameter o = 1/2 in order to study the critical case. The main theorem presented in
this article studies the regularity of the solutions of the fractional diffusion transport equation (7'); /o:

Theorem 1 (Holder regularity) Let 0y be a function such that 6y € L= (R™) and Ty > 0 a small positive time. If
O(x,t) is a solution for the equation (T)/o, then for all time Ty <t < T, we have that 0(-,t) belongs to the Hélder
space CY(R™) with 0 <y < 1.

This result says that after a time Tj there is a small smoothing effect so the dissipation given by the fractional
Laplacian is stronger than the drift term in equation (7T");/,. Thus, since the velocity v in equation (7');/2 belongs
to L ([0, T']; bmo(R™)), it would be quite simple to adapt this result to the (QG); /2 equation. See section [l for details.

Let us say a few words about the proof of this theorem. A classical result of harmonic analysis states that Holder
spaces C7(R™) can be paired with local Hardy spaces h? (R™). Therefore, if we prove that the duality bracket

(6(-1), o) = / 0, )0 (2)de (2)

n

is bounded for every ¢y € h?(R™) we obtain that 6(-,t) € CY(R™). One of the main features of Hardy spaces is that
they admit a characterization by molecules (see definition [Tl below), which are rather simple functions, and this
allows us to study the quantity (2 only for such molecules.

This dual approach was originally given in the torus T" by A. Kiselev & F. Nazarov in [I1] with a very special
family of test functions. Thus, the main novelty of this paper besides the generalization to R™ is the use of molecular
Hardy spaces.

Broadly speaking and following [17] p. 130, a molecule is a function v so that
(i) Y(x)dx =0
RTL

(ii) | (x)| < r~™7 min{1;rP"/|z — x0|°"},
with So > 1 and 2y € R™, where the parameter r €]0, +o0o[ stands for the size of the molecule .

Since we are going to work with local Hardy spaces, we will introduce a size treshold in order to distinguish small
molecules from big ones in the following way:

1

(o2

Definition 1.1 (r-molecules) Set 25 < o <1, definey = n(
An integrable function v is an r-molecule if we have

1) and fiz a real number w such that 0 < v < w < 1.

e Small molecules (0 <1 < 1):

/ [(2)||x — zo|“dax <977, for zp € R" (concentration condition) (3)
|]| Lo < e (height condition) (4)
Y(x)dr =0 (moment condition) (5)

Rﬂ.

e Big molecules (1 < r < +00):

In this case we only require conditions (3) and (4) for the r-molecule 1) while the moment condition (3) is dropped.



It is interesting to compare this definition of molecules to the one used in [I1]. In our molecules the parameter v reflects
explicitly the relationship between Hardy and Holder spaces (see Theorem Ml below). However, the most important
fact relies in the parameter w which gives us the additional flexibility that will be crucial in the following calculations.

Remark 1.1
1) Note that the point g € R™ can be considered as the “center” of the molecule.

2) Conditions (@) and (@) are an easy consequence of condition (ii) and they both imply the estimate [|t]| 1 < Cr~7,
thus every r-molecule belongs to LP(R™) for 1 < p < +o0c0. We stress here that the previous L! estimate is just a
corollary of ([B]) and (). This inequality is not a part of the molecule’s definition.

The main interest for using molecules relies in the possibility of transfering the regularity problem to the evolution of
such molecules:

Proposition 1.1 (Transfer property) Let ¢(x,s) be a solution of the backward problem
881/1(.%',8) = =V [’U(‘T’t_s)w(xas)] _AQ/J('T’S)
P(z,0) = o(z) € L' N L=°(R"™) (6)
div(v)= 0 and v e L*([0,T];bmo(R™))
If 0(x,t) is a solution of {dl) with 6y € L>°(R™) then we have the identity

A 0(z, t)y(x,0)de = A 0(x,0)(x,t)dx.
Proof. We first consider the expression
0 A 0(z,t — s)(x,s)dx = / —0s0(x,t — s)Y(x, s) + Os¢(x, 5)8(x,t — s)dz.
Using equations () and (@) we obtain

0s - O(z,t — s)(z,8)de = - =V [(v(z, t = s)0(x,t — s)]Y(z,8) + Ab(x,t — s)(z, s)

— V-l(v(z,t —s)Y(x,s))] 0(x, t —s) — Ap(x, $)0(x,t — s)dx.

Now, using the fact that v is divergence free we have that expression above is equal to zero, so the quantity

/ O(x,t — s)v(x, s)dx
remains constant in time. We only have to set s = 0 and s =t to conclude. |

This proposition says, that in order to control (6(-,t), ), it is enough (and much simpler) to study the bracket
(6o,9(-,t)). Let us explain in which sense this transfer property is useful: in the bracket (6p,¥(-,t)) we have much
more informations than in the bracket (2)) since the initial data 1o is a molecule which satisfies conditions (3)-(E]).

Proof of the Theorem [Il Once we have the transfer property proven above, the proof of the Theorem [Ilis quite
direct and it reduces to a L! estimate for molecules. Indeed, assume that for all molecular initial data 1)y we have a
L' control for (-, t) a solution of (@), then the Theorem [ follows easily: applying Proposition [T with the fact that
0o € L*°(R™) we have

[(0(:,1), tho)| =

/n 0(z, t)o(x)dx

From this, we obtain that 6(-, ) belongs to the Holder space C7(R™).

[ 0.0y, tds| < ol o, )lr <+ (7)

Now we need to study the control of the L! norm of (-, ¢) and we divide our proof in two steps following the
molecule’s size. For the initial big molecules, i.e. if » > 1, the needed control is straightforward: apply the maximum
principle ([@) below and the remark [[LT}2) to obtain

1
0ol Lol (- ) 1 < |60l Lo [|2ollr < CT7|\90|\an



but, since > 1, we have that |(0(-,t), ¥o)| < 400 for all big molecules.

In order to finish the proof of the theorem, it only remains to treat the L' control for small molecules. This is the
most complex part of the proof and we will present it in section [l where we will prove the next theorem:

Theorem 2 For all small initial molecular data g, there exists an small time Ty > 0 such that:
Y, 0l <CTy” forallTo<t<T 0<y<w<l).

Taking for granted this theorem, we obtain a good control over the quantity ||¢(-,¢)||z: for all 0 < r < 1. Finally,
getting back to () we obtain that [(6(-,t), )| is always bounded for Ty < t < T and for any molecule ¢y: we have
proven by a duality argument the Theorem [ |

Let us recall now that for (smooth) solutions of (QG)1/2 and (7');/2 above we can use the remarkable property of
mazimum principle mentioned before. This was proven in [§] and in [I5] and it gives us the following inequalities.

IN

10C, )| e +p/0 /n 0(z, 5)|P~20(x, s)AO(x, s)dxds 16o]| (2<p<+x) (8)

or more generally 10C, Ol < |60llLe (1<p<+x) (9)

These estimates are extremely useful and they are the starting point of several works. Indeed, the study of inequality
[@®) helps us incidentally to solve a question pointed out by F. Marchand in [I5] concerning weak solution’s global
regularity:

Theorem 3 (Weak solution’s regularity) Let 2 < p < 4o0. If 0y € LP(R") is an initial data for (QG),/o or
(T')1/2 equations, then the associated weak solution 0(x,t) belongs to L°°([0,T]; LP(R™)) N LP([0, T; B;/p’p(R")).

Theorem [0, Theorem [l and the L' control for small molecules are the core of the paper, however, for the sake of
completness, we will prove some other interesting results concerning the equation ().

The plan of the article is the following: in the section 2] we recall some facts concerning the molecular characteri-
zation of local Hardy spaces and some other facts about Holder and bmo spaces. In section Bl we study the L'-norm
control for molecules and in section @ we study existence and uniqueness of solutions with initial data in LP with
2 < p < +oo and we prove the Theorem Bl Section [l is devoted to a positivity principle that will be useful in
our proofs and section [ studies existence of solution with 6y € L. Finally, section [ applies these results to the
2D-quasi-geostrophic equation (QG) /2.

2 Molecular Hardy spaces, Holder spaces and bmo

Hardy spaces have several equivalent characterizations (see [4], [9] and [I7] for a detailed treatment). In this paper
we are interested mainly in the molecular approach that defines local Hardy spaces h? with 0 < o < 1:

Definition 2.1 (Local Hardy spaces h°) Let 0 < o < 1. The local Hardy space h”(R™) is the set of distributions
f that admits the following molecular decomposition:

F=> M\ (10)
jEN
where (A;)jen is a sequence of complex numbers such that 3~y [Aj|7 < +o00 and (¢;)jen is a family of r-molecules
in the sense of the Definition [T above. The h®-nornt] is then fized by the formula

1/o0

[ £llne =inf ¢ { D> 1N]° B EDIP

jEN JEN
where the infimum runs over all possible decompositions (I0).

Local Hardy spaces have many remarquable properties and we will only stress here, before passing to duality results
concerning h” spaces, the fact that Schwartz class S(R™) is dense in h? (R™). For further details see [10], [17], [9] and [6].

Now, let us take a closer look at the dual space of local Hardy spaces. In [9] D. Goldberg proved the next important
theorem:

Lit is not actually a norm since 0 < o < 1. More details can be found in [9] and [17].



Theorem 4 (Hardy-Hélder duality) Let .25 <o <1 and fir vy = n(% —1). Then the dual of local Hardy space
h?(R™) is the Holder space CY(R™) fized by the norm

f@) = F)]

[fller =l fllzoe 4 sup >
TzFYy |$ _y|

This result allows us to study the Holder regularity of functions in terms of Hardy spaces and it will be applied to
solutions of the n-dimensional fractional diffusion transport equation (IJ).

