EXPONENTIAL DECAY ESTIMATES FOR FUNDAMENTAL
SOLUTIONS OF SCHRODINGER-TYPE OPERATORS
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ABSTRACT. In the present paper we establish sharp exponential decay estimates for
operator and integral kernels of the (not necessarily self-adjoint) operators L = —(V —
ia)T A(V —ia) + V. The latter class includes, in particular, the magnetic Schrodinger
operator — (V — ia)?+V and the generalized electric Schrédinger operator —divAY +
V. Our exponential decay bounds rest on a generalization of the Fefferman-Phong
uncertainty principle to the present context and are governed by the Agmon distance
associated to the corresponding maximal function. In the presence of a scale-invariant
Harnack inequality, for instance, for the generalized electric Schrédinger operator
with real coefficients, we establish both lower and upper estimates for fundamental
solutions, thus demonstrating sharpness of our results. The only previously known
estimates of this type pertain to the classical Schrédinger operator —A + V [29] .
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1. INTRODUCTION

The exponential decay of solutions to the Schrodinger operator in the presence of
a positive potential is an important property underpinning foundation of quantum
physics. However, establishing a precise rate of decay for complicated potentials is
a challenging open problem to this date. For instance, the Landis conjecture from
around 1965 claimed that bounded solutions of —Awu + Vu = 0, with a bounded poten-
tial V', should decay no faster than e~Clel'™ In the context of complex potentials, this
conjecture was disproved by Meshkov [26], and later on the sharp lower bound on decay

rate, e=Clal*/?log lz1 | was proved by notoriously difficult Carleman-type arguments in [7].
The latter, however, does not distinguish between real and complex potentials, and it
is not known to this date if Landis conjecture is true for real-valued » and V. Notably,
none of these results are carefully adapted to the local properties of the potential which
drives the decay.

In the present paper we tackle the problem of optimal decay rate from a different
angle. We use a generalized version of the Fefferman-Phong uncertainty principle to
show that the fundamental solution of a generalized Schrédinger operator with a non-
negative potential enjoys the same bounds from above and below. For instance, if A is
an elliptic matrix with real, bounded coefficients, and V € RH n, then

€1 d(z,y,V) —eod(z,y,V)

c1 co€

(1.1) <Tg(z,y) <

)

|z —y["—2 |z —y|"—2
where I'g is an integral kernel of the generalized electric Schrodinger operator, that is,
the fundamental solution to Ly = —divAV + V, x,y € R", interpreted in a suitable
weak sense, and d is a certain distance function depending on V. In fact, we establish
the upper estimates for a considerably more general class of operators, which can be
formally written as L = —(V —ia)T A(V — ia) + V including, in particular, magnetic
Schrodinger. Let us discuss this in some details and properly define all the notions used
in this statement.

The first results expressing upper estimates on the solutions in terms of a certain
distance associated to the potential V' go back to Agmon [1]. He has introduced a
distance function which now bears his name and which we will discuss below, and
showed that the solution decays exponentially in the region where V' > 0. Agmon’s
estimates, however, are clearly non-sharp for most non-trivial potentials, for a simple
reason that solutions carry some amount of regularity and low values of V' in small
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regions should not drastically affect their decay properties. This vague statement is very
hard to quantify (and there are other interfering mechanisms at play which we will not
discuss in this paper). In many situations, however, the behavior of solutions, notably of
the eigenfunctions, is rather precisely governed by the uncertainty principle. The latter
has a few manifestations. In particular, the most recent one in [3] yielded astonishingly
accurate estimates on eigenfunctions even for the prototype of the Anderson model
based on disordered potentials. Here, however, we will use a much earlier result due
to Fefferman and Phong which has been later extended, e.g., to the context of the
magnetic Schrodinger operator - one of our main objects of study in the present paper.
This extension unfortunately currently seems beyond the reach of the methods in [3].

Let A = (4;j);;—, be an n X n matrix with complex bounded measurable coefficients
satisfying the uniform ellipticity conditions

(1.2) NP < Re (A(2)€,6) =Re Y Ayj(0)€;€ and | Al poe(any < A,
ij=1
for some A > 0, A < oo and for all £ € C", z € R™. Let a = (aq,...,a,) be a vector of

real-valued L? (R") functions and assume that V € L} (R") is scalar, real valued, and
positive almost everywhere on R”. Following the tradition and physical significance, we
will refer to a as the magnetic potential and to V as the electric potential. We consider
the operator formally given by

(1.3) L=—(V—ia)TAV —ia)+V,

where the superscript 1" stands for the transpose of the corresponding vector. Let us
further denote

Dy =V —ia,
and the magnetic field by B, so that
(1.4) B = curla= (bjk)lgj,kzgn
where
da;  Oay
1.5 b, - 2Tk

Due to the gauge invariance property, one expects B rather than a to be the primary
relevant parameter. As mentioned in the abstract, the most important particular cases
that will be highlighted throughout the paper are the magnetic Schrodinger operator
—(V — z'a)2 + V and the generalized electric Schrodinger operator —divAV + V. We
remark that our operators are not necessarily self-adjoint, in particular, the matrix A
is not required to be symmetric (or even real-valued in the first part of the paper).
Our goal is to treat as general a situation as possible taking no regularity assumptions
on A or on V. The Fefferman-Phong Uncertainty Principle requires a mild control on
oscillations of V' and B, manifested, for instance, in terms of a membership to suitable
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weight spaces. We say that w € L? (R"), with w > 0 a.e., belongs to the Reverse

loc

Hélder class RH), = RH,(R"™) if there exists a constant C' so that for any ball B C R",

(1)< f

and the reader will witness below that we typically assume that V' + [B| € RH,, .
Obviously, such potentials are not necessarily smooth and not necessarily bounded. We
will review below some key historical points but let us briefly mention here that a lot of
attention has been devoted to certain polynomial potentials - in particular, because they
serve as a toy model in related problems in semiclassical analysis. Any non-negative
polynomial belongs to RH,, /5 class, with the constant depending on the degree and the
dimension. In fact, for any polynomial P and a > 0 we have |P|* € RH,, for any p > 1,
with the constant depending only on «,n, and the degree of P, and |z|* € RH,, /2 for
any o > —2.
For a function w € RHy,p > %, define the maximal function m(xz,w) by

1 1
1.7 N T : =1
(1.7) m(z,w) ig%{r -2 /B(w) o= }’

and the distance function

(1.8) e,y w) = inf / m(y(t), W) ()] dt,
0

where v : [0, 1] — R™ is absolutely continuous and (0) = z,v(1) = y. Finally, for any
U C R", welet d(z,U,w) = in(f] d(x,y,w). The function m comes from the Uncertainty
ye

Principle, which is generalized in the present paper to serve the operators (1.3). Its
explicit formula (1.7) was introduced in [31]. Since it is one of the main points under-
pinning many of our results, let us say a few more words. The function m measures the
sum of the contributions of the kinetic energy e AD, f Dy f and potential energy V| f|?,
reaching optimum when f is a bump. In this vein, we find the definition (1.7) more
telling than any of the particular representations, but let us mention nonetheless that
in the aforementioned case V' = |[P|% a > 0, we have m(-,V) = > 5 |85P\W,
where k is the degree of P [30]. In the context of polynomial-like potentials, by
methods crucially relying on smoothness, the Uncertainty Principle has been proved
in [35, 17, 18, 27]. However, the real breakthrough in this direction came when Feffer-
man and Phong treated the non-smooth potentials [12]. This approach has been further
formalized in [31] to address V' € RH,, /o and in [30], [5], to treat magnetic potentials.

With this notation in mind, we list our main results.

For any operator L given by (1.3) and for any f € L?(R") with compact support,
there exist constants CZ, g,C' > 0 such that
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(19) / m (,7 V4 |B|)2 ‘L*1f|2625d(-,suppf,V+\B|)
{wER"|d(x,supp f,V+\B|)Zd}

1
<C 2 -
< /R v Bl

provided that A is an elliptic matrix with complex bounded measurable coefficients,
and either a = 0 and V' € RH,, /5, or, more generally, a € LIQOC(R”), V >0 a.e. on R",
and

V+ |B| S RHR/Q,
(1.10) 0<V <cm(,V+[B|)?
[VB| < ¢'m(-,V + [B|)*.

An analogous estimate holds for the resolvent operator (I +t2L)~1, ¢t > 0:

1y\2 . L
/ m(V + (Bl ) (14 RL)7 g ltomn Y HBL )

{xER”|d(:c7supp f7V—HB|+%2)2J}

1\2
(1.11) < C/|f|2m<-,V+|B|+t2) .
R™

—ed(supp fV+B)) away from the support of f and
—e&d(-,supp f,V+|B|+

In other words, L= f decays as e

the resolvent decays as e %2)_ The strongest previously known result for
the resolvent (almost) in this generality is due to Germinet and Klein [14]. Their work
is restricted to self-adjoint operators, but otherwise, modulo some technical differences,
they treat considerably more general elliptic systems than we do, including the Maxwell
equation, and they go much farther towards the Combes-Thomas estimates. However,
the exponential decay that they postulate is a much weaker estimate with t% in place
of our V + |B| + t% They do not treat the operator L~!. Actually, an estimate
with t% in place of our V + |B| + t% has also appeared in many sources before but
under stronger assumptions on the operator, and we do not attempt to review the
corresponding literature.

Due to a possible lack of local boundedness of solutions to (1.3), the L? estimates
in (1.9) are of the nature of the best possible. However, for operators whose solutions
satisfy Moser and/or Harnack inequality stronger pointwise bounds can be obtained.

For instance, if a € L7 (R"), and assumptions (1.10) are satisfied, then

Clo—cd(@.y,V+[BI)

(1.12) ITar(z,y)| < for a.e. z,y € R",

|z —y|"?
where I'j is an integral kernel of the magnetic Schrodinger operator Ly = — (V — ia)2+
V, that is, the solution to LyI'(z,y) = 6y(x), x,y € R", interpreted in a suitable
weak sense. More generally, this bound is valid for any operator (1.3) with an elliptic
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matrix A of complex bounded measurable coefficients and (1.10), assuming, in addition,
local boundedness of solutions and a classical estimate on the fundamental solution by
|z — y|*>~™ — see Theorem 6.7.

Finally, if fundamental solutions are bounded from above and below by a multiple
of |z —y|>™, e.g., if A is a real, bounded, elliptic matrix, V € RH%, and a = 0, then
we establish both upper and lower estimates (1.1) — see Corollaries 6.16 and 7.36. This
covers the case of the generalized electric Schrédinger operator.