1/o
Remark 2.1 Since 0 < o < 1, we have > |A;j] < (ZjeN |)\j|‘7) thus for testing Holder continuity of a function

f it is enough to study the quantities (f,1;) where ¢; is an r-molecule.

We finish this section by recalling some useful facts about the bmo space used to characterize velocity v. This space
is defined as locally integrable functions f such that

1 1
sup —/ |f(z) — fldx < M and sup —/ |f(z)|de < M for a constant M;
iBi<1|Bl /s B>11Bl /B

where we noted B(R) a ball of radius R > 0 and fp = ITé\/ f(z)dz. The norm || -||pmo is then fixed as the smallest
B(R)
constant M satisfying these two conditions. We will use the next properties for a function belonging to bmo:
Proposition 2.1 Let f € bmo, then
1) for all 1 < p < 400, f is locally in LP and ﬁ/ |f(z) — fB|Pde < CfI1E o
B

2) for all k € N, we have |forg — f5| < CK| f|lomo where 28B(R) = B(2*R).

Proposition 2.2 Let f be a function in bmo(R™). For k € N, define fi by
—k if f(z) < -k
ey = f@) i k< o) <k (11)
koif k< f(x)
Then (fr)ken converges weakly to f in bmo(R™).

For a proof of these results and more details on Hardy, Holder and bmo spaces see [4], [9], [13], [10] and [I7].

3 L! control for small molecules: proof of the Theorem

As said in the introduction, we need to construct a suitable control in time for the L!-norm of the solutions (-, t) of
the backward problem (@) where the inital data g is a small r-molecule. This will be achieved by iteration in two
different steps. The first step explains the molecules’ deformation after a very small time so > 0, which is related to
the size r by the bounds 0 < syp < er with € a small constant. In order to obtain a control of the L norm for larger
times we need to perform a second step which takes as a starting point the results of the first step and gives us the
deformation for another small time s;, which is also related to the original size . Once this is achieved it is enough
to iterate the second step as many times as necessary to get rid of the dependence of the times sg, s1,... from the
molecule’s size. Proceeding this way we obtain the L! control needed for all time Ty < t < T.

3.1 Small time molecule’s evolution: First step
The following theorem shows how the molecular properties are deformed with the evolution for a small time sg.

Theorem 5 Set o, v and w three real numbers such that mr <o<ly= n(% —1) and 0 < vy <w<1. Let (x, s0)
be a solution of the problem

Oso¥(x,80) = =V - (v)(z,s0) — A(z, s0)
Y(x,0) = tho(z) (12)

div(v)= 0 and ve L*([0,T];bmo(R™)) with 81[10pT] [lv(-s s0) lbmo <
so€l0,



If 1o is a small r-molecule in the sense of the Definition [I1 for the local Hardy space h?(R™), then there exists a
positive constant K = K(u) big enough and a positive constant € such that for all 0 < so < er small we have the
following estimates

[ wtasolle —aso)l“de < (ot Ko (13)
[ Coso)lle < ﬁ (14)

This remains true as long as (r + Kso) < 1. The new molecule’s center x(sg) used in formula (I3) is fixed by

Vo) = To, = gy [ oy where B, = Bla).7) -

Remark 3.1
1) The definition of the point z(sg) given by (IH) reflects the molecule’s center transport using velocity v.

2) Estimates (I3)-(I4) explain the molecules’ deformation following the evolution of the system. Note in particular
that if so — 0 in (I3)) and ([Id) we recover the initial molecular conditions (B]) and (@).

Corollary 3.1 With inequalities ({I3)-(14)) of the previous theorem we obtain

Un

. < 16
050l € e (16)
where v, denotes the volume of the n-dimensional unit ball.
Proof. We write
[ sl = | vl soldo + [ 0. 0)lda
" {lz—=(s0)|<D} {lz—x(s0)|=D}
< D" sl + D7 [ e so)lle — a(so)l“da
R
Now using ([4) and (I3) one has:
dr < D" D™ Ksg)“™7
. [(@, s0)lde < UHW + (r+ Kso)
To continue, it is enough to choose correctly the real parameter D to obtain
Ks)) @Y aks N
[t solias <0, TRt
n (r+ Kso)ate "t (r+ Ksg)?
|

Remark 3.2 This result shows that the L' control will be a consequence of the concentration and the height con-
ditions. This corollary also explains the fact that it is enough to treat the case 0 < (r + Ksp) < 1. Indeed, if
(r + Ksg) = 1, thanks to the bound ([I6), the L' control will be trivial then for time sy and beyond: we only need to
apply the maximum principle.

The proof of Theorem [l follows the next scheme: we first prove with the Proposition Bl the small concentration
condition (I3); then we will see how this inequality implies the height condition (I4]) which is proved in Proposition
9. 2]

Proposition 3.1 (Small time Concentration condition) Under the hypothesis of the Theorem[d, if 1o is a small
r-molecule, then the solution ¥ (x,s) of (I2) satisfies

[ 1wtasolle = also)l*de < (¢ + Kso) ™

for x(sp) € R™ fized by the formula ({If) and with 0 < so < er.



Proof. Let us write Q(z — z(so)) = |z — z(s0)|“ and ¥(z) = x

) — ) where the functions ¢4 (z) > 0 have
disjoint support. We will note 14 (z, s9) solutions of (I2) with wi (x, 0)

(z
i ().

(o

At this point, we assume the following positivity principle which is proven in section
Theorem 6 Let n < p < 400, if initial data 1Yy € LP(R™) is such that 0 < ¢o(x) < M, then the associated solution
P(x,80) of {IB) satisfies 0 < (x,s0) < M for all sg € [0,T].
Thus, by linearity and using the above theorem we have that |1 (z, so)| = ¢+ (z, s0) —¥—(z, s0)| < ¥+ (z, s0)+9¥—(z, s0)

and we can write

/n (@, 50)[Q2(x — z(s0))dw < - U (2, 50)Q2x — 2(s0))dw + w (z, 50) Uz — x(s0))da

so we only have to treat one of the integrals on the right side above. We have:

I = |0s - Oz — x(s0))+(x, so)dz
= /n s U — x(50))9+- (2, 50) + Lz — 2(s0)) [=V - (01 (2, 50)) — A (2, 50)] dae
= | [, V@ () ' (50)+ (2, 50) + Uw — 2(50)) [V - (v (w, 50)) = A (x, 50)] dx

Using the fact that v is divergence free, we obtain

I= VQ(z —x(s0)) - (v —2'(80))0+(m, 50) — Lz — 2(50)) A1 (, 50)dx

R

Finally, using the definition of z’(sg) given in ([IH) and replacing Q(z — z(so)) by |z — z(s0)|* we obtain

I<e / = a(s0)14 7 o~ T, 1 (sl e / & — (50)[* b (, 50) dr. (17)

Rn

11 I2
We will study separately each of the integrals I; and Is in the next lemmas:
Lemma 3.1 For integral I, above we have the estimate I; < Cp r~177.

Proof. We begin by considering the space R™ as the union of a ball with dyadic coronas centered on x(sg), more
precisely we set R" = B, UJ,~, Ex where

B, = {zeR":|x—x(s0) <r}. (18)

By = {zeR":72" 1 < |z —a(sp)| <r2F} for k > 1,

(i) Estimations over the ball B,.. Applying the Holder inequality on integral I; we obtain

/B |z — 2(s0)|“ v — VB[4 (x,s0)[dz <l —2(s0)|* e, (19)
' (1)
x |lv=vB, =B, V4 (- 50)ll La(B,)

(2) (3)

where % + % + % =1 and p, z,q > 1. We treat each of the previous terms separately:
e First observe that for 1 < p < n/(1 —w) we have for the term (1) above:

llz = 2(s0)|“ I zo(m,y < Crm/Pret,
e By hypothesis we have v(-, s9) € bmo, thus
lv =05, ll=(8,) < CIB:|"Z[|0(:, 50) |bmo-

since sup ||[v(+, 80)|lbmo < 1 we write for the term (2)
S()E[O,T]

v =B, |15, < Cur™?



e Finally for (3) by the maximum principle @) for L9 norms we have |[¢4 (-, 50)||za(B,) < [[%+(-,0)| Le; hence
using the fact that g is an r-molecule and remark [[T}2) we obtain

1/q 1 1tV
Hw-i-("SO)HLQ(Br) < C|:T_’Y:| |:Tn+’Y:| ’

We gather all these inequalities together in order to obtain the following estimation for [I9):

[ o= st o [ sl do < O (20)

B’V‘

(ii) Estimations for the dyadic corona FEj. Let us note Ij the integral

o= [ o= also)* o = s, | 50l da
Ex
Since over By we haved |z — 2(so)|* =1 < C2M@=Dpe=1 we write

I, < C2k(w—1)rw—1 (/ |’U — EB’V‘Zk; ||’l/)+ (ZL', 80)|d$ + /
Ey

E

w5, — s s (@, so>|d:c)

where we noted B,or = B(x(sg),72¥), then

[ < Okt (/ v =T, [l (2, 50)lda + / |aBTwBT2k||w+<x,SO>|dsc>.
B, ok B, ok

Now, since v(-, s9) € bmo, using Proposition 2Tl we have [vp, —vp , | < Ck|[v(-, 50)|lbmo < Ckp and we write

I, < C2k(w71)7,,w71 /
B

< 2% (g (so)lleo o = el oo+ Clyer ™)

ap—1

v =Up, [+ (2, s0)ldx + ChpllP So)llu)

r2k

where we used the Holder inequality with 1 < ag < and maximum principle for the last term above.

n+(z—1)
Using again the properties of bmo spaces we have

L < G2 (i (4 0) A 4 (- O) L B/ e 8) oo + Cliar™)

Let us now apply estimates given by hypothesis over ||y (-,0)||1, ||¥+(-,0)||z= and |[v(-, s0)|lbmo to obtain
I < C2k(n7n/ag+w71)rw717'yﬂ + C2k(w71)kﬂ po—1=7

Since 1 < ag < ﬁ, we have n —n/ag + (w —1) < 0, so that, summing over each dyadic corona Ej, we have
S < Curm' (21)
k>1
Finally, gathering together estimations [20) and (2I]) we obtain the desired conclusion. [ |

Lemma 3.2 For integral Is in inequality (I7) we have Iy < Cre=177.