Before passing to the proof of these results, let us make a few more points about
the existing literature. Needless to say, (1.1) underlines sharpness of the emerging
estimates. The only context in which (1.1) have been proved before is that of the clas-
sical Schrodinger operator —A + V' [29], and we, of course, build on the ideas from
[29]. As we mentioned in the beginning, to the best of our knowledge, no sharp re-
sults on the exponential decay of the kernels to the magnetic Schrodinger operator or
generalized Schrodinger operator existed in the literature. In fact, even the existence
of the fundamental solution to the magnetic Schrodinger operator for a € L2 (R™)
and V € L (R"), subject to the usual bound by a multiple of |z — y|>~" (Theo-
rem 5.35), seemed to be out of reach, as previous treatises normally imposed some-
what ad hoc conditions of smoothness for the magnetic field a € C? or at least
ac L} (R"),diva € L} (R"), and V € L2 (R™) [23, 5]. As we will see in Section
2, both situations are considerably simpler than ours but not completely natural, for
a€c L} (R") and V € L} (R") are the minimal restrictions allowing one to make sense
of the bilinear form associated to Lj,s in the weak sense.

Furthermore, certain polynomial upper estimates on the fundamental solutions in
terms of m have been established in a variety of contexts, in particular, in [31] for
—A +V, and in [32] for the magnetic Schrodinger operator, under assumptions similar
to ours. Polynomial decay is sufficient for establishing key properties of the associated
Riesz transforms and similar operators - the main goal of the majority of these papers,
but is obviously not sharp. An attempt to get exponential decay has been made at [21].
In this paper the author treated the heat kernel estimates for —divAV +V (A real and

symmetric) and — (V — ia)® +V and integrating them obtained for these two operators

2
Clo—e(1+m(@,V+[B|)|e—y|) o3

I (x,y)| < for a.e. z,y € R",

|z —y|"?
for some ko > 0, which is, once again, not sharp, as can be seen from (1.1) and (1.12).
Finally, without an attempt of a comprehensive review of the theory, we mention that
resolvent estimates are routinely used in many aspects of semiclassical analysis, which
roughly speaking, concentrates on the behavior of solutions to —h?A+V and analogous
operators as h — 0, but these bounds are typically independent of local features of V'
and B. The major achievement of the present paper is similar estimates from above
and below which is only possible by a careful account of the impact of the electric and
magnetic potentials.



EXPONENTIAL DECAY ESTIMATES 7

The outline of the paper is as follows. In Section 2, we present a theory of a generalized
magnetic Schrodinger operator L from (1.3), we define the resolvent, the heat semigroup,
the inverse of L, and other notions. In Section 3, we provide auxiliary estimates on the
maximal function m and distance d; most of the material in this section is well-known.
In Section 4, we establish exponential decay in L? for the resolvent of the operator L
and for L' including (1.9) and (1.11). In Section 5, we provide a construction of
the fundamental solution to the magnetic Schrédinger operator with a € L? (R") and

loc

Ve Ll (R"),V >0 a.e., together with the basic bound by C|z—y|?>~". In Section 6, we
establish exponential upper pointwise bounds on the fundamental solution, including,
in particular, (1.12) and the upper bound in (1.1). In Section 7, we give exponential
lower bounds for the fundamental solution, including, in particular, the lower bound in

(1.1).

2. THE THEORY OF THE GENERALIZED MAGNETIC SCHRODINGER OPERATOR

2.1. Preliminaries. We always assume n > 3. Let L be the operator formally given
by (1.3), where a € L? (R") is a real-valued vector function, A is an elliptic matrix
with complex, bounded measurable coefficients, V € L}OC(R”) is scalar, complex. We

will write ReV = V't — V= where V* > 0. The negative part, V~, must satisfy

(2.1) / Volu? < e Re ADyuDyu + CQHUH%Q(Rn), for each u € C°(R™),
n R”l

where ¢; € [0,1) and ¢z € [0, 00).

Let H := L?(R"). Corresponding to the operator L given in (1.3), we consider for
u,v € C°(R™) the form

(2.2) l(u,v) := ADyuDyv + Vuv.
R”

and then define the domain of [ as the completion of C2°(R™) with respect to the norm

(2.3) lullc o= /R 1, u) + (1 + c2) ull

which will henceforth be known as D([). This can be done because by adding 0 <
c1 fgnReV 4+ V7 ]ul? to (2.1), we see that

(2.4) / Volul? < T Re l(u,u) + = [l for each u € D(I),
n 1—¢ 1—¢

and so Re [(u, u) + c2||ul|? > 0. It immediately follows that
|lulf =0 = uw=0a.e. onR",

and (D(I), || - ||1) is a normed space. From (2.4) we can see that

2.5) RalE

| w||?, for each u € D(I).
1 — C1
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Moreover, using (2.1) and the fact that Re V = VT — V'~ it is easy to conclude that
(2.6) / VEul* < [ullf, for each u € D(I).

Rn

We will also need to consider the following condition on the imaginary part of V:
(2.7)

/ Im V| |u|v] < 03\/§Re ((u,u) + callull% \/§Re [(v,v) + calv]|%, for each u,v € D(I),
Rn”

where ¢35 > 0 and ¢4 is either 0 or 1. Of course, the condition (2.7) with ¢4 = 0 implies
the one with ¢4 = 1, but we’ll see that for the non-homogeneous setting, the case
c4 = 1 is enough for us. As a start, we recall the diamagnetic inequality, which can be
formulated as

Lemma 2.8. Suppose that a is a measurable function on R™ and let u be a measur-
able function on R™ such that Dau is a measurable function on R™. Then Vlu| is a
measurable function on R™, and

(2:9) Viul(@)| < | Dau(a)],
for almost every x € R™.
Let 2* := % By the Sobolev Embedding, we have that
[ull 2* mny < ClIVul| L2 (g

Observe that the map ||V || 2(gny is a norm on C°(R™). Define Y* as the completion
of C2°(R™) under this norm. The diamagnetic inequality implies

Corollary 2.10. Suppose that a € L} (R") and u € C°(R"). Then
[ull 2= &y < CllDaul|p2(mn).
In particular, D([) < L* (R").

The diamagnetic inequality is especially useful for the aforementioned embedding. At
the moment, we turn to the theory of the form [: the proof of the following proposition
is standard:

Proposition 2.11. Let a € L} (R"), let A be an elliptic matriz with complez, bounded
measurable coefficients, and let V € L} (R™) satisfying (2.1) and (2.7) with ¢4 either
0 or 1. Then the form | is densely defined, bounded below, continuous, and closed. If

co =0 in (2.1), then | is accretive.

Unless stated otherwise, take all the assumptions of the previous proposition, with
ca = 0 in (2.1). Using Definition 1.21 of [28] (with A — L, a — [ in the notation of
[28]), we can define an unbounded operator L : D(L) — H where D(L) is given as

D(L) = {u e D) s.t. Jve H:l(u,é) = (v,) Vo € D(I)}, Lu =
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The operator L is called the operator associated with the form [. Then Proposition 1.22
in [28] applies and we conclude that L is densely defined, for every € > 0 the operator
L + ¢ is invertible from D(L) into H, and its inverse (L + ¢)~! is a bounded operator
on H. In addition,

le(L+e) " fllg < Iflla, for each e > 0, f € H.

We will denote by [* the adjoint form of [, and by L* the operator associated to [* (see
Proposition 1.24 in [28]). We also note (Lemma 1.25 in [28]) that D(L) is a core of [; that
is, D(L) is dense in D([) under the norm || - ||;. Moreover, since by the aforementioned
results, the resolvent set p(—L) is not empty, then by Proposition 1.35 in [28], we see
that —L is a closed operator.

We now see that L is an accretive operator (see Definition 1.46 in [28]) since [ is an
accretive form. Since (L + ¢) is invertible, then in particular it has dense range. So, by
Theorem 1.49 in [28], it follows that L is m-accretive, and that —L is the generator of
a strongly continuous contraction semigroup on H.

2.2. The homogeneous operator. So far we have seen that the expression (L+¢)~!f
makes sense for € > 0, but our previous construction cannot work for the homogeneous
case: the operator L as defined above is not necessarily invertible as a map from D(L)
to H = L*(R"). It is imperative therefore to construct a homogeneous theory. The
following argument is inspired by that of Section 3 of [2].

Let us use the notation Va v := D(l), where we will omit the subscript if the mag-
netic and electric potentials are clear from context. Observe that by the diamagnetic
inequality we have that (Re [ ADaum)% is a norm on C°(R™). If co = 0, we define
the space V as the completion of C2°(R™) under the norm

Jully = \/&e ( /R ADguDy + Vuf?).

Indeed, if u € V with |ully, = 0, then by (2.1), the diamagnetic inequality and the
Sobolev embedding we obtain

Jul 2y g S 1Dt z2geey S uly =0,

whence we must have u = 0 a.e. on R”. Thus we have V «— L?"(R"). For instance, if
a=0,V =0, then V = Y2, The form [ is given by the same formula as [in (2.2) for
u,v € V, and [ is a coercive, bounded form on V. Now also suppose that ¢4 = 0. The
estimates

IDate] 72y < CON ) ul,
/]Rn VI[u? < Cler, e3)ull3,

1
[ully, < AllDaull 2@y + [[IVI2ullL2(n)
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hold for u € V. Actually, if we further assume that V' is real-valued, then the map

(u,v>-[1 = A DauDav + Vuw, for each u,v € V,

is an inner product on V, and the induced norm is equivalent to || - ||;. Hence V can be
seen as a Hilbert space when V' is real-valued.

Define the operator L : ¥V — V' in the following way: for u € V, Lu is the functional
f eV given by

f() = l(u,v), for each v € V.
Clearly, L is a linear operator, which is bounded on V (this is proven similarly to the
continuity of ). By the Lax-Milgram Theorem, it is also invertible, so that L1y vy
exists and is unique. This means that for all f € V', there exists a unique u € V such
that
ADauDav + Vuv = (f,v), for each v € V,
R”

where (f,v) is the duality pairing of V' with V.

The following proposition says that the space of compactly supported L?(R"™) func-
tions can be seen as a subspace of V'. The proof is omitted.

Proposition 2.12. Assume that a € LZOC(R”), A is an elliptic matriz with complex,
bounded, measurable coefficients, V € L}, (R™) satisfies (2.7) and (2.1) with ca = ¢4 = 0.
Suppose f € L2(R™) is compactly supported. Then f € V', and

1
(2.13) 11y < Clsupp fI7= || f]| 2(gn)

. 1
(2.14) I~ flly < Clsupp fI7 (£l 2 @n),
where C' is a constant depending only on X, c1, and n.

We now prove

Lemma 2.15. Assume thata € LQOC(]R"), A is an elliptic matriz with complex, bounded,
measurable coefficients, V € Li, (R") satisfies (2.7) and (2.1) with ca = ¢4 = 0. Suppose
fevn LQ(R”). Fore >0, let u. = (L+¢)” Lf € D(I). Then {u.} is a bounded
sequence in YV which converges strongly in V to L™ f. In particular, {uc} converges to

L=Yf strongly in the topology of L? (R™), and a subsequence converges pointwise a.e.
on R™.

loc

Proof. By definition of the sequence {u.}, we have

(2.16) / ADaueDav + (V + €)ue fm, for each v € V = D(I),
n RTL

and in particular, since u. € V), we can write

ADauDatc + (V + &)ucl = / f,
Rn R”
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and from this we obtain (since the right-hand side can be re-written as the duality
pairing (f, uz))

Jucl2 = Re /R ADau: Dtz + V1wl < £l il

yielding the boundedness of the sequence {u.} in V, with
(2.17) Juelly, < Nl

Hence, the sequence has a weak limit, say, v € V. Since by the diamagnetic inequality
(2.9) we have

| [ e
R’I’L
< Cyel|Datie|| p2@mny < Cpelluclly, < Cy ge, for each ¢ € C°(R"),
then by taking limit as ¢ — 0 on (2.16), we get that

< Coellue| L2x mny < Coel|Viuell| L2(mn)

ADauDag + Vug = fo, for each ¢ € C°(R"),
R R

and hence for all ¢ € V, as u € V. In other words, u = L™} f € V By the uniqueness
of L=1f, it follows the whole sequence {u.} converges weakly to L=!f. Now,

Re (f,u) = [ulf}, < limnf [l < timsup ue |}
e—

. 2 2| _ 13 —
. = £ & - » We) T ) )
(2.18) < lim sup [Hu 15 —|—/ elue| } lim sup Re (f,ue) = Re (f,u)
e—0 R e—0

which implies |uc|ly, — |lully,. This, together with the weak convergence, gives the
strong convergence in V. O

2.3. Local solutions to the magnetic Schrodinger operator and their proper-
ties. It will also be of interest to define local solutions for the operator L given in (1.3);
under certain conditions, such local solutions will enjoy a Caccioppoli-type estimate and
a Moser estimate (but we don’t prove the latter result until Section 5). First, if Q2 C R”,
we define

Vav(Q) = {u measurable s.t. Dau € L*(Q) and \V\%u € LQ(Q)},
and also
Va,Vioc(£2) = {u measurable s.t. Dau € L?,.(Q) and |V|%u € L?OC(Q)},

with Va v,0(2), the completion of C2°(€2) under the topology associated to Va v (€2). We
omit the subscripts when possibility of confusion is slim. We remark that, in particular,
the space of functions with compact support which lie in V(2) is a subset of Vy(Q2),
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and if (2.1),(2.7) are satisfied by V with ¢ = ¢4 = 0, then the elements of V lie in
V() for any Q@ C R™. Furthermore, elements of V,.(f2) are locally square integrable.
Indeed, since Dau € L2 (), then by the diamagnetic inequality (2.9), V|u| € L2 (Q),

loc loc

and from this, we conclude u € L2 (2). Now, if f € (Vy(2))’, we say that a measurable
function u solves Lu = f on Q in the weak sense if u € Vj,.(2) and

(2.19) /Q ADauDa+ Vg = (f.6)

for every ¢ € C°(f2). By a standard limiting argument it is clear that if u solves
Lu = f on Q in the weak sense, then (2.19) is satisfied for ¢ € Vy(Q2). It’s also clear
that w = L1 f also solves Lu = f on § in the weak sense. We present a generalized
Caccioppoli inequality, whose proof is standard:

Theorem 2.20. Assume that a € L2 (R"), A is an elliptic matriz with complex,

loc

bounded, measurable coefficients, V € L] (R™) satisfies (2.1) and (2.7) (with cy €
!/

[0,00) and ¢4 either 0 or 1). Suppose f € (V(BR)) N L2 (Bgr), and that Lu = f on

B(zo, R) C R™ in the weak sense. Then

1
2.21 / Daul? < Cl|——— +¢ / u2+/
(2.21) Bl(wo.r) [Dat { [(R —r)? 2} B(z0,R) [u B(zo,R

)

Millul}.

for every r, 0 < r < R, where C is a constant depending only on c1, A, A.

3. THE FEFFERMAN-PHONG-SHEN MAXIMAL FUNCTION AND RELATED PROPERTIES

Let £ be the collection of all balls in R™, and define

1/p
wp

|lw|| re, == sup 7(369 ) .
BeA wa

The following results are well-known in the theory of the Reverse-Holder classes (see,
for instance, [36]):
Proposition 3.1. If w € RH), for some p > 1, then w € RH, for each r € [1,p].

Proposition 3.2. [13] If w € RHy, for some p > 1, then there exists € > 0 depending
only on ||[w||rm,,p, and n, such that w € RH, for everyr € [p,p+¢). Moreover, |w| rH,
depends only on ||| ra,,p, and n.

Proposition 3.3. If w € RH,, for some p > 1, then there exists a constant Cy depending
only on ||w||rm,,p, and n so that for any ball B C R",

(3.4) | wsaf w

where 2B denotes the ball with same center as B and twice the radius of B.



EXPONENTIAL DECAY ESTIMATES 13

Proof. Fix a point z € R™ and r > 0. Then, for any R > r, we observe that

1/p 1-1
(3.5) / wg(/ w?) "B, R)\B(a. 1)
Bl R)\B(o.r) B, R)\B(o.r)

< (7}%"
N |B(07 1)‘Rn B(z,R)

1

1/ 1
w?) B, DI(R" =)'

( lw|| e,

N, w?)|B(0, 1)|[RYP(R™ — )"
BOE Sy 1B, IR )

nl-2
= |wlra, [1 - Tn] ,,/ w?,
R B(z,R)

where in the first inequality we used Holder’s Inequality, and in the third one we used
the fact that w € RH,. Let R,, > 0 satisfy

nl-1
lwlam, |1- | " =2
RHp RZ’} 27
that is,
D —l/n
Ry 1 —1
(3.6) Ro _ |y () ’ .,
T 2||lwl|rm,

and we note that o does not depend on z or r, and o > 1. Then, for each R € (r, ar],
due to (3.5) we observe that

/ w :/ w +/ w
B(z,R) B(z,r) B(z,R)\B(z,r)
Jon 2,
< w~+ = w
Bla,r) 2 /B(z,R)

(3.7) = / w < 2/ w.
B(z,R) B(z,r)

Estimate (3.7) holds independently of z and r, provided R € (r, ar|. Since a > 1, there
exists M € N such that 2 < o™. For example, we can take

In2
M = {HJ +1,
Ina
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where |-] is the floor function. Thus, upon applying (3.7) M times, we have

/ wg/ w§2M/ w§21+1hr:7§ w,
B(x,2r) B(x,aMr) B(zx,r) B(z,r)

which gives (3.4) with
Cp := 21+111%,

O
For a function w € RH,,p > %, recall we define the maximal function m(z,w) by
(1.7), and the distance function d(z,y,w) by (1.8). For each r > 0, let

1
O(r) := 2 /B( )w.

Whenever w is understood from context, we will simply write d(z,y) = d(z,y,w). It is
straightforward to prove that d satisfies the triangle inequality.

The following results were proven in [31]; here we expose the results while keeping a
careful account of the constants.

Proposition 3.8. [31] Suppose w € L}, (R"). Fizx € R", and let = m(i oy Suppose
that 7 € (0, +00). Then

. 1

Proof. Suppose otherwise. We note that ®(r) is continuous on (0, 4+00) (because it is
the product of two continuous functions). So if ®(7) < 1, then there exists § > 0 such
that ®(r) < 1 for all r € (7 — §,7 + ). If # < 400, then this contradicts the definition
of 7 as the supremum of #Z := {r > 0 | ®(r) < 1}. So ®(#) > 1. But if ®(#) > 1, then
again there exists 0 > 0 such that ®(r) > 1 for all » € (+ — 0,7 + ), so there can be no
sequence {r,} C # which converges to 7. It follows that # cannot be a supremum of

2. Thus ®(r) = 1. O
Lemma 3.9. [31] Let w € RH,, p> %5, and 0 <7 < R. Then
R\;—2
() < [lwlrm, (=) @(R).
That s,
(3.10) o [ sl () g e

Proof. We observe that

1 n
B /B@,r)“’ < (B /B@,r) ) <(3) (mem /B@,R) w’)

S =
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< lhwllzm, (g) : (!B(;R)! B(a,R) ")

where the first inequality follows from Ho6lder’s Inequality, and the last one is due to
w € RH,. Multiplying both sides by R*r? now gives (3.10). d

Remark 3.11. From Lemma 3.9, it is easy to conclude that, if w € RH,, p > 5 and
w > 0 a.e. on R™, then m(-,w) only takes values in (0, +00).

Observe that by Proposition 3.2, if w € RH 7, We may actually assume that w € RH,
for some p > 3.

Proposition 3.12. [31] Let w € RHy,p > 5. Fir x € R" and let 7 = —L__ . Sup-

m(z,w) "

pose that r > 0 satisfies ®(r) ~ 1. That is, there exists a constant C > 1 such that

1

% < ®(r) < C. Then r ~ #, with constant C' := (HwHRHpCA’)ﬁ Furthermore, the

converse is true: if v ~ 7, then ®(r) ~ 1.

Proof. First suppose that » < 7. Then we can apply Lemma 3.9 to see that
L < () < lwlrm, (2)7 0 = fulla, (1)
—= r w - 7) = ||lw -
o= < RH, \ RH, \

since ®(7) = 1. Now, p > 5 implies % — 2 < 0. As such, we have

_1_
P < (ol C) P

So in this case we are able to write

1
(3.13) i =

(wllrm,C)* "7
If instead we have r > #, similarly we get
1 r A\ o
<< ()
(lwllre, €)* >

which gives (3.13) in this case too. It follows that (3.13) is true regardless of whether
r < 7. This proves the result. O

1

< (leollrn,€) 77

e T Y

Lemma 3.14. Let w € RHy, p > 5. Then, for any constant C' > 0 and any z,y € R"
we have

__1_ _1_
Cl+log2(C+1)) =T m(x,w) < < C1+10g2(c+1)>27%
(ol e, C < iy < (lellnm,Co

)

if |$—y|§m
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where Cy is the constant from (3.4), which depends on ||w| ru,,p, andn only. Therefore,

(3.15) m(z,w) ~m(y,w) if |z—y|<

m(z,w)’

Proof. Let r := m(; 77 Suppose that |z —y| < Cr. Then B(y,r) C B(z,(C + 1)r).
Therefore,

1 1 1+logy(C+1) 1 1+log, (C+1)
— / w< — / w < Oy _— w = Gy Hloe(@FY),
2 By T B0 7 JBer)
Similarly, we have
1 1+log,(C+1) 1
1= n—2 / w s C ’ n—2 w,
r B(z,r) r B(y,r)

1 1 / 1+log, (C+1)
< w < C 2 ,
Cé—&-logQ (C+1) rn—2 () 0

so that

which by Proposition 3.12 implies that
1

1
1+1 C+1 -
(Il 5+ D)5

This means r ~

1
< rm(y, w) < (HwHRHp(jéHng(CJrl)) =

) OF equivalently, m(x, w) ~ m(y, w). ]

Remark 3.16. From Lemma 3.14 it follows that if Q C R" is a bounded set, then there
exists a constant C, depending on §2, such that

1
(3.17) Vol <m(z,w) <C.