Proof. As for Lemma B.], we consider R" as the union of a ball with dyadic coronas centered on x(sp) (cf. ([I8])).

(i) Estimations over the ball B,.. We apply now the Holder inequality in the integral I above with 1 < a1 < n/(1—w)

and L + bi =1 in order to obtain
ail 1

/ |z — x(s0)[* T ihi (@, s0)ldw < |z — 2 (s0)[“ T Iz 5 1+ C 50) o (3,

™

n/ai+w— 1/by1 1—-1/by
< Ot g (L 0) A [y (- 0) 1

Using hypothesis over ||¢4(+,0)||z1 and ||+ (-,0)||= we obtain

[ o= o)l s o s)lde < €1, (22)

r

?recall that 0 < v < w < 1.



(ii) Estimations for the dyadic corona Ej. Here we have

/ & — 2(s0)|“ s (, s0)|dx < M@=y / o (2, s0) |z < C2 D s, (-, 50) | s
Ek Ek‘

< C2k(w_1)7"w_1||1/}+(',O)HLI < CQk(w—l)Tw—l—'y

It is at this step that the flexibility of molecules is essential. Indeed, in the Definition [LI] we have fixed 0 < v <
w < 1 so we have w — 1 < 0 and thus, summing over k > 1, we obtain

S [ ke oo o sl < Cr 1 (23)
E>1Y B
In order to finish the proof of the Lemma we glue together estimates ([22]) and (23). |

Now we continue the proof of the Proposition Bl Using the Lemmas B1] and and getting back to estimate

@) we have
<C(p+1)re =

0., [ o als0)) v (o, 50)ds

This last estimation is compatible with the estimate (I3)) for 0 < s¢ < er small enough: just fix K such that

Cp+1) < Kw-—7). (24)

Indeed, since the time sg is very small, we can linearize the right-hand side of (I3)) in order to obtain
6= (r+ Kso)* ™"~ (14 [K(w-7)]2). (25)
T
Finally, taking the derivative with respect to so in the above expression we have ¢’ ~ r“~!1=7K(w — «) and with
condition (24)), the Proposition B.] follows. [ |

Now we will give a sligthly different proof of the maximum principle of A. Cérdoba & D. Cérdoba. Indeed, the
following proof only relies on the concentration condition proved in the lines above.

Proposition 3.2 (Small time Height condition) Under the hypothesis of the Theorem[d, if 1 (x, so) satisfies con-
centration condition (13), then we have the next height condition
1

19(- 50) ||z < Ky

Proof. Assume that molecules we are working with are smooth enough. Following an idea of [§] (section 4 p.522-523),
we will note T the point of R™ such that (T, sg) = || (-, s0)|| L. Thus we can write

Y(T, 50) — P(y, S0)

Rn [T — y[n !

d
d—&)H?/)(', 50)|| L < — dy < 0. (26)

Let us consider the corona centered in = defined by
C(Rl,R2> = {y cR™: R < |f* y| < RQ}
where Ry = pR; with p > 2 and where R; will be fixed later. Then:
¥(@, 50) — (Y, 50) 2/ Y(T, 50) —¢(ya80)dy_
C(Rl,Rz)

Rn |T — y[n+L T — y|n+l

Define the sets By and By by By = {y € C(Ry1, Rs) : ¥(T, s0) — ¥(y,s0) > 2¢(T,s0)} and By = {y € C(Ry, R2) :
(T, s0) — ¥(y, s0) < 3¥(T, s0)} such that C(Ry, R2) = By U By. We obtain the inequalities

Y(T, s0) — ¥(y, s0) Y(, s0) — ¥(y, s0) Y (T, s0) V(T s0)
dy > dy > Bi| = C(R1, Ro)| — | Bs)) .
/C(Rl,m) e G P = aryrr 1P = e (G o)l = [B20)
Since Re = pR; one has
Q/J(Ta SO) - 1/’(9; SO) Q/J(T; SO) < >
5 dy > 0 (vn(o" — )BT — |B 27
/C(Rl,Rg) |T — y|ntt 2pn+1 RNt ( VR =B (27)

where v,, denotes the volume of the n-dimensional unit ball. Now, we will estimate the quantity |Bz| in terms of
P(T, so) and Ry with the next lemma.



Lemma 3.3 For the set By we have the following estimations
1) if |7 — x(s0)| > 2Ry then (r + Kso)“ YC14(T, 50) 'Ry > |Bal.

2) if |T — z(s0)| < R1/2 then (r + Kso)* YC14(T, s0) 'R > |Ba|.

3) Zf R1/2 < |f— $(So)| < 2R5 then (7“ +K80)%_%(02R?_w1/1(f, 80)_1)1/2 > |BQ|

Recall that for the molecule’s center zp € R™ we noted its transport by x(so) which is defined by formula (I3]).

Proof. For all these estimates, our starting point is the concentration condition (I3):

o+ s = [ sl sty > [ sl - stsody = DT [y asaay. o9

n 2

We just need to estimate the last integral following the cases given by the lemma. The first two cases are very similar.
Indeed, if | — x(so)| > 2Rz then we have

min —x(s0)|¥ > RY = p*R¥
y632CC(R1,R2)|y (s0)l* = pe

while for the second case, if |T — x(s)| < R1/2, one has

min — 2(s)|¥ > L.
y632CC(R17R2)|y (s0)I" = 2w

Applying these results to [28) we obtain (r + Ks¢)“~7 > @prﬂBﬂ and (r + Ksp)“™ 7 > @g—swﬂ, and
since p > 2 we have the desired estimate

(7“ + Kso)“’_"YCl > 2(7“ + I(So)w_’y

V(@ s0)RY T pP(T, s0)RY

> |Bg|

with C; = 217, For the last case, since Ry /2 < [T — z(sp)| < 2R2 we can write using the Cauchy-Schwarz inequality

—1
[t atoordn = 1B ([ 1y - atsol ) (29)
Bz BZ
Now, observe that in this case we have By C B(z(so), 5R2) and then

[ st ey < [ [y — (o)l ~“dy < v (508"~
BQ B(I(So),5R2)
Getting back to ([29) we obtain
[ 1y aso)ldy = |Bafoy o)
B>

We use this estimate in (28) to obtain

wl€

n/2—w/2
3 Oy > | Bs,

K 2
(r+ Kso) O(T, 50)1/2 =
where Cy = (2 x 5" “v,p"~*)'/2. The lemma is proven. [ ]

With this lemma at our disposal we can write

(i) if |T — z(s0)| > 2Rz or |T — x(sg)| < R1/2 then

— _ _ w—r
/ w(z7i0> "/)4(_%7 SO)dy > "/)(1'7 S?l>+1 <'Un(Pn - 1) ? o Cl(T +_K50> R1—w>
C(R1,Rz) |z — y|" 2p" 1R »(T, s0)

(ii) if R1/2 S |f— $(So)| S 2R2

/ ¢(5750>*¢(y750>d < ¥(T, s0) (v (" — 1R CQ(T"’KSO);;R?/Q—LU/Q)
C(Rl,Rz) "

Ty gy

10



(w—n 1
Now, if we set Ry = (r + K so) e (T, s9) 7= and if p is big enough, we obtain for cases (i) and (ii) the following
estimate for (27):

[ U gy > Ot Ko S (@ 50)
C(R1,R2) |9C - y|

where C = C(n,p) = ”"'(pn_l)gpvniﬁ”@p)T < 1 is a small positive constant. Hence, and for all possible cases
considered before, we have the next estimate for (26]):

d _lw=y) I+
d_&)||¢('a80)|\L°° < =C(r+ Kso)™ w7 [[9h(:, s0) | o

In order to solve this problem it is enough to remark that if ||/)(-, s0)|| e < (r+ Ks0) ™™+ then [|9(-, s0)| L~ satisfies
the previous estimate. Indeed, recalling that (r + Ksg) < 1, we have

IN

d
asg 1P G50l —K(n+7)(r + Kso) ("t

—C(r—l—Kso)_(Z%(r+Kso)_("+7)(1+ﬁ)
I CE) I+
< —C(r+ Kso) ™ w [[9(, o)l e

IN

Furthermore, this solution is unique. |

3.2 Molecule’s evolution: Second step

In the previous section we have obtained deformed molecules after a very small time sg. The next theorem shows us
how to obtain similar profiles in the inputs and the outputs in order to perform an iteration in time.