The following results are proved in [31].

Lemma 3.18. [31] Let w € RH,,p > 5. Then there exist constants C,c,ko > 0,
depending only on p, ||w||p, n, such that for any x,y € R",

(3.19) m(z,w) < Cm(y, w)[L+ [z — ylm(y, w)]*,
and
(3.20) m(z,w) > cm(y, w)

Proposition 3.21. [31] Let n > 3, w € RHp, p > % Then there is a constant C,
which is a numerical multiple of Cy from (3.4), such that for every x € R™ and every
R >0,

w(z) dz 1 /
3.22 / <C w(z)dz.
( ) B,R) 12 — |2 Rn=2 B(z,R) )
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Proof. If p = 5, then by Proposition 3.2, w € RHp,. for some € > 0. Therefore, we
can assume p > 5 without loss of generality. Let ¢ be the Holder conjugate of p. Since
p > 5, then ¢ < 5. By Holder’s Inequality we observe

1 1
P q
/ i < / v / et
B(z,R) |2 — 2| B(z,R) B(z,R) |2 — x[1"
1
q
< / d722 COB(xaR)‘;_l/ w.
B(e,R) |7 — x]1"=2) B(z,R)

But the integral on the right-hand side can be estimated in spherical coordinates:

R R
(z R)| ) 0 )

z — z|an—=2 ra(n— n—q(n—2) 0

Rna(n—2).

It follows that

1
w(z)dz < 1 )q no(n-2) _1 _n/
< | C(n)———— R<R Co(C(n 1R w,
/B(a:,R) |z — z|n—2 )= q(n —2) o(C(m) B(a,R)

1
which gives (3.22), with constant C' = (n —q(n— 2)) Cp. O
We also note the following useful observation:

Proposition 3.23. Let w € RH),, p > 5. Let x,y € R". Then for any constant C > 0
there exists a constant C depending on C, ||w|ru,,p, and n only such that

Proof. Let v be the straight line that connects x to . Then
C

=B < e =3l < s

, for each t € [0, 1],

per the hypothesis. By (3.15), we see that m(vy(t), w) ~ m(x,w) for each t € [0,1], so
that there exists a constant C; > 0 satisfying m(v(t),w) < Cym(z,w) for all ¢t € [0, 1].
By definition of d, we have

d(z,y,w / m(y(t),w)|y ()| dt < Cl/ m(z,w)|y (t)| dt = Crm(z,w)|z—y| < C1C

Finally, take C := C1C. g
The following proposition will be useful in proving the lower bound exponential decay
estimate of Section 7.
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Proposition 3.25. [29] Let w € RHy, p > 5. Then there exists a constant C > 0,

depending on ||w| gy, and n only, which satisfies

C

m(z,w)

2
. Bly, ——— h —y| >
(3.26) x ¢ (y, m(y,w)) whenever |x —y| >

Proof. Suppose otherwise, so that for each j € N, there are points z;,y; € R" which
satisfy

J 2
T —Yj| > ————= but $~EB(y~,7>
[ = vl m(xj,w) ! 7" m(y;z, w)
whence we have
j 2 .
3.27 <lz; —yi| £ ——, for each j € N.
( ) m<xj’w) ’ J ]’ m(y],w)

Now, the fact that z; € B(y;, ——=— ) for each j € N implies by Lemma 3.14 that
J 77 m(y;,w)

there is a constant ', independent of j, such that
m(zj,w) < Cm(y;,w), for each j € N.
Using this result on (3.27) gives
m(yj, w)j <2m(z;,w) <2Cm(y;,w), foreach jeN
= j < 2C, for each j € N

which is a contradiction. This establishes the result. U

Next, we present an estimate often known as a Fefferman-Phong inequality for the
magnetic Schrodinger operator. We cite the statement from [5]; the proof of the state-
ment is an easy generalization of the proof first written in [30]:

Theorem 3.28. Suppose that a € L?, (R™)", and moreover assume (1.10). Then, for
all u € CLR"),

(3.29) [ v BDjuP e <C [ (1D + ViuP) da,
R™ R™
where C' depends on the constants ¢, from (1.10) and on ||V + |B||| g -
2

At this juncture we observe that the Fefferman Phong Inequality of Theorem 3.28 is
preserved in the class of functions Vs v:

Corollary 3.30. Suppose that a € L2 (R"), A is an elliptic matriz with complex,

loc .
bounded, measurable coefficients, and assume (1.10). Then, for all u € Va v,

(3.31) m?(z,V + |B|)|ul?dz < C [ (Re ADauDau + V|u|?) dz,
R™ R™
where C' depends on the constants ¢,c from (1.10) and on X\, ||V + |B|||ru,. . Note that
2

V' is a real (rather than complex) valued function, which is, in addition, non-negative.
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4. L? EXPONENTIAL DECAY

For notational simplicity, for ¢t > 0 we will write
1 1 _ 1.
Liz=L+ 5, Vi=V+, Ry := (1 +t*L) 1:t—2Lt ,

and identify the case t = oo with Lo, := L,V = V. Per the discussion in Section 2, the
family of operators {R;} is uniformly bounded from L?(R") into L?(R™). We assume
that V is real-valued, V > 0, and emphasize that for U an open bounded set in R", in
the definition of the spaces V, voc(U) we always take the weight to be V, even when

1
studying the operators L;. This can be done, because if (V + t%) 2y € L2 (U), then

loc

it necessarily follows that Vzu € L% (U). On the other hand, if Viu € L? (U) and
Dyu € L2 (U), then by the diamagnetic inequality it follows that u € L? (U), which

loc loc

1
implies t%u € L2 .(U), and so (V + t%)i u € L? (U). For a bounded set U C R" and

loc loc
c > 1, we define

C_
2

that is, cU is a “5tdiam U— neighborhood of U. Since for each t > 0, V;+|B| > V +|B|
pointwise a.e. on R", then by the definition of the Fefferman-Phong-Shen maximal
function, it is easy to see that

(4.1) m(z,V + |B|) < m(z, Vi + |BJ), for each z € R",

1
cU = {:L“GR”|EIy€US.t. |z —y| < diamU},

and hence also
(4.2) d(z,y,V +|B|) <d(z,y, Vi + |B|), for each x,y € R".

Furthermore, if for some p € [1,00) we have V 4 |B| € RH, and V + |B| # 0 a.e. on
R™, then for any ¢t > 0, V; + |B| € RH), with its RH,—norm controlled by that of the
former function.

Proposition 4.3. Assume that a € LZQOC(]R”), A is an elliptic matrixz with complex,

bounded, measurable coefficients, and V € L}, (R™) is real-valued with V > 0 a.e. on
R™. Ifa=0, assume V € RH%, otherwise take assumptions (1.10). Suppose U C R"
is a bounded open set. Let t € (0,00] and let u € Vipe(R"\U) be a solution to Lyu = 0
in the weak sense on R™\U. Suppose ¢ € CX(R"™) is such that ¢ = 0 on 2U. Let
g =gt € C®°(R™) be a non-negative function satisfying |Vg(x)| < Cam(x,V; + |B|) for
every x € R™ (Cy independent of t). Then

(4.4) / m(x, Vi + |B|)?|u¢|?e** dx < C/ lu?| V| du,
NG R

for any € € (0,e0), where g9 and C' depend only on X\, A, Ca,n, ||V + |B||r#., and the
2
constants from (1.10), but not on t.
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Proof. Let f = ¢e9 and ¢ = 9. = uf. Let us prove that ¢» € Vo(R"\U) N V. Since
U € Vipe(R™\U), then Dau € L2 (R™\U) and Vzu € L _(R™\U). Since f € C°(R"),

we have that V%uf € L? (R™\U). Owing to Corollary 2.10, we see that u € L2 (R™\U).

loc loc

Now, for any n € C°(R™\U),

which proves that wf is weakly differentiable with gradient fVu + 4V f. Since
Dayp = Da(uf) = fDau +uV f,
it follows that Dy € L2 (R™\U). Hence ¥ € Vjoe(R™\U). The fact that 1) has compact

loc

support within R™\U now implies that ) € Vo(R™\U). Since f is compactly supported
in R"\U, we have that V|¢|? = V]u?f? € LY(R"). Similarly, Day € L*(R"). Hence,
we actually have ¢ € V.

By a virtually identical argument, it is easy to see that uf? € Vo(R"\U). We note
that

1 _
(4.5) / |Dathl? + Vil < A/ Re ADay)Dat) + Vi
R R™

1 - - -
_ A/ Re A[ f2DauDat + fADauY f + fu¥ f D + [u>V £V ] + Vi 2

= ;\/ ﬂ%eA{DauW—i-qufm_ FaDauV f + ‘u‘gvaf} Ve

Since u solves Lyu = 0 on R™\U in the weak sense and uf? € Vo(R™\U), (4.5) reduces
to

(4.6)
/ IDat|? + Viloo|? < O/ 2|V £ + 0/ éReA[qufDau - fﬂDaqu] =I+1I.
R” R R
By the boundedness of A and the Cauchy inequality with > 0, we observe that
1
(4.7 1)< [ P Dal s [ SuPIese
Moreover, a straightforward computation yields

|Da(uf)? = f?|Daul® + 2fV fRe (aDau) + [ul*|V £,
so that applying the Cauchy inequality we see that

(18) S PIDauf? < |Daluf)? + [PV 5P
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Putting together (4.8) with (4.7), (4.6), and the fact that ¢ = uf, we achieve

(19) L Dbl +vlwR <0 [ s,

where C' is a constant which depends only on A, A, n, and not on ¢. In passing, we note
that by the diamagnetic inequality, (4.9) yields

/R V]l + Vil < ¢ /R 2V £

Using the Fefferman-Phong inequality (3.31) and (4.9), it follows that we can write
[ omevis Byt <c [ s

<c / 2| V|26 + Ce? / |29 Vg2
R” R”

gc/ |u2|v¢\262€g+002252/ m(-, Vi + [BJ)2|ug|2e29.
R™ Rn

with C' independent of ¢. This implies that for £ small enough, we can absorb the
right-most term into the left-hand side:

/ m(-, Vi + B)?ug2e*9 < C / |V o>,

and this proves the proposition. O

Heuristically, the idea to prove (1.11) is that for fixed y € R", g = d(-,y,V; +
|B|). However, the Agmon distance d is not necessarily a smooth function. The next
proposition shows that we can procure a continuous function which is close to d in a
uniform way, and which can be approximated by a sequence of bounded continuous
functions. Both results are given in [30].

Proposition 4.10. Let w € RHp, p > Then for each y € R™, there exists a
non-negative function o(-,y) = p(-,y,w) € C°(R™) such that for every x € R™ and
y €R",

N3

(411) ’80(1:7y)_d(x7y7w)| < C,
and
(4.12) Vo, )| < Oz, w),

where the constants in (4.11) and (4.12) depend only on ||w||rm,,p, and n.

Proposition 4.13. Let w € RHy, p > 5. For each y € R", there exists a sequence
of non-negative bounded C* functions {¢;(-,y)} = {¢;(-,y,w)} such that, for every
x € R",

iz, y) <e(z,y) and ¢j(z,y) = o(x,y) asj— oo,
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and
(4.14) Vapj(z,y)] < Cm(z,w),
where C' depends on ||w| gru,,p, and n only.

For an open bounded set U C R”, let

Buy = {B(m, m) ‘ T € U}.

By the Besicovitch Covering Theorem (see [10] for a proof), there exists a countable
subcollection %'U’t of Zyr+ which covers U, and for which there is uniformly finite overlap

of the balls,
Z XB < Cn,
Be%y;

with ¢, depending only on the dimension n and not on U nor t. Since U is compact,
there exists a finite subcollection %(;, = {Bi}_ | of #};, which covers U. Let Fy; be
the family of finite subcollections of %7, which cover U with finite overlap at most ¢,,.
Clearly, %’&t € Zy,, so this family is not empty. Let us first show

Proposition 4.15. Assume that a € L? (R") and V € L} (R™) with V > 0 a.e. on

loc loc

R™. Ifa=0, assumeV € RH%, otherwise take assumptions (1.10). Then there exists
d depending on |V + ]B]HRH% and n only, such that

{iL‘ €R" | d(z,U,V; +|B|) > d~} CR™\ U 4B, for any B, € Fuy.
Be#y) ,

Theorem 4.16. Assume that a € L? (R"), A is an elliptic matriz with complex,

loc

bounded, measurable coefficients, and V € L}OC(R”) with V>0 a.e. on R™. Ifa=0,
assume 'V € RH%, otherwise take assumptions (1.10). Suppose f € L?(R™) is compactly

supported, and let t € (0,00). Then there exists d > 0, depending on ||V + |B|| g,
2

and n only, and there exists € > 0 such that (1.11) holds, where ¢ and C depend
on N\, A,n, ||V + |B||ru., and the constants from (1.10), but they are independent of
2

supp f,t. Moreover, there exists € > 0 such that

(4.17) / .m (,’ Vi + ‘B|)2 ‘L;lff erd(-,suppf,VtHB\)
{xern|d(z.supp £.Vi+[B|)>d}

1
m(, Ve + [B])*’
where e and C depend on X\, A, n, ||V +|B|||r.. , and the constants from (1.10), but they
2
are independent of supp f,t.

<c [ |fP
RTL
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Proof. If f = 0 on R", then there is nothing to show, so suppose that |supp f| > 0.

Fix t > 0. Let U be any open ball such that supp f C U, and write u := R;f. By
construction, u is a weak solution to Lyu = 0 on R™\U in the weak sense, since

1
u:Rtf:t—thlf = Lju=

Let M > 0 such that 4U C By = B(0,M). Take ¢ € C°(R™) with ¢ = 0 on 2U.
Furthermore, suppose ¢ =1 on By \4U, ¢ = 0 on R"\2B,,, and

Vol <

omy " 4U\2U,

2
|V¢’ < M on QBM\BM.

Fix y e supp f, j € N, and let g = ¢;(x,y) = ¢;(x,y; Vi + |B|) as in Proposition 4.13.
For each j € N, g = ¢;(x,y) is an admissible function in Proposition 4.3. Then by 4.4,
we have

(4.18)
/ m@%+mww%mﬁ/7wwkﬂmﬁwﬁméc/IWWwww
By \4U R” R™

1 1
< C{/ ul? —————e* +/ IUI276269},
4U\2U | diam U [? 2By \Bum M?

where C' is independent of j, M,y,U,t. Since g = p;(x,y) is a bounded function on R"
and by definition u € L?(R"™) because the resolvent maps L?(R") into L?(R"), it follows

that
1
|u|2 76269
‘ /QBM\BM M?

Consequenty, by Fatou’s lemma,

1
§CjW/Rn|u|2—>0 as M — oo.

1
@) [ Vi B <o [P e
R\4U avou | diam U2
with C' independent of j,y, U, t.

K
Now let B” € Faupp 11, and we can write B” = {By}H< |, Let Q@ = | 4By, fr =
k=1

K _
fxB,,and h = max{l, > XBk}' Then it’s clear that 4supp f C Q, supp fr C By, and
k=1

1 <h(z) <ep, for each x € R",
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K . K
d fr= IR > fxs.=f

=R S
k=1

SR

Let ug := R; (%fk) Since

R, ( uk) ZR uk—z fe=1

1

Mw

a~
=l

it follows that uw = Ryf = > wuy by the uniqueness of such a solution in V. Let y
k=1

be the center of By, so that Bj, = B(yk, m

m). By (4.19), for each j € N and
k=1,..., K we have

1
(4.20) / ( Vi + |B|) |u |2 2e; (- yx) < C/ u |2.762apj(-,yk).
RA\4By, 4By \2B; | diam By[?
We note that for x € 4By \2By, by definition we have |z — yi| < 7m(yk vraTBy) Which

implies that d(z,yx) < C, and so by (4.11) and Proposition 4.13, it follows that
©;(-,yr) < C on 4B;\2By, with C independent of j,yi. Hence we have

@2 [ m Vi B ) < ol Vi +B) [
Rn\4B, Rn

1
< Cmln i+ BI) [ Al <C [ 1APm( Vs B)
" k

where in the second inequality we used the uniform boundedness of the resolvents R;

from L?(R™) into L?(R"), and in the third inequality we used the fact that fy is sup-

ported on By and Lemma 3.14. Here C' is independent of j,y; and ¢. Letting j — oo
n (4.21), using Fatou’s Lemma and (4.11), we conclude that for each k =1,..., K,

(4.22) / m(-, Vi + [B)?[uy|?e*0wm Vit B < C/ felm (-, Vi + [BI)”.
R"\4By, By,

We remark that, by using L, ! instead of R; whenever it has appeared up to this point,
we can prove all the results so far up to (4.20). In this case, note that

(4.23)
41 1 3 1 1
(om0 i) = Ol el ey < DL el
k k

1

1 1 1 3
< CHLt 1EkaV < C!suppfk!i\lkaH(Rn) < C(/B ’fk|2m> 27
k )
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where we first used Holder’s inequality, then the Sobolev inequality and the diamagnetic
inequality, then the definition of the norm || - ||;;, then (2.17) and (2.13), and finally
Lemma 3.14 and the fact that supp f C By. Using (4.23) and the analogous (4.20), we
can thus prove

1
4.24 m(-, Vi + [B))?| L e2ei (k) < O L —
g [ v B ()| R B

where C here is independent of ¢, k and f.
Let us prove that for each z € R™\Q,

K
(4.25) Z e~ 2ed@ur) < O
k=1
where C; is independent of z, ¢, K, and the support of f. Fix z € R"\Q and let
l (41
e , ) rezezo
N G Ve B m v+ B)

Now, since = ¢ 4By, for any k, note that

Ag:{yGRn:]m

K 00
4.26 e~ 2@ ) —2ed(@yx) ( max 6_25d(m’y’“)) 1.
e DI <) ( max 2
=1 (=4 yL €A, =4 YrEAL

Since for all y, € Ay we have that |z —y| = m, it follows by using Lemma 3.18
that d(z,yx) > £ for all y € A, and for some 6 > 0. Hence

_ _ 5
max e~ 264(®:k) < p—cel , for each ¢ > 4.
ykE€EAL

For each £ > 4 and y € Ay, write B, = B(y, m)

|Bk!
2 1= 2 Bl S e, |Br > 1B

Yr €A Y €A, YL €A

Then

gn
m(z, Vi + |B[)"

1 L
S S - Y . — ‘ < V,+ B])"
™~ mingeq, \By|‘ ( m(z, Vi + ]B\)) Hé?ﬁlx[ m(y, Vi + [BJ)"]

oy 0" )

Therefore, from (4.26) we conclude that

K %S
§ :6—2£d(x,yk Zg (ko+1)n —cef‘s < C
= (=4

as claimed.
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Next, since 4By, C Q, and d(-,supp f, Vi + |B|) < d(-,yx, Vi + |B|), we note that for

"= 1c and e small enough,

€=3

(427) / m(.’ ‘/t + ‘B‘)Z‘u|2625/d('7SUpr)

K
= [ Do ik Bl O s Dl
R7\Q

K K
< [ m(-, Vi + |B|)?|uy 262&1("9’“} e~ 2 d0ws)
[ [t v >

k=1 J=1
K
<OY [ ml Vit [BY e
=1 R?\Q
K
<O [ Vi B e
k=1 R7\4By

K
<Oy [ IfPm( v+ B)?
k=1 7Bk

<C [ IfPm(,Vi+[BI)?,
Rn
where first we used the Cauchy-Schwartz inequality and (4.25), then (4.22). We note
that C does not depend on supp f, nor on the subcollection %" € .# used. Upon using
Proposition 4.15, (1.11) follows immediately. Similarly, by using (4.24) in place of (4.22)
in the argument leading up to (4.27), it is clear that we achieve (4.17). O

We remark that (1.11) implies a Gaffney-type estimate:

(4.28) H(I +£2L) 1f’

L2(E)

gCthxp(—aww (VHBH ) )

where f € L?(R") is compactly supported with supp f C F, and E C R satisfies that
d(E,F,V + |B]) is large enough (here and elsewhere, dist(-,-) denotes the Euclidean
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distance). We prove (4.28) in the following corollary, which also includes a proof of
(1.9).