Theorem 7 Set v and w two real numbers such that 0 < v <w < 1. Let 0 < s1 < T and let ¥(x,s1) be a solution of
the problem

6511/1(1"51) = -V (U 1/1)('1'751) - Alﬁ(%sl)

P(x,0) = Y(x,s0) with sg > 0 (30)
div(v)= 0 and v e L*([0,T];bmo(R™)) with sup ||v(-, 51)|lbmo < 1
s1€[s0,T)
If Y(x, s0) satisfies the three following conditions
/ Y (x, so)l|x — 2(s0)[“dr < (r+ Kso)*™"
oG sollee < ——
8 o < —
oNE (r+ Kso)" ™
Uy,
. < — 31
||1/J( ’SO)HLI = (T I KSO)’Y ( )

where K = K (u) is given by (Z4)) and sy is such that 0 < (r + Kso) < 1. Then for all 0 < s; < er small, we have the
following estimates

/ e sy)lle —a(s)lde < (r+ K(so+s1)* 7 (32)
1

||7/1('751)HL°° < (T+K(SO+31))H+’Y (33)

loCsi)lle < o (34)

(r+ K(so + 31))W

Remark 3.3
1) The L! bound in (BI)) is given as hypothesis in order to simplify the exposition.

2) As for the Theorem[H] we only need to study the case when 0 < (r+K(sp+s1)) < 1. Indeed, if (r+ K (so+s1)) =1
and since s7 is small, we obtain immediately that ||¢(-, s1)||p1 < +o00.

11



3) The new molecule’s center x(s1) used in formula ([B2)) is fixed by

2 (s1) = 5m¢=Lé\/ oy, 1)dy
Bfl

' (35)
xz(0) = x(so)-
And here we noted By, = B(z(s1), fi) with f a real valued function given by
fi=(r+Kso). (36)

To prove this theorem we will follow the same scheme as before: first we prove the concentration condition (32)) in the
Proposition With this estimate at hand we will control the L decay in Proposition 3.4 and then we will obtain
the suitable L! control in Proposition .5l

Proposition 3.3 (Concentration condition) Under the hypothesis of the Theorem 7, if (-, s0) s an initial data
then the solution ¥(x, s1) of (30) satisfies

/n [¥ (@, s1)||z — z(s1)]“de < (r + K(so +81))7

for x(s1) € R™ fized by formula [33), with 0 < s1 < er.

Proof. The calculations are very similar of those of the Proposition[B.I} the only diference stems from the initial data
and the definition of the center z(s1). So, let us write Q(z — x(s1)) = |x — z(s1)|* and ¥(x) = Y1 (x) — P_(x) where
the functions 14 (x) > 0 have disjoint support. Thus, by linearity and using the positivity theorem we have

|w($a51)| = |’L/J+(.’L',81) - 1/1_($,81)| < ¢+($a51) +1/J—('Ta51)

and we can write

[ sl —atsde < [ el —ats)de+ [ -0 - a(s)de

R

so we only have to treat one of the integrals on the right-hand side above. We have:

I = |0 | Q—a(s1)bsle,s)de
]R n

= /n 05, Az — 2(s1))¢+ (2, 81) + Y — (1)) [=V - (v (2, 51)) — APy (2, 51)] de

= | [, V@) 2 (s1)4 (2, 51) + QUa — 2(51)) [V - (i (z, 51)) = Ay (2, 51)] d

Using the fact that v is divergence free, we obtain

I=|[ VQx-a(s1)) (v—2a'(s1))¥s(z,51) = Ux — (1)) Aoy (2, 51)d

R

Finally, using the definition of z’(s1) given in (B8) and replacing Q(z — z(s1)) by |z — z(s1)|* we obtain

I o=l o = a, o o s)ldore [ o= (o) s o) lde. (37)

n

11 I2
Again, we will study separately each of the integrals I; and I in the next lemmas:

Lemma 3.4 For integral I; we have the estimate I; < C,u(r + Kso)w_v_l.

Proof. We begin by considering the space R™ as the union of a ball with dyadic coronas centered on z(s1), more
precisely we set R" = By, U(J,~, Er where

By, = {zeR":|z—a(s1)| < fr}, (38)

Ey {zeR": 12" < |z —x(s1)| < f12F} for k > 1.

12



(i) Estimations over the ball By, . Applying Holder inequality on integral I; we obtain

I, = /B |z — 2(s1)[* " o =Ty, ¥4+ (z,s1)|dz - < llz = 2(s)|* " lLoay,)
f1

(€0)

v =B, [lL=8;,) ¥+ (5 sl Lasy,)

(2) (3)

X

1,1, 1 _
Where]—g+;+af1andp,z,q>1.

e Observe that for 1 < p < n/(1 —w) we have
Iz = a0l luaem,,) < CHPTT

e We have v(-, 1) € bmo, thus ||v — Vg, |L=(B,) < C|By, |V ||v(-, 51) |lbmeo, since  sup — |[o(-, 51) lpmo < p we
s1€[s0,T)
write
n/z

v -5, ||Lz(Bf1) <Cf" p.

e Finally, by the maximum principle for LY norms we have:

194 (50l pagsy,y < 18, s0) AN (- s0) |

We gather all these inequalities in order to obtain the following estimation for Iy g, :
- - 1—-1 -1 1 1-1
g, = [ o= a(s0)l* o = o 1o (o 0)ldn < Couf D so) [ so) 12
By,

(ii) Estimations for the dyadic corona Ej. Let us note I.g, the integral

Ip, = / & — 2(s2)[* " o — T, [ (2 51) |
Ey

Since over Ej, we have |z — x(s1)[*~! < C2F@ =1 £~ we write

IN

Ii.g,

Ckw=1) pu—1 (/ v = Tp(fyom [+ (@, 51)|dx +/
Ey

Ej

95, — Taissm |6+ (@ sl>|dx)

IN

C2M@) et (/ |v = V(g 2m ¥+ (2, 51)|dx +/ B, 5B(f12k)||7/1+($,51)|d$> ,
B(f12*%) B(f12*)

where B(f12%) = B(z(s1), f12¥). Now, since v(-,s1) € bmo, using Proposition 21l we have [UB,, — Up(f20)] <
CE|lv(-, $1)|lbmo < Cku and we can write

IN

I g, C2Mel) pre=t / [v —Vp(f2m|[¥4 (2, s1)|dz + Chpl[tp4 (-, s1) | 2
B(f12%)

IN

C2D 1 ([ (1) ool = Tggom || oo + Chipe |4 (50)l10)

ap—1

where we used Hélder inequality with 1 < ag < ﬁ and maximum principle for the last term above. Using
again the properties of bmo spaces we have

I, < C29 D (i (o so) A s s0) o B2 (s 50) fomo + Chil (- s0) 121 ) -

Since ||v(+, $1)||omo < w1 and since 1 < ag < .

7=y e have n(l —1/ag) + (w — 1) < 0, so that, summing over

each dyadic corona Fj, we obtain

> hume < O (SO O g so) A% e so) [+ S e s0) o ) -

k>1

13



We finally obtain the following inequalities:

L = I1,Bfl+zf1,Ek (39)

k>1

Cp DTN (o) 1WA (- 50) | 1
(a)

IN

n(l—1/a w—1 1/a 1-1/a w—
+Ou [ RO ( so) A% G so) || Fe“ + F2 I ( 50) | 21
(b) (c)

Now we will prove that each of the terms (a), (b) and (c) above is bounded by the quantity (r + Kso)wf'yfl. Indeed:
e for the first term (a) by the hypothesis on the initial data (-, s9) and the definition of f; given in ([36) we have:

n(l—1 w—1 1-1 n(l1-1/q)+w—1
FROTH O s A (- s0) )it

IN

(7’ + Ksg
x [(r+ Kso) 7] 1a {(7‘ + Kso)_("J”)} i
< (7’ + Kso)wgyil.

e For the second term (b) we have, by the same arguments:

n(l—1/a w— a, a, n(l—1/a w—1
OO i so) [ so) [0 < (o Kso) ™ O
a 1-1/a
x [(T-l—KSo)f’ql/ ’ {(T—FKso)f(nﬂ)} )
< (r—l—KsO)w_v_l.

e Finally, for the last term (c) we write

PG so)lle < fETHr A Koso) T = (o Koso) T

Gathering these estimates on (a), (b) and (c), and getting back to ([BJ) we finally obtain I; < Cpu(r + Kso)wf'yfl. ]

Lemma 3.5 For integral I> in inequality [37) we have Iy < C(T + KSO)Wi'Yil,

Proof. As for the Lemma [3.4] we consider R™ as the union of a ball with dyadic coronas centered on z(s1) (cf. (B8)).
(i) Estimations over the ball By, . Applying Hélder inequality with 1 < a1 < n/(1 —w) and maximum principle we

have
I By, :/B |$*$(81)|w71|¢+($751)|d$ < H|$*$(51)|w71||La1(Bf1)H7/)+('a51)||Lb1(3f1)
f1
n/ai+w—1 1-1/a1 1/a1
< o s Coso) 1l (o s0) [ 727
Thus, we can write:
L.y, < O gy (so)ll g e (. s0) 110 (40)

(ii) Estimations for the dyadic corona Ej. Here we have

I, :/ | = 2(s1)[* 7 s (2, 51)|dz - < CQk(w_l)ffkl/ |94 (2, s1)|da < C2M™D F7Y[4h (-, 50) | 10
Ey Ey
< C2P@D (-, o)l

Since 0 < v < w < 1 we have w — 1 < 0 and thus, summing over k£ > 1, we obtain
S b =Y [ e —als)l s slde < CF 0 s0) e
k>1 k>17 Er

We finally get
D Iope < O s0)ll (41)

k>1

14



To finish the proof of the Lemma B.5l we glue together ({@0) and ([@Il) and we obtain

Ly=Ip, +Y Iop <C| A7 e so)lln Y Hlws (- so)l2 + £ 9, s0) e

= (@) ©

Now, we prove that the quantities (d) and (e) can be bounded by (r + Kso)wf’yfl.

e For the term (d) we write

n/a1+w—1 1-1/a 1/a n/a1+w—
/T so) 1 1 so) | 1 (r 4 Ksg)™/ a1+t

IN

x [(r + Kso)™ ] 7Y™ [(7“ + KSO)_("-M)} Yo

< (T + Kso)wi’yfl

e To treat the term (e) it is enough to apply the same arguments used to prove the part (¢) above.
Finally, we obtain I = I 5, + ZIzEk < C(r + Kso)wf’yfl and the Lemma [3.5 is proven. [ ]
E>1
Now we continue the proof of the Proposition Using Lemmas [3.4] and and getting back to the estimate

B7) we have
<C(p+1)(r+Ks)* (42)

am/zﬂwfx@anuﬁnm

This estimation is compatible with the estimate ([B2) for 0 < s; < er small enough. Indeed, we can write
¢ = (r+K(so+s1))""

and we linearize this expression with respect to si:

o+ Koo (14 Ko=) ).