Corollary 4.29. Assume that a € L? (R™), A is an elliptic matriz with complex,

loc

bounded, measurable coefficients, and V € L} (R™) with V > 0 a.e. on R". Ifa =0,

loc

assume V € RHz, otherwise take assumptions (1.10). Suppose f € L?>(R™) is compactly
supported. Then there exists d > 0, depending on |V + |B|||rm, and n only, and there
2
exists € > 0 such that (1.9) holds, where €,C depend on A\, A,n,e, ||V + |Bl|||gru., and
2

the constants from (1.10), and are independent of supp f. Moreover, suppose E, F are

open sets in R™ where supp f C F and d(E,F,V + |B|) > d. Then for each t > 0,

(4.28) holds with constants €,C depending only on \,A,n,e, ||V + |Bl||rH., and the
2

constants from (1.10).
Proof. Using (4.1) and (4.2) on (4.17), we observe that

( m (‘7 V + ’BD2 ‘L;1f|2 625d(-,suppf,V+|B\)

4.30) /
{ecrr|d(@supp £,V +BJ)>d}
1
<C 2 )
<O P v

The right-hand side of (4.30) converges to the right-hand side of (1.9) as t — oo by the
Lebesgue Monotone Convergence Theorem, since it can be proven that for each z € R™,

m(z, Vi + |B|) \y m(z,V + |B|), as t — oo.

Therefore, we can now achieve (1.9) by using Lemma 2.15 and Fatou’s Lemma on the
left-hand side of (4.30).
To see that (4.28) is true, first note that for all z € R”, if we let r, =

then

1
m(z,Vi+|B|)’

o~

1 1 _ 72
1= [ Vg EBO)
B(z,rz)

e t

and so
1 1

< t
m(z, Vi + Bl) = |B(0,1)|2
Using the above fact, (1.11), (4.2), and the hypothesis on the sets F, F', we can write

dist(

/!(I+t2L)1f\2e2€ o deCtQ/ [f[*m(w, Vi + [B])* du,
E F

and from the above inequality, it is clear that (4.28) follows. g

5. THE FUNDAMENTAL SOLUTION OF THE MAGNETIC SCHRODINGER OPERATOR AND
ITS PROPERTIES

In this section we aim to pass to the pointwise estimates.
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5.1. The semigroup theory, Kato-Simon inequality, and the heat kernel. We

use all the notation and definitions from Section 2. Let a € L (R"), let A be an

elliptic matrix with complex, bounded measurable coefficients, and let V € L}OC(R”)

satisfy (2.1) and (2.7) with co > 0 and ¢4 either 0 or 1. First, recall the Resolvent
formula (see the remarks following Theorem 1.43 in [28]):

o
(5.1) (L+e) tf = / e~cte~tl f dt, for each ¢ > 0, f € H = L*(R")
0
and the following identity
t —-m
(5.2) et f = li_r)n (1 + —L) f, for each f € H
m—oo m

where the limits are in the topology of H (that is, in the L?(R™)—sense). Define the
form
b(u,v) = | Vu-Vou,  foreach u,v € D(b) = WI2(R").
R"
In a very similar fashion as in Section 2, it is easy to see that b is densely defined,

continuous, closed, and accretive. Accordingly, we can define the unbounded operator
—A: D(—=A) — H, where D(—A) is given as

D(~A) = {u e D(b) s.t. Jv e H:b(u,d) = (v, ¢)g Vo € D(b)}, “Au =

Hence D(—A) is dense in W12(R"), (—=A +¢)~! is invertible on H for every € > 0, and
there is a strongly continuous contraction semigroup e*® associated to —A. Accordingly,
identities analogous to (5.1) and (5.2) hold. Furthermore, the operator —A is known
to enjoy several more properties: its heat semigroup is given by integration against a
non-negative heat kernel p_a; that is, p_a(-,- ;t) is a measurable function on R x R”
such that

A f(x) = / p_a(x,y;t)f(y) dy, for a.e. z € R" and for every t > 0, f € L*(R"),

and
lp_alz,y;t)| < Ct/2 for all ¢ > 0.

The operator —A also has a homogeneous realization, which by a slight abuse of notation
we denote as —A. The fundamental solution of —A, I'_a, is well-known to exist and
to satisfy

Cn

=T_aA(z,y) =/ p_alz,y;t)dt,
0

where ¢, is a dimensional constant. For each compactly supported f € L (R"), we can
write

|z — y|n—2

(8@ = [ Ta@pi@d.  ae R

n
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From the non-negativity of the heat kernel p_a and the resolvent formula, we deduce
that if 0 < f < g with f,g € L?(R"), then for all € > 0 one has

(5.3) (~A4e) f < (-A4e) g
in the a.e. sense on R™.

In the case that A = I, a € L} (R") is real-valued, and V € L} (R") with V > 0

loc
a.e. on R", we have the Kato-Simon inequality, the following formulation of which can

be found in [25], Lemma 6:
(5.4) (L+e)7 fl < (A +e)7Yf, for each f € H = L*(R").

A function pr(x,y;t) : R x R™ x Ry — R is called a heat kernel of the semigroup e~
if for each t > 0, pr(-,- ;t) is a measurable function on R™ x R™, and

tL

e L f(x) = / pr(z,y;t) f(y) dy, for a.e. € R" and for every t > 0, f € L*(R").

It is clear that if a heat kernel to the semigroup e *¢

Let us prove

Proposition 5.5. Suppose that a € L} (R"), A=1, and V € L} (R") with V real-
valued and V>0 a.e. on R™. Then

(5.6) letLf| < €2, for eacht >0, f € H.

Furthermore, et can be seen as a bounded map from L'(R™) into L>°(R™). The heat
kernel pr, of the semigroup e " exists, and moreover it satisfies

(5.7) pr(z,y:t)| < p-alz,y3t)
forallt >0, a.e. x €R", a.e. y € R".

exists, then it must be unique.

Proof. Tt is immediate that (5.4) can be rewritten as
1 -1 1 -1
(ZL+1) = Cear+1) s,

for e > 0 and f € H. Using the observation (5.3) and the Kato-Simon inequality, we
note that

1 -m 1 -1 /,1 —m+1 1 -m

— < (Z(= — < o< | =(—

Gr+) = Gemen) |GEen) a2 Geay 1) i
for any m € N, e > 0 and f € H. It thus follows that

t -m t -m
_ < [ (_
()™= (s ) i

for all t > 0, all m € N and all f € H. We take limit as m — oo using (5.2), and (5.6)
follows.

Now, we'll show e ' can be seen as a bounded operator mapping L'(R") into
L*>°(R™). To see this, note that for f € C°(R"), we have by (5.6),

e f(@)] < Af1(@) < N4 fllm@ny < CE 2 sy, ne o € R

tL
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whence
le™ " fll e @ny < O 2 || fll 11wy for each f € C2°(R™),

and therefore, using the density of C2°(R") in L*(R"), it follows that we can see e ** as a
map of L' (R") into L>°(R™), and a similar argument gives that e~ : L2(R") — L>(R")
is also a bounded map, with

le | 2y poe < O, for each ¢t > 0.
By Dunford’s Theorem (see [11]), this implies the existence of a measurable function
pr(-, - t) on R™ x R™ which satisfies
(5.8) e tf(x)= / pr(z,y;t) f(y) dy, for each t > 0,a.e. 2 € R", f € L*(R"™).

At this point we show the domination of pr, by p_a. Fix (z,t) € R" x (0, 00) such that
pr(z,-;t) is measurable in R™. Suppose there exists B C R™ such that

pr(@,y:t)| > p-alz,yit),  ye€B.
Using (5.6) and (5.8) with f = XB%, it is readily observed that for a.e. x € R", all
t>0,
/ pr(z,y:t)|dy < / p-a(z,y;t) dy,
B B

and so it follows that |B| = 0. More precisely, for all ¢ > 0, for almost every x € R",
for almost every y € R", the inequality (5.7) holds. O

5.2. The fundamental solution of the magnetic Schrédinger operator, part I.
In the following definition, .Z is either L + ¢ for ¢ > 0 or L, with ¢, Z the domain
and range respectively of these operators. Specifically, when .Z = L + ¢, we write
A = D(L), # = L2(R"). When .% = L, we write £ =V, Z =V,

Definition 5.9. We say that a measurable function I'(z,y) defined on R x R" is the
fundamental solution to the invertible operator .Z : 5 — % if the following conditions
are satisfied:

(1) For each f € C(R™), the function
w= [ Ty

lies in . and satisfies uy = £ 1 f.
(2) For a.e. y € R, I'(-,y) solves ZT = 0 in the weak sense locally on R™\{y}.

We carefully note that we avoid for now a stronger traditional statement that ZT" = §
in the sense of distributions. We will discuss this further below.
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At this point, for £ > 0 note due to (5.7) that
(5.10)

/ ! lpp (2, y: )] dt < / p_a (e y: )] dt = / poa(e,yit)dt = T_a(e.y) < o
0 0 0

for a.e. x,y € R",x # y. For each € > 0, we define the measurable function I'; ;. (z,y)
given by

(5.11) Irie(z,y) ::/ e pp(x,y;t)dt,
0

and we will eventually see that this function is the fundamental solution to the operator
L+ ¢ (we use the notation I'y, for e = 0; T';, will be seen to be the fundamental solution
to the operator L). Due to (5.10), a function given by (5.11) is well-defined and finite
a.e.. The following lemma captures the expected convergence result:

Lemma 5.12. Suppose that a € L} (R"), A=1, and V € L}, .(R") with V real-valued
and V>0 a.e. on R™. Then for every compactly supported f € L>=(R"),

(5.13) (Lte) ) — [ Toley)fw)dy. forae zcR"
R

and

(5.14) Irie(z,y) — Tr(z,y) for ae. z,y e R" z # vy,

as € N\ 0.

Proof. Fix f € L*°(R"™) with compact support. For each € > 0, we have

(5.15)
/ / IpL ||| dy dt < / / etp_alf|dydt < / Toalfldy = (~A) 7],
0 Rn 0 R R

where in the second inequality we used Tonelli’s Theorem. Since (—A)~!|f| is a mea-
surable finite a.e. function, it follows that for almost every x € R™ and every € > 0,
Fubini’s Theorem can be applied to (5.1) when (5.8) is used. Hence, using (5.11), we
arrive at the identity

(5.16) (L+e) " f(a) = / Tp e (. 9) £ () dy,

n

valid a.e. in R", for ¢ > 0 and f € L*°(R") with compact support. It is clear that

e 'pr(a,y: ) f(y) — prlz, ¥ ) f(y)
pointwise in (y,t) for almost every x € R", as ¢ N\, 0. Moreover, note that for a.e.
y € R,
e pr(@, y ) f ()] < pr(z,y; ) f(y)] < poalz,y: )] f(y)]
and, since for almost every = € R",

/n/o p—a(@,y;t)[f(y)] dt dy < +o0,
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then for almost every x € R”, we can apply the Lebesgue Dominated Convergence
Theorem to get

L[ e ntmormaa — [ [T apnsaay,
which is (5.13). A very similar convergence argument delivers (5.14). O

Combining the results of this section with Lemma 2.15, we have

Theorem 5.17. Supposea € L2 (R"), A=1,V € L}OC(R”) with V> 0 a.e. on R".

loc

Then the function T'r(z,y) given in (5.11) satisfies the following properties:
a) For any f € L (R"™) with compact support, the function defined by

up = /nFL(-,y)f(y) dy

lies in V and is the unique element in V satisfying Luy = f in the sense of dis-
tributions on R™. Moreover the sequence {(L + €)1 f} converges pointwise almost
everywhere on R™, and strongly in V, to up as e\ 0.

b) There exists a constant C' depending only on n, X\, A, such that for a.e. x,y € R™,

(5.18) Pr(z,y)| <

c) For a.e. ye R", T'1(-,y) € L}OC(R”), and T'r(-,y) € L (R™\{y}).

loc

Proof. Statements b) and c¢) hold by the definition of I';, and (5.7). Statement a)
holds by (5.13) and Lemma 2.15. O

Theorem 5.17 doesn’t yet give the existence of a fundamental solution, but it does
give the existence of an integral kernel of the operator L~!. Missing from the theorem
is another important aspect of the fundamental solution, which is that LT',(-,y) = 0,
in the sense of distributions on R"™. Though this latter fact may not be accessible to us
in the full generality, we will need some variation of LT';(-,y) = 0 in the weak sense on
R™\{y} to satisfy the conditions of Definition 5.9. For this purpose, it is necessary to
prove Dal'z(-,y) € Lj, (R"\{y}).

At this point, we can prove an important property of local weak solutions to the
operator L; namely, the local uniform boundedness of weak solutions to the operator L,
also known as a Moser estimate. We capture this result in

Theorem 5.19. Assume that a € L?, (R"), A=1, and V € L} (R") with V >0 a.e.

on R™. Let B = B(xzg, R) CR", f € L>®(B), and suppose u solves Lu = f in the weak
sense on 2B := B(xo,2R). Then u is locally essentially bounded, and

1) < C{( 723 |u|2>5 + B2 ]éB |f|2)%}.
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Proof. This result is proven in Lemma 1.3 of [32] for magnetic Schrédinger operators
with potentials V +¢ where € > 0 is a constant. The proof for the magnetic Schrodinger
operators satisfying the hypothesis of the theorem as stated here follows as soon as one
establishes a Kato-Simon inequality for such operators. More precisely, we want to
prove that

(5.20) |L7Lf)(x) < /]R” T_a(z,y)|f(y)| dy, for a.e. x € R",

is true for each f € L?(R") with compact support (note that (5.20) should make sense
even when [p, T_a(x,y)f(y)dy = +00). We note that if f € L>(R") with compact
support, then we can prove (5.20) as follows: Recall that

(—A + &)Y f|(z) < /]Rn oAz, y)|f(y)| dy, for each € > 0, a.e. z € R™.

Using the Kato-Simon inequality (5.4) for operators L + ¢ and the previous estimate,
we can write that

(L+ 5)_1f(:n)’ < / I Az, y)|f(y)| dy, for each € > 0, a.e. z € R".

n

Consequently, using a) in Theorem 5.17 and taking liminf as ¢ N\, 0 in the above
inequality yields

@< [ TaGalf@lds  ae s eR
which establishes (5.20) in this case. Now suppose f € L?(R™) has compact support,

and for each k € N let
_ Jf@), if[f(x) <k
Ir() '—{ ki ()] > k.
We note that for each k € N, f € L>®(R"), supp fx = supp f, fr — f in L?(R") as
k — oo, and
| fe ()| 2| f(2)], for a.e. x € R" as k — oc.

Observe that for each k£ € N and a.e. z € R”,
(5.21) L7 fi(@)] < /R Foa(@, y)lfr(y)l dy < /]R L_a(z,y)|f(y)] dy.

Since fr — f in L?(R™) and supp fr = supp f, it follows that f, — f in the topology
of V. Hence L™ f; — L~'f in V as k — oo, since L™! is a continuous operator. In
particular, a subsequence of {L‘l fr} converges to L~'f pointwise a.e. in R™. Hence,
passing to infinity along this subsequence in (5.21) implies the desired estimate (5.20).

With (5.20) at hand, the proof in [32] can be retraced to prove the theorem in the
desired generality. O
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5.3. The fundamental solution of the magnetic Schrédinger operator with
smooth coefficients. Suppose that a € C°(R™), A is an elliptic matrix with complex,
bounded measurable coefficients, and V' € C*°(R™) N L*>°(R"™) satisfies (2.7), (2.1) with
c2 = ¢4 = 0. In this case, the elements of D(I) coincide with those of W12(R"). To see
this, suppose u € WH2(R™). Then by definition u € L*(R"), thus |Re V\%u € L*(R"),
and the expression Dau = Vu — jau clearly lies in L?(R™), showing W12(R") C D(I).
On the other hand, if u € D(I), then u € L?(R™) by definition, and it can easily be
shown that Dau € L?(R™); hence Vu € L?(R™), so that D(I) ¢ W12(R™). In a similar
way, the elements of YV can be shown to coincide with Y12, which is the space of elements
of W12(R") which lie also in L?"(R™).

Next, further assume that A = I and that V' > 0. Then we recover all the previous
results; so, for instance we have the results of Lemma 2.15 and Theorem 5.17. Moreover,
we can prove

Theorem 5.22. Assume a € C°(R"), A=1, and V € C*°(R") N L*(R") is a non-
negative function. Then the function T'r(x,y) from Theorem 5.17 is the fundamental
solution to the operator L, and moreover enjoys the following properties:

a) For fized y € R", T y) € WZ(R™\{y}), and Da- Dal'y, € LiS,(R"\{y}).

loc

b) For fired y € R", the equation LI';, = &, holds in the sense of distributions. That is,
for each ¢ € C°(R"™),

[ [P0 Da Dadl@) + V(@)L )30 do = 3T0)

¢) For almost every y € R™, the equation
(5.23) Dy - Dal'p(z,y) + V(2)I'L(x,y) =0

holds (in particular, in the sense of distributions on R™\{y}).
d) The identity

(5.24) Tr(z,y) =T (y,x)
holds in the a.e. sense on R™ x R™.

Proof. Let f € C°(R™) and ¢ € C°(R™). By Theorem 5.17, it follows that

up = /n Lr(y)f(y)dy

lies in Y12 and solves Luy = f in the weak sense. That is, for ¢ € C2°(R™) we have

[ [ [ ratensw) an)Duste) + v [ Tates ) dy)o@)] da

= | f(@)o(z)d,
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which we can write as

L[ rueaf)asDaDas@ + | VieTute ) )3 do] ds

— [ f@)é(@)de.
R?’L

Using Fubini’s Theorem, which is valid due to our assumptions on a and V, the above
equality becomes

[ 1) [ [Fae.0)DaDad@) + V@)L (o )50 dvdy

= [ f@)é(@)de.
-

Since f € C°(R"™) was arbitrary, the equality
(5.25) / [Pe(e ) Da Dad(@) + V(@)P i, y)()]| do = 6(y)

holds for almost every y € R™. This proves property b). By letting h(y) = L*¢(y) on
R"™, we see that h € C2°(R"). The invertibility of L* implies that ¢ = (L*)~'h, and
hence we can rewrite (5.25) to see that

(E)"h(y) = / T (2, y)h(z) da.

n

In particular, we have shown that for a.e. y € R”,
(5.26) / [FL(ac,y) — T« (y,x)] h(zx)dx =0, for each h € L*(C>°(R™)).

Since CS°(R™) is dense in V, then the bounded operator L* : V — V' maps C2°(R™) to
a dense set in V'. Consequently, (5.24) follows.

Now fix y € R", Q C R™ a bounded open set, » > 0, call & := Q\B(y,r), and let
¢ € C°(0). Then, from (5.25) it follows that for almost every such y,

(5.27) [ Puloy)Da Das@ide =~ [ V()Tu(o o) da.
whence we have
(5.25) | [ TeewDa Dadl@ o] < Clldlunc

where C depends on V and & but does not depend on ¢. So consider the distribution
Da -D aFLv
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defined on C2°(0). Extend its definition to L'(&) using (5.27)-(5.28). By (5.28) we
observe that this distribution is a bounded linear functional on L'(&). Therefore, it

actually is a measurable function living in L*°(&) and, per (5.27), (5.23) follows.

To see that I'y satisfies the conditions of Definition 5.9, it remains to show that

for each y € R™, D'y, € L2 (R™\{y})". Let Q C R" be a bounded open set with

loc

smooth boundary, and define & = Q\B(y,r) for some r > 0. Let h € L?(0)". We
can use a Hodge Decomposition as in Lemma 4 of Chapter 4 of [4], so that there exists
g = gn € WH2(0) such that IVanllr2(ey < IIh][z2(5). Moreover, h— Vg is a divergence-
free vector in the weak sense; that is,

/(h—Vg) -V =0,
2
for each ¢ € WH2(€). We denote by 2'(€) the space of distributions on &. Let
{fx} C C=(0) satisty
f — 'y in D'(0) and in L*(0) as k — .
We can also choose {fx} so that
| fill oo () < C.
For each k£ € N, we can write
(Dafka h — Vg) = (ka‘a h — v.g) - (iafka h — Vg) = _(iafka h — v.g)7

and since

‘(af/ﬁ h — v.g)| < CHh - v.gHLQ(ﬁ)v
it follows that for any h € L?(0)",
|(Dafi,h = Vgn)| < Cllh|12(0),
where C' does not depend on h. Consequently, in order to prove that D,I'; is a bounded
linear functional on L?(&)" (hence, it lies in L?(&)™), it suffices to check that
(5.29) ‘(DarL,vg)} < C|IVgllr2),  for cach g € C2(0).
Since
(DaFL7 Vg) = (DaPLa Dag) + (DaPLa iag),

and

|(DaT'1, Dag)| < |(Da+ Dal'1.9)| < Cllgllza o) < Cllgllzz oy < ClIV 2001,

|(Dal'1 iag)| = (1, iDa- (ag))| < CllgV -a+a:- Vg —ilalglss) < CIVlliao),
then it’s clear that (5.29) follows. Hence DaI';, € L?(€). This ends the proof of the
theorem. g
Remark 5.30. The above method of proof instantly generalizes the results of this theo-
rem to the case where a € L} (R"),diva € L} (R"), and V € LS (R™).

loc
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5.4. The fundamental solution of the magnetic Schrédinger operator, part I1.
It is our intent to approximate the magnetic Schrédinger operators with rough coeffi-
cients by those with smooth coefficients. Take a € L} (R"), and V € L} (R")with V >
0 a.e. on R™. We can construct sequences {ax} C C°(R"), {Vi} € C*°(R") N L*(R")
respectively, which converge to a, V in the topology of L? (R™), Li (R™), respectively.
Moreover, the Vi’s can be chosen to be non-negative. We denote by Lj the operator
associated to a; and Vj. For each k € N, Theorem 5.22 applies, giving the existence of
a fundamental solution 'y to the operator Ly.