Taking the derivative of ¢ with respect to s; we have ¢/ = K(w —v)(r + Kso)wf'yfl and with the condition (24) on
K(w — ) we obtain that (@2)) is bounded by ¢’ and the Proposition B3] follows. [ |

Now we write down the maximum principle for a small time s; but with a initial condition (-, s¢), with s > 0.

Proposition 3.4 (Height condition) Under the hypothesis of the Theorem [7, if ¥(z,s1) satisfies concentration
condition (32), then we have the next height condition

1
(r+ K(so+ st

905 s1)llze <

Proof. The proof follows essentially the same lines of the Proposition 8.2l Indeed, since we have that concentration
condition (3Z) is bounded by (r + K(so + 51))“)77, we can use this estimate in the Lemma and in the left hand
side of inequality (28)). We obtain in the same manner and with the same constants:

d g ks
d—SlHM',Sl)HLw <—C(r+K(so+s1)) " ([, s1)ll ="

We remark now to conclude that if |4 (-, s1)| = < (r + K(s0 4 s1)) =) then the previous inequality is satisfied. l

The crucial part of the proof of the Theorem [7 is given by the next proposition which gives us a control on the
L'-norm for a time sqg + s;.

Proposition 3.5 (Second L'-norm estimate) Under the hypothesis of the Theorem (7) we have

Un

l(-, s1)llpr < (r+K(so+S1))v

Proof. Once we have at our disposal the concentration condition (B2]) and the height condition ([B3)), the proof of the
L' bound follows the same lines of the Corollary .11 |
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3.3 The iteration

In sections [3.1] and we studied respectively the evolution of small molecules from time 0 to a small time sy and
from this time s to a larger time sy + s; and we obtained a good L! control for such molecules. It is now possible
to reapply the Theorem [7lin order to obtain a larger time control of the L' norm. The calculus of the N-th iteration
will be exactly the same, although it will be necessary to make some modifications.

Theorem 8 Assume that ¥(x,sn) is a solution of the system
ast(waSN) = —V'(Wﬂ)(%SN)—A?ﬂ(%SN)
P(x,0) = Y(z,sn_1) with sy—1 >0
diviv)= 0 and v e L*([0,T];bmo(R™)) with  sup lv(y sn) [bmo < 1
sNE[sn-1,T]

If Y(x, sy—1) satisfies the three following conditions

/ [Y(@, sn-1)|lz —z(sn-1)[“de < (r+K(so+-+sy-1))“""
1

(r+K(so+--+sy_1)"""
Un

(r+K(so+-+sn_1)

l9(, sn—1)ll oo

IN

A

(-, sn—1)llzr <

Then for all 0 < sy < er small, we have the following estimates

/ (@, sn)llz —az(sn)|“de < (r+K(so+-- +sy-1+sn5)) (43)
RTL
1
[0, sn)l[Le < o (44)
(T+K(So+"'+SN_1 +SN)) +
Up
1/1 'aSN) 1 < 45)
It e (7‘+K(So+"'+sN—1+3N))W (
Remark 3.4
1) Again, it is enough to assume that (r + K(so + --- + sy)) < 1, otherwise there is nothing to prove.
2) The new molecule’s center z(sy) used in formula [{3)) is fixed by
a'(sy) = Vg, = B;/ v(y, sn)dy
N ‘ fN‘ BfN (46)

z(0) = x(sny-1).
And here we noted By, = B(z(sn), fn) with fny a real valued function given by
In=(r+K(so+-+sn-1)). (47)

Proof of the Theorem [8. We start with inequality [@3]). Let us write again Q(z — z(sn)) = |z — z(sny)|¥ and
() = v (x) — Y (x), then we have [i(z, s3)| = [ (2, 55) — (2, 557)| < 4 (2 53) + (2, s7) and we write

/n [V(z, sn) |z — x(sy))dx <

We only treat one of the integrals on the right-hand side above:

Dux / 0o~ alsw))bs (s )i

Yy (z,sn)QUx —x(sy))de+ | Y_(z,sn)Qz — z(sn))dz.
R"» Rn

I =

Following the same steps as before and using the fact that v is divergence free, we obtain

I=

[ 906 = as) - (0 = 2" (s ) = R = (o)) A (s
Using the definition of 2/(sy) given in (46]) and replacing Q(z — 2(sy)) by |z — z(sn)|¥ we have

I<c [ o= alon) o = Ty 0 swdo e [ o= a(s) [ (o sw)lde. (48)
n ]R'n.

Iy 1>

We will study separately each of the integrals I; and I in the next lemmas:
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Lemma 3.6 For integral I, we have the estimate I; < C,u(r +K(so+---+ sN,l))wi’Yfl.
Proof. We set R" = By, Ul,>, Ex with

By = {zeR":|z—z(sn)| < fn}, (49)

B, = {zeR": fy2F 1 <z —a(sn)| < fn2F} for k> 1.

(i) Estimations over the ball By, . Applying Hélder inequality on integral I; we obtain

Lip; = /B |z —a(sn)[“" o = Tp, 4 (2, sn)[de - < lle = 2(s3)|“ " lzeesy,)
N
(1)

X |lv =g, L=,y ) ¥+ sn)llLacs, )

(2 (3)
where %+%+%:1 and p,z,q > 1.

e Observe that for 1 < p <n/(1 —w) we have |||z — 2(sn)|“ " || Lr(5,,, ) < C’f;\l,/erw*l.

e By hypothesis we have v(-, sx) € bmo, thus ||v — Vg, |L=(B,,) < C|By M*||v(, 55)||bmo, now since

BfN

sup lo(-, sn) |lbmo < 1 we write ||v — Vg, HLZ(BfN) < Cf}f,/zu.
sSNE[sN—1,T]

1-1/q

e Using the maximum principle for L? norms we have |41 (-, sn)|| La(s,,) < [¥(, sN_1)||1L/1q||1P(', SN—1)|I 7

We gather all these inequalities in order to obtain the following estimation for Iy g, :

s, < Cufa VO e syo ) A G sv-1) =

(ii) Estimations for the dyadic corona Ej. Let us note I.g, the integral

Do = [ o= a(ow)* Mo = O, [ )
Ey

Since over Ej we have |z — z(sy)[* = < C2F@=1 4= we write

IN

I.g,

Ok o=t (/ Iv—UB<fN2k>||w+(w,SN)Idw+/ sy, —UB<fN2k>||¢+($’SN)|d$>

Ey Ey

IN

C2klw=1) pe—t (/B(f 2 [v = Tp(py2m)l [V (7, 5N )|dz +/
N

Vs, — VB(fnamllv+ (2, SN)|d£E> ,
B(fn2%)

with B(fn2F) = B(z(sy), fn2¥). Now, since v(-, sy) € bmo, using Proposition 21 we have VB, —UB(fy2r)l <
Ck||v(-, sn)|lbmo < Cku and we can write

L, < C2Ke=Djpe-t </ |v = Tp(pyor) [+ (@, sn)|dz + Chpllis (-, SN)||L1>
B(fn2F)

< C2H D e (g (sl oo 1o = Tggan | oo + Ol (o))

where we used Holder inequality with 1 < ag < and maximum principle for the last term above. Using

n+(2—1)
again the properties of bmo spaces we have

I g, < C2kw=D) pe=t (Wbr(', SNfl)HlL/laOHZ/JJr(',SN—l)HlL;l/ao|B(fN2k>|171/a°HU(', SN |lomo + Chpll (-, 5N71>HL1) .

Since [|v(+; sn)[lbmo < p and since 1 < ag < 7=y, we have n(1 —1/ag) + (w — 1) <0, so that, summing over
each dyadic corona Fj, we obtain

> fume < O (FACTY O T sy o)A I G sv-n) [+ S5 G sn-1)ll ) -

k>1
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We finally obtain the following inequalities:

L = I1,BfN+le,Ek (50)
k>1
n(l-—1 w—1 1 1—1
< Cp RO sy ) 1A sn—1) e

(@)

+Ou [ fROTH O (s )R G sv—n) e + fe7 I, sn—1)l| e
(b) (c)

Each of the terms (a), (b) and (c) above is bounded by the quantity (r + K(so + -« + SN—I))W_’Y_l:

e for the first term (a) by the hypothesis on the initial data (-, sy_1) and the definition of fy given in {T) we

have:
ROV )Y s 52T S (o K(so + o+ sy OO 00
< (r+K(so+-+ SN—I))M_’Y_l-
e For the second term (b) we have:
fz(171/a0)+w—1”w( 50) Hl/ao||1/’( 50) Hl 1/ao < (T+K(So+ ”+SN_l))[n(l—l/ao)+w—1]—%—(n+7)(1—1/ao)
< (r +K(so+---+ SN—1))w_7_1-

e Finally, for the last term (c) we write

ol so)ll < fyt o+ K(so+ -+ syo1) T = (r+ K(so+ -+ sy-1)0 77!

Gathering these estimates on (a), (b) and (c¢), and getting back to (B0) we finally obtain

L < C[L(T +K(so+---+ SN,l))wgyil.
The Lemma 3.6 is proven. [ ]

Lemma 3.7 For integral I in inequality [{8) we have the following estimate
— w—y—1
I = / |z —z(sn)| 1|1/J+(x,sN)|d:I: < C(r +K(sg+---+ sN_l)) R
R'n.

Proof. As for the Lemma[3.6, we consider R™ as the union of a ball with dyadic coronas centered on z(sy) (cf. ([@3).

(i) Estimations over the ball By, . Applying Hélder inequality with 1 < a1 < n/(1 —w) and maximum principle we
have

Iy,By, =/B o — 2(sn)[“ T g (2, sn)lde - < |z = 2(sn)[* 7 o () 104 (o 58l 8y, )
N

IN

n/a;+w—1 1/a a
CEN M o (sl Y g (o s [
Thus, we can write:
T <C n/ai+w—1 . 1/ay 1/a1 51
2.8, < Cfy o Cysn—) o (s 172 (51)

(ii) Estimations for the dyadic corona Ej. Here we have

Iz, :/ o — 2 (s)[* o (2, s3)|da < CQk(w_l)fffl/ [ (2, s)|dar < C27C Ry (- sv)l| o
Ek Ek
< OV sl

Since 0 < v < w < 1 we have w — 1 < 0 and summing over k > 1 we obtain
S e = Y [ o alon ) o)l < OS5 sl
k>1 E>1

We finally obtain
Y L O -1 (52)

k>1
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To finish the proof of the Lemma B.7 we glue together (5I) and (52]) and we obtain

n/ai+w—1 1—1/aq 1/a1 w—
L=Ip,, + lp <C [ epCosvo)l s Cosv—D) I + f G, sn—1)ll

= @ ©

e For the term (d) we write

n/a;+w—1 1-1/a 1/a [n/a14+w—1]—v(1-1/a )7",1—+"Y
W s I s | )i/ e

IN

(r+K(so+-+sn-1
< (r+K(so+-Fsn) )

e To treat the term (e) it is enough to apply the same arguments used to prove the part (¢) above.

Finally, we obtain Iy = I> g, + ZIQ,Ek <O(r+K(so+-+ sN_l))w_7_1 and the Lemma [3.7is proven. [ |
k>1

Now, using Lemmas and B.7 and getting back to the estimate (@8] we have

SC(u+1) (r+K(so+-+sy-1) 7 (53)

mN/;Q@fz@mnu@uNMx

This estimation is compatible with the estimate (@3] for 0 < sy < er small: write ¢ = (r + K(so+ -+ sn))*
and linearize this expression with respect to sy:

p~(r+K(so+ +snv-1))"" (1+K(w_7)(r+K(So+"'+SN1>>)-

Taking the derivative of ¢ with respect to sy we have ¢' ~ K(w —7)(r + K(so + -+ + sN_l))w_7_1 and with the

condition [24) on K(w — 7) we obtain that (53] is bounded by ¢’ and the concentration condition follows.

Let us study now the height condition. As long as this concentration condition is bounded by (r + K(sg + --- +
sN))¥™7, we can deduce from it the L estimate

1

[Cssn)llze < (r+K(so+-+sn)"

Indeed, following the same steps of the Proposition and Lemma [3.3] we obtain the inequality:

d - 1+
oI sn) s < =Cr K(so+ o+ 3) 77 [ sn)llp

It suffices to note that if ||(-, sn)|| Lo < 1 —, then ||9(-, sy)| L~ satifies this inequality.
(T+K(50+'”+5N))

Finally, proceeding as in the corollary 3.1l with these two inequalities we have a L' estimate for time sq +--- + sx:

Un

O ey mssssarye

End of the proof of the Theorem [2. We have proved that is possible to control the L! behavior of the
molecules from 0 to a time sg, from time sy to time s, and by iteration from time sy_; to time sy. Observe now
that the smallness of r and of the times sg, ..., sy can be compensated by the number of iterations IV in the following
sense: fix a small 0 < r < 1 and iterate as explained before. Since each small time sq, ..., sy is of order er, we have
so+ -+ sy ~ Ner. Thus, we will stop the iterations as soon as Nr > Ty. Of course, the number of iterations
N = N(r) will depend on the smallness of the molecule’s size r, more specifically it is enough to set N(r) ~ % Pro-
ceeding this way we will obtain [|¢(-, sn)||1 < CT, " < +00. Note in particular that, once this estimate is available,
for bigger times it is enough to apply the maximum principle.

Finally, and for all » > 0, we obtain after a time Ty a L' control for small molecules and we finish the proof of the
Theorem |
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4 Existence and uniqueness for L? initial data

In this section we will study existence and uniqueness for weak solution of equation () with initial data 6, € LP(R™)
where p > 2. Remark that equation () differs mainly from the backward equation (@) by the sign of the velocity.
Since the velocity v is a data for the problem, it is equivalent to consider —wv instead of v, thus, for simplicity, we fix
velocity’s sign in the next way:

O l(z,t) + V- (v 0)(x,t) + AO(z,t) =0
0(z,0) = Oo(x) € LP(R™) (54)
div(v) =0 and v € L*([0, T]; bmo(R™)).

4.1 Viscosity Solutions

The term Viscosity Solutions is taken from [8] and it refers to weak solutions of (B4]) which are the weak limit, as
e — 0, of a sequence of solutions of problems

0l(x,t) + V- (ve 0)(x,t) + A(z,t) = cAb(x, t)
0(x,0) = bo(x) (55)
div(v) =0 and v € L*=([0,T]; L= (R™)).

where v, is defined by v = v % we with we(z) = e "w(z/e) and w € C*(R™) is a function such that / w(x)dx = 1.

n

Remark 4.1 Observe that we fixed here the velocity v such that v € L>([0,T]; L°>°(R™)). This is not very restrictive
because by Proposition we can construct a sequence vi € L that converge weakly to v in bmo.

Problem (B8 admits the following equivalent integral representation:

t t
O0(x,t) = =20y () —/ eEE=IAY . (v, 0)(, 5)ds —/ eSE=IANG(, 5)ds (56)
0 0

For a proof of this fact see [15] or [I3]. We will use then the Banach contraction scheme and for this we will consider
the space L>°([0, T]; LP(R™)) with the norm || f| e (z»y = sup [ f(-,1)]|Le.
t€[0,T]

Theorem 9 (Local existence) Let2 < p < +o00 and let 6y and v be two functions such that 0y € LP(R™), div(v) =0
and v € L*([0,T"]; L>°(R™)). If initial data satisfies ||0o||rr < K and if T is a time small enough such that

Tll/2 T/1/2
(WWHLW(LW) + m) <1/2,

then ([38) has a unique solution 6§ € L°([0,T']; LP(R™)) on the closed ball B(0,2K) C L>=([0,T"]; LP(R")).

Proof. We note L.(0) and N?(0) the quantities

t t
L.(0)(x,t) = / eEE=I2NG(z,5)ds  and  NP(0)(z,t) = / eEE=IAY . (v, 0)(x, 5)ds.
0 0

Lemma 4.1 If f € L>=([0,T"]; L*(R™)), then

11/2

T
[ Le(f)lLoerry < 0517 [ £l Lo (Lr) (57)

Proof. We write

t ¢
[ Le(f)lloe(rry = sup / eSImIRNf(,s)ds| = sup / Af *he—g)(-,8)ds
o<t<T” 0 Lr o<t<T” 0 Lr
where we noted h; the heat kernel on R”. Then we have the estimates
t t . /2
HLE(f)HLoo(Lp) S sup / ||f(-,8)||Lp HAhE(t*S)HLl dS S ||f||Loc(Lp) sup / C(E(t — S))_ / dS S CT ||f||L°°(LP)- |
/
0<t<T’ Jo 0<t<T’ Jo €
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Lemma 4.2 If f € L>=([0,T"]; L?(R™)) and if v € L>=([0,T"]; L>(R™)), then

TI
INZ (Pl ey < CAf — ol (oo [ fll 2o () (58)

Proof. We write:

¢ ¢
||N€U(f>HL°°(Lp) = sup / Sty (v f) (-, 5)ds = Ssup / (v f) * hE(t s)( s)ds
0<t<T v 0<t<T v
< up / o f (3 8) I Lo || Vhe(r—s || 2 ds < Sup / 0= (s )l oo [1£ (-5 8) || 1o Ce(t — ) V/2ds
' 1/2 T
< Ul ollmmy 300 [ et = 9) 25 1l IollmaenCy 2
etA

Finally, since e'? is a contraction operator, estimate ||e¥*® f||r» < ||f|/z» is valid for all function f € LP(R") with
1 <p < Ho0o, forall £ >0 and all € > 0. Thus, we have

152 Fll ooy < £l (59)
To apply the Banach contraction scheme, let us now construct a sequence of functions in the following way
Onra(w,t) = e300 (x) — Le(0n)(2,1) = N2 () (2, 1)
and we take the L°°(LP)-norm of this expression to obtain
16nr1ll o= () < €22 0l| e () + [ Le ()l Lo (o) + N2 (0n) | Lo (1)
Using estimates (51), (58) and (B9) we have

T/1/2 T/1/2
||9n+1||Loo(Lp) S ||90||Lp + C( 1/2 Hv||L°°(L°°) + > ||9 ||L00(Lp)

Thus, if [|6]|zr < K and with the definition of 7", we have by iteration that ||6p 41|z r) < 2K: the sequence

(07 )nen constructed from initial data 6y belongs to the closed ball E(O, 2K). In order to finish this proof, let us show
that 6, — 6 in L°°([0,7"]; LP(R™)). For this we write

||9n+1 - 9n||L°°(LP) < ||L€(9n - enfl)HL“(LP) + ||N:(9n - enfl)HL“(LP)
and using previous lemmas we have

1/2

T T/1/2
641 = Onlleciry < € (T Wollimcem) + 77 ) 160 = Bucalliecon

so, by iteration we obtain

T/1/2 Tll/2
01 = Oulecany < € ( Tz Bollim + —/)] 161 Boll o<z

hence, with the definition of 7" it comes ||fn+1 — O zoo(zey < (3)" 1161 — b0 po(rry. Finally, if n — +o0, the

sequence (0, )nen convergences towards 6 in L>°([0,T"]; LP(R™)). Since it is a Banach space we deduce uniqueness for
the solution 6 of problem (G0]). |

Corollary 4.1 The solution constructed above depends continuously on initial data 0.

Proof. Let po € LP(R™) be an initial data and let ¢ be the associated solution. We write
O(x,t) — p(.t) = e (0o () — po(x)) — Le(0 — ) (w,1) = N2(0 — ¢)(x, 1)
Taking L°°(L?)-norm in formula above and applying the same previous calculations one obtains
10 — @l Loy < 1160 — @ollLr + Coll0 — @l Lo (L) (60)
This shows continuous dependence of the solution since Cy = (C ( 11//22 lv]| oo (Loey + 11//22)) <1/2. [ |

Once we obtain a local result, global existence easily follows by a simple iteration since problems studied here
(equations (), (B4) or (BH)) are linear as velocity v does not depend on 6.
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Remark 4.2 Solutions 6(-,-) constructed above depends on ¢ and it will be more convenient to note them as 6()(-, -).
For the time being, we will just note them 6(-,-).

We study now the regularity of solutions constructed by this method.

Theorem 10 Solutions of the approzimated problem (33) are smooth.
Proof. By iteration we will prove that
0 N L=([0,; W= P(R™))  for all k > 0.
0<To<T W <t<To<T*

Remark that this is true for k = 0. So let us assume that it is also true for & > 0 and we will show that it is still true
for £+ 1. Set ¢ such that 0 < Ty < T <t < T < T* and let us consider the next problem

¢ ¢
O0(z,t) = T2 (2, Ty —/ eEE=IAY L (v, 0)(, 5)ds —/ eEE=I2NG(x, 5)ds

To To

We have then the following estimate

161l g, S [eTTOR0(, Ty))|

kE+1
L‘X’(WT’:D) Loo(WT’p)

t t
/ eIIAY (v, 0)(-, 5)ds / eSE=IANG(-, 5)ds

d i -
To Le(W ™2 °P) To Lo (W2 °P)
Now, we will treat separately each of the previous terms.
(i) For the first one we have
- k41
TR0 TO)| wgr, = (10, To) * heqromy) e + 100 To) ¥ A2 eyl oo

woz P

IN

E+1
ClIOCTo) e + 10C, To)ll e [A her10) || 21

where h; is the heat kernel, so we can write
=(t=To)Ag. : T }
€TI0, T, _ gt ) < CIOCTo) o sup { et — To)) 531

(ii) For the second term, one has

t t
— e(t—s)Ayy . . . . 1
r= |/ I @ 0|y ST 0 O 5l IV (0 6) ey, d
t
< [ e O Vb 2 + 145 0 Ol |A (The) o
t 1 3
< c / e 00, )llo [t = )17 + o 00, ) 5., (2t — )] * ds.
? _1 _3
< O [ e 06,95, max ([e(t =) 725 [ = 9)] ) ds

To

Note now that we have here the estimations below for N > k/2
[t sn < Tl o) len 06,9, 5.0 < CeNlv(, 8)lz=10C, 5)]

hence, we can write

WP

< Cfollgoe oy 6] sup [ e ma ([e(e = )] Hilete — o)) ) s

<t<Ty JT,

¢
/ eSE=IAY . (v, 0)(-, s)ds

To

(iii) Finally, for the last term we have

k
oo 5P
kil Le(W2P)p

Loo(W ™2 °P)

t t
|[etoanss| o< [ 106N o+ A% 5] 1A 2h s
To W™z P To Lr
¢ 1 _3
< O [ 100y max (et = ) 7H5 et = )7 ) s
0
So finally we have
t ( )A t 1 3
efU=BNQ(-, 5)ds < C|o L, Sup /max e(t—s)] 2;le(t—s)] *)ds.
‘/To ) Loo (W5 7) : ||L°°(W2’ )Ty <t<Ty J1y ([( ) = ) )
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Now, with formulas (i)-(iii) at our disposal, we have that the norm H9||LOO(W%J) is controlled for all € > 0: we

have proven spatial regularity. Time regularity follows since we have

oF oF ok ok

5 O(z,t) +V - <w(v€9)> (x, t)+A<atk )( t) =¢eA <8tk )(:c,t). |

4.2 Maximum principle and Besov regularity

As a motivation for the Theorem [[2] below, we rewrite in the following lines the proof of the maximum principle.
Theorem 11 (Maximum Principle) Let 2 < p < 400 and let 0 be a smooth solution of equation [(33). Then we

have the following estimation
16C, )l e < (|60l o (61)

Proof. We write

%He(-,t)ngp - p/w |9|p‘29(5A9 SV (0.0) — Ae) dz = pe /R 101720 A0dz —i—p/}Rn 10]7~20A0dz

where we used the fact that div(v) = 0. Thus, we have —HG( Ny, fps/ |0|P~20A0dx +p/ |0]P~20A0dx = 0,
RTL R’Vl

and integrating in time we obtain

16¢, ps/ / i 29A9dzds+p/ / 0[P~ 20A0dzds = ||6o]%, (62)

To finish, we have the next lemma

¢
Lemma 4.3 The quantities —ps/ |0|P~20 A0 dx and p/ / |0|P~20A0dxds are both positive.
R™ 0 n

Proof. For the first expression, since e*** is a contraction semi-group we have ||e**2 f||» < ||f|r» for all s > 0 and

all f € LP(R™). Thus F(s) = ||e*2 f||» is decreasing in s; taking the derivative in s and evaluating in s = 0 we obtain
the desired result. For the second expression a proof can be found in [8] (the positivity lemma p.516). However, we
will give another proof of this fact with the Theorem [I2] below. |

Getting back to (G2), we have that all these quantities are bounded and positive, so Theorem [l follows easily. B

Remark 4.3 This maximum principle (61)) is still valid for 1 < p < +o0. See [15] for a proof.

As said in the introduction, the study of expression ([62]) above lead us to a result concerning weak solution’s regularity
which is announced in the Theorem Bl More precisely we have

Theorem 12 (Besov Regularity) Let 2 <p < 400 and let f: R" — R be a function such that
/’|f(:c)|p_2f(z)Af(:c)dx <+4oo then fe€ B/PP(R").

Proof. To begin with, assume that f is a positive function and let us show that we have the following estimates:
1 W gz r0.0 < OfP2| G < C @ ?f2)Af(x)da (63)

In this case, we use the following fact: for 0 < e < 1 and for all a,b > 0 we have |a® — b°| < |a — b|*.Hence, applying
this fact with e = 2/p, a = f(x)?/? and b = f(y)?/2, one has |f(x) — f(y)| < |f(x)P/? — f(y)P/?|*/? which implies

p |f(z y)IP a)P? — fy)P? I fp/2)2
1 gm0 = / / |x_y|n+1 Y T dady <C/n/n |x_y|n+1 dady = || /77213, 2.

and this give us the first part of (63]). For the second part we have

172210 = 1777 e = / AV /2 () 2 = / PR (@) AP (@) de, (64)
RTL Rn
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by the self-adjointness of operator A/2. We consider now the semi-group (e’TA)TZO. Since p > 2, using Jensen
2

inequality@ we obtain the estimate e~ ™ f < (e’TAfp/Q) /e

He_TAfP/QH%Z. Finally, taking the derivative with respect to 7 and evaluating in 7 = 0 one obtains

[ f@P @A < =2 [ PR@AP R @

Hence, getting back to (64) it comes pr/2||231/2,2 < Jou |F@)[P72 f(2)Af (2)dz and estimates (63) are proven. Let us

now prove the general case. For this, we write f(x) = f(z) — f—(z) where f1(z) are positives functions with disjoint
support. We have:

[ r@pr@areis = [ @t r@afi@des [ @ @Af s (65)

. Thus, integrating this inequality we obtain [le=™ f||}, <

= [ F @ @A @)~ [ @) @A (@) < o

We only need to treat the two last integrals, and in fact we just need to study one of them since the other can be
treated in a similar way. So, for the third integral we have

f-(x) = [-(y)

S+ @2 f(z)Af_(x)de = fe(@)P 2 fo(x) pra
R™ R™ R™ | |

f+(@)f-(x) = f+(@)f-(y)

|z — y["*!

dydzx

i fr(x)P? dydz

R

However, since f1 and f_ have disjoint supports we obtain the following estimate:

f+(@)f- (y)dyd

<0
re | —y[ T ’

S @P 2 fr(@)Af_(x)de = — [ fy(z)P?
R~ Rn

This quantity is negative as all the terms inside the integral are positive. With this observation we see that the last
terms of (G0 are positive and we have

n

[ Ry @A f @i+ [ @ @A @ < [ F@P @A) <+

Then, using the first part of the proof we have fi € Bl/p’p(R") and since f = f; — f_ we conclude that f belongs to
the Besov space Bp/ PP(R™). We have proven the following general estimate

1£1nr <€ [ @I 2@ )

Remark 4.4 From this inequality one easily deduces positivity of this last integral. This constitutes another proof
for the positivity lemma of [8] for 2 < p < +00. Another proof, far more general of the Theorem [[2is given in [3].

To obtain weak solutions of (54]) with initial data in LP, p > 2, we will now pass to the limit by taking ¢ — 0. We
have obtained a family of regular functions (0)).~q € L>([0, T]; LP(R™)) which are solutions of (55) and satisfy the
uniform bound

16 ¢ 8)llze < [160]| v

/

Since L>([0,T]; LP(R™)) = (L*([0,T]; LY(R™))) ", with % + % = 1, we can extract from those solutions () a sub-
sequence (0x)reny which is x-weakly convergent to some function € in the space L*°([0,T]; LP(R™)), which implies
convergence in D'(RT x R™). However, this weak convergence is not sufficient to assure the convergence of (ve %) to
v 0. For this we use the remarks that follows. First, using remark [.J] we can consider a sequence (vg)gen with vg as
in formula () such that v, — v weakly in bmo. Secondly, combining (€1]) and Theorem [I2] we obtain that solutions

01, belongs to the space L([0, T]; LP(R™)) N L1([0, T); BY/P*P(R™)) for all k € N.

To finish, fix a function ¢ € C§°([0,7] x R™). Then we have the fact that @f). € LY([0,T]; By/*?(R™)) and
Ayl € L*([0,T]; B, N-P(R™)). This implies the local inclusion, in space as well as in time, 0, € W;{f’p - Wt{g/vp’Q
we can apply classmal results such as the Rellich’s theorem to obtain convergence of vy 65 to v 6.

Thus, we obtain existence and uniqueness of weak solutions for the problem (54) with an initial data in 6 € LP(R™),
2 < p < 4o00. Moreover, since such solutions satisfy inequality (GII) we have that these solutions 6(z,t) belongs to the

space L*([0, T); LP(R™)) N LP([0, T]; By/ P (R™)). ]

3

see [3] for the details concerning the semi-group (e=7);>.
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5 Positivity principle

We prove in this section the Theorem Recall that by hypothesis we have 0 < 19 < M and ¢y € LP(R"™) with
n < p < +oo. To begin with, we fix two constants, p, R such that R > 2p > 0. Then we set Ay r(z) a function equals
to M/2 over |z| < 2R and equals to g (z) over |z| > 2R and we write By r(x) = ¥o(x) — Ao,r(z), so by construction
we have

Yo(z) = Ao,r(z) + Bo,r(z)
with ||Ao,r(")||lzee < M and ||Bo r()||L~ < M/2. Remark that Ag g, Bo,r € LP(R™). Now fix v € L*>([0, T]; bmo(R™))
such that div(v) = 0 and consider the equations

Ot AR(x,t) +V - (VAR)(x,t) + AAg(x,t) =0 0¢Bgr(x,t) +V - (vBg)(z,t) + ABg(x,t) =0
and (66)
Ag(z,0) = Ao,r(). Br(z,0) = Bo,r(z).

Using the maximum principle and by construction we have the following estimates for ¢ € [0, T:

JARC, e < [|AogllLe < Wolle + CMR™? (1< p < +00) (67)
ARG, )L~ < [AorlL= < M.
| Br(:;t)lL~ < [ Bo,rllr= < MJ/2.

Lemma 5.1 The function ¢(x,t) = Agr(z,t) + Bgr(z,t), where Ag(x,t) and Bgr(z,t) are solutions of the systems
(68), is the unique solution for the problem

(1) + V- (vih)(z,t) + Ap(z,t) =0
(68)
P(x,0) = Ao,r(z) + Bo,r(x).

Proof. Using hypothesis over Ag(z,t) and Br(x,t) and the linearity of equation (G8) we have that the function
Yr(x,t) = Ag(z,t) + Br(z,t) is a solution for this equation. Uniqueness is assured by the maximum principle and by
the continuous dependence from initial data given in the Corollary Tl thus we can write 1(z, t) instead of ¥gr(x,t).
|

To continue, we will need an auxiliary function ¢ € C§°(R™) such that ¢(z) = 0 for |z| > 1 and ¢(z) = 1if |z| < 1/2
and we set ¢(z) = ¢(x/R). Now, we will estimate the LP-norm of p(z)(Ag(z,t) — M/2) with p > n.

Remark 5.1 Although some of the following calculations are valid for 1 < p < 400, we will need at the end the fact
that p > n.

We write:

OO ARC) = M/ = b [ [ple)(Arat) = M2 (pla)(Arlant) = 11/2)

% 0, (0(x) (Ar(w,t) — M/2))da (69)
We observe that we have the next identity for the last term above
O(p(x)(Ar(z,t) = M/2)) = =V -(p(x)v(Ar(z,t) — M/2)) — Ap(x)(Ar(z,t) — M/2))
+ (Ar(z,t) = M/2)v-Vo(z) + [A, g] AR (2, ) — M/2Ap(x)

where we noted [A, ] the commutator between A and . Thus, using this identity in ([69)) and the fact that div(v) =0
we have

Olle()(AR(C,) = M/ = b [ Jo()(Arant) - M2 (pla) (Ar(z.t) ~ M/2)
X A(g(@)(An(a,1) = M/2))do (70)
0 [ @ dntat) - M/ (oo An(art) - M/2)
x (18 ¢lAn(e, 1) — M/2Ap(a)) do
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Remark that integral (70)) is positive so one has
Olle ARG = M/ < b [ [ple)(Arat) = M2 (ola)(Arant) = 11/2)

X ([N plAg(x,t) — M/2A¢p(x)) dx

Using Holder inequality and integrating the previous expression we have

le()(Ar(t) = M/2)|, < ||90(-)(AR(-,0)—M/2)|\§p+/0 1A @l ARG 8)l| Lo + 1M/ 2A¢l [ Lods - (T1)

The first term of the right side is null since over the support of ¢ we have identity Agr(x,0) = M/2. For the second
term ||[A, ¢]ARr(:, s)||;» we have the estimate below given by Calderén’s commutator (see [10]) and by the maximum
principle

1A, @IARC, 8)l| 1 < CRTY|AR(-,8) || e < CR™Y| Ao gl Lr-

Now, getting back to the last term of (1)) we have by definition of ¢ the estimate | M/2Ap|» < CMR™P~1. We
thus have

t
leC)AnCo0) = /2L, < R [ (|AO,R||M i MR"/P)ds.

Observe that we have at our disposal estimate (67]), so we can write

IO (ArCt) = M/, < CLR™ (ol + MR"?)

Using again the definition of ¢ one has

(/ |[AR(-,t) — M/2|de> < CtR™* (H’l/lo”LP + MR"/P) :
B(0,p)

Thus, if R — 400 and since p > n, we have a(x,t) = M/2 over B(0, p).

Hence, by construction we have ¥ (z,t) = Agr(z,t) + Br(x,t) where ¢ is a solution of (T"), with initial data
o = Ao,r + Bo,r, but, since over B(0, p) we have A(x,t) = M/2 and ||B(-,t)||r~ < M/2, one finally has the desired
estimate 0 < ¢(x,t) < M. [ ]

6 Existence of solutions with a L°° initial data

The proof given before for the maximum principle allows us to obtain the existence of solutions for fractional diffusion
transport equation () when the initial data 6y belongs to the space L (R"). Indeed, let us fix 05 = 051 B(0,r) With
R > 0 so we have 6t € LP(R") for all 1 < p < +o0. Following section H] there is a unique solution §% for the problem

00F +V - (v0f) + A0 =0
0% (x,0) = 0 (x)
div(v) =0 and v € L*([0,T]; bmo(R™)).

such that 6% € L>°([0,T]; LP(R")). By the maximum principle we have |07%(-,t)||z» < |0f]zr < vnllf0] L R™P.
Taking the limit p — 400 and making R — +occ we finally have ||0(-,t)||z= < C||fp||ze. This shows that for an
initial data 6y € L>°(R™) there exists an associated solution 8 € L>°([0,T]; L>=°(R"™)).

7 Application to the 2D-quasi-geostrophic equation

We have worked so far with a velocity given by a general function v € L ([0, T]; bmo(R™)), let us now treat super-
critical case of the 2D-quasi-geostrophic equation with u = (—R26, R16); where R; are the Riesz transforms. Fix 6
an initial data belonging to L N L°(R?), with p > 2. Following [I5] we have the existence of a solution (-, t) for the
equation (QG)1 /o with 0(-,t) € LP N L>(R?) for t € [0, T]. Since Riesz transforms are bounded in L? and since they
are bounded from L*> into BM O, we have a uniform bound of the velocity u in terms of the bmo norm: we can apply
the Theorem [Il to obtain Holder regularity for the solution of 2D-quasi-geostrophic equation.
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