We will obtain our desired result in two main steps: First, we show weak convergence
of L,:l to L' in Va,v- Second, we show convergence of the fundamental solutions I'y
to I'z, in the local topology associated to Va v (R™\{y}).

Lemma 5.31. Assume that a € L} (R"), A=1, and V € L}, (R™) with V > 0 a.e.
on R". Fiz f € L>®(R™) with compact support. Then

a) {DakL LfY converges to DaL =1 f strongly in L*(R™).
b) {VQL L£Y converges to Val- Lf strongly in L*(R™).
¢) {L;'f} converges weakly to L™'f in L*" (R™), and strongly in the L} (R") sense.

Proof. By Theorem 5.17, the sequence uj = L,; f is well-defined, and for each k € N,
up € WH2(R™). By construction, we have

(532) an DakukDak¢ + Vkukg = (f7 ¢)7

for each ¢ € WH2(R™) and each k € N. Plugging in ¢ = uy, we see that

||uk’||ya Vi /R |Dakuk|2+vl€|uk|2 = (fauk’) < CHf||L2(suppf)||uk||L2(suppf)v
and since by the Sobolev inequality and the diamagnetic inequality we have
[ukllz2upp £) < Cllullpzr @ny < Cll Dayurllz@ny < Clluklly,
where C' depends on supp f but not on k, then it follows that
- <
el , <€

1
where C' depends on f. It follows that the sequences {Da, u}, {V,?ui} are uniformly
bounded in L?(R"). Applying the diamagnetic inequality for each k € N, it follows
that {uz} is a uniformly bounded sequence in L? (R™), so that in particular {u} is
uniformly bounded in the L? (R™) sense (by this we mean that the sequence is uniformly
bounded in L?(Q) for each bounded set © C R™). Actually, using the Moser estimate,
Theorem 5.19, for each k € N, we can see that {u} is a uniformly bounded sequence
in the Lj° (R”) sense. Let g,h,u be weak limits in L?(R"), L?(R") and L? (R") of

loc
{Da, ur}, {Vk2 ug}, {ur}, respectively. Now fix ¢ € C2°(R"™). Diagonalizing, we pass to
an indexing set where all three sequences achieve the aforementioned weak limits, and
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for ease of notation we say that the entire sequences converge. Observe that for each
k € N we have

(5.33)
(Dau7w) = /n um = o ukDakw + /n uk[Daw - Dakw] + /]R” [’U, - uk]ma
and since

R R TR F———

[ Da = D] < Cllusl e lla = a2y — 0.

as k — oo, then from (5.33) we have

(Daua ¢) = lim ukDakq/) = klggo(Dakukyw) = (97¢)7

k—o0 Rn
whence by varying over 1 € C2°(R") we conclude that Dau € L?(R™) and Dau = g in
1

L%*(R™). Likewise, since {V;?} is a uniformly bounded sequence in the L? (R") sense,
and

1
‘/n V2 [u - uk]¢‘ < H'QZ}HLOO(R”)HVHLl(suppw)Hu - ukHLZ(suppw) — 0,

L

[N

1 1 1
=] < el g (| 1A=
supp

1
< OV = Vallz, — 0,

(supp )

as k — oo, a similar argument to the one above concludes that Viu € L?(R™) and

Viu=hin L2(R™). Hence it follows that u € V. Taking limit in (5.32) as k — oo
for fixed ¢ € C°(R"™), we get

Daum + Vua = (f7 d))?
Rn

which is valid by the aforementioned observations and the fact that ¢ € C°(R™). By
the uniqueness of such a function u, we have proven that u = L1 f. Since we defined
u to be a weak limit of {u;} in L2"(R™), then the first part of c) is proven.

To prove the last part of ¢), fix Q@ C R™ a bounded open set. By the Moser estimate,
Theorem 5.19, it follows that {uz} is a uniformly bounded sequence in L%°(2). Since
{ay} is a uniformly bounded sequence in L?(Q2) and {Da, u} is uniformly bounded in
L?(9), it therefore follows that {Vuy} is a uniformly bounded sequence in L?(f2). By
the Rellich-Kondrakov Theorem, a subsequence of {uy} must be strongly convergent in
L?(£2), and this limit has no choice but to be u, hence the limit is unique and the strong
convergence occurs along the whole sequence.
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Finally, to prove the strong convergences in a) and b), first observe that

‘/R f(uk - U)’ < HfHLQ(suppf)Huk - UHLQ(suppf) — 0 ask — oo,
and so by an argument analogous to (2.18), we deduce that

1 1
(5.34) HDak“kH%%Rn) + HVkZUkH%%Rn) — HDaUH%‘Z(Rn) + HVQUH%‘Z(Rn)

as k — oo. Since the sequence of numbers on the left-hand side of (5.34) is non-negative,
it follows that both terms converge independently. Suppose that there exists € > 0 such
that
2 2
[ Daytrllz2@ny — [[Datillz2@ny + ¢
Then, owing to (5.34), it must be the case that

1
2 2 L2
||szuk||L2(Rn) — ||V2U”L2(Rn) -5
1
but this is absurd, since by the weak convergence of the sequence {V,?uy}, we have
19 . 3.2
V22 gny < Hminf |[Vi2 7o gn)-

Therefore, there cannot exist such € > 0. Since € < 0 is also absurd by the weak
convergence of the sequence {Da, uy}, it follows that

i 1
HDakuk‘H%Q(R") — HDaU”%%Rn), HVkQUk:Hiz(Rn) — ||V2U‘|%2(Rn)

which, together with the weak convergences already shown, imply the respective strong
convergences. Il

Theorem 5.35. Assume that a € L7 (R"), A =1, and V € L}, (R") with V > 0
a.e. on R™. Then for each y € R™, the fundamental solutions Iy to the operators
Ly, converge in the weak topology of Vav(R™\{y}), and locally in the strong L? (R™ x
R™\{z = y}) sense, to I'r, the measurable function of Theorem 5.17. In particular,
I'n(,y) € VavieeR™\{y}), and LT, = 0 in the weak sense on R™\{y}, so that I'y, is

the fundamental solution of the operator L. Moreover,

(5.36) Tp(z,y) =T+ (y, 2)

18 true in the a.e. sense on R™ x R".

Proof. Let Uy, Us be arbitrary open bounded subsets of R™ such that

(5.37) dist(Uy,Uz) = 3r, r >0,

and let ¢ € C(Uy), f € CX(Uz). On the set Q := U; x Uz, {I't} is a uniformly
bounded sequence in LP(Q) for p € [1, 00] owing to property b) in Theorem 5.17 (with
a norm depending on Uy, Us,r). By Theorem 5.22; for each y € Uy, I'g(+,y) solves

LTk (,y) = 0 on R™\{y} in the weak sense, and the analogous statement holds for the
y—variable because of (5.24). Cover U; by a family of balls {B]"} such that the balls
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intersect a uniformly finite number of times depending only on dimension (recall that
r is given by (5.37)). Applying the Caccioppoli inequality (2.21) with R = 2r on each
ball B, it is straightforward that

| Da T 1) 2 < C(1) / ()P

Consequently,

IDaLal )y < 3 1DaTal oy < 32 C0) [ eer

< C(rn) / Th( ) < Clrn,U),
Ui+r

whence we see that for each y € Us, the sequence {Da, I'x(-,y)} is uniformly bounded
in L2(Uy). Similarly, thanks to (5.24), it is proven that for each = € Uy, {Da,k(z,")}
is uniformly bounded in L?(Us). Combining these results, we obtain that {D,, ')} is
uniformly bounded in L?(Q2). Therefore, since {T'x} is a uniformly bounded sequence in
L>(Q) (due to (5.18)), then from the fact that

Daka = VFk — iakl“k,

it actually follows that {VI}} is a uniformly bounded sequence in L?(2). By the
Rellich-Kondrachov Theorem, it follows that a subsequence of {I';} converges strongly
in L2(€2). Hence we pass to such an L?(Q2)—convergent subsequence (which we denote
as the whole sequence).

On the other hand, from Lemma 5.31, it follows that {le1 f} is a uniformly bounded

sequence in L2 (R™), so that in particular we can write

/Rn [L,;lf - L_lf}gb(m) de —s 0

as k — oo. Using the kernel representation, we have that
(5.39) [ [rete) = Tt 1) dyotay de — o

as k — oo. Therefore, I';(z,y) must be the unique strong limit in L?(£2) of the whole
sequence {I';}. After passing to a subsequence, we can assume that {I'y} converges
pointwise a.e. on ) to I';. In particular, for a.e. y € Us, there is a subsequence of
{T'x(-,v)}, with the indexing set independent of y (but depending on Q = U; x Us),
which converges pointwise a.e. on U; to {I'r(-,y)}.

By the aforementioned discussion and similar argumentation to that in Lemma 5.31,
it must be the case that {Da,'x(-,y)} converges weakly in L?(Uy) to Dal's(+,y), and
moreover by the weak* convergence in L*°(U;) of a subsequence of {T'x(+,y)}, it therefore
follows that {V;I'x(-,y)} converges to {VI'L(-,y)} on U; in the sense of distributions.
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Then, since I'r(-,y) € L>*(U1), we have shown that I'r(-,y) € Vav(Ur). For fixed
¢ € C(Uy), taking the limit as k& — oo on each identity (2.19) satisfied by T'x(-, ),
we arrive at the fact that I';, solves LI'L(-,y) = 0 on U in the weak sense. By (5.24),
all results in the x—variable are also true in the y—variable, and the pointwise a.e.
convergence property of {I'y} to I'r, coupled with (5.24), gives (5.36) immediately on
Uy x Us. Varying over admissible Uy, Us finishes the proof of the theorem. O

6. UPPER BOUND ON THE EXPONENTIAL DECAY OF THE FUNDAMENTAL SOLUTION

In the following definition, .Z is either L + ¢ for ¢ > 0 or L, with ., Z the domain
and range respectively of these operators. Specifically, when £ = L + ¢, we write
H = D(L), #= L*(R"). When £ = L, we write S =V, Z =)'

Definition 6.1. We say that the operator . has the zero-source local uniform bound-
edness property if for each ball B C R" and each function u which solves Zu = 0 in
the weak sense on 2B, it follows that u € L*>°(B) and

1
(62) ey < C( 1),

where ¢, C' are independent of B and u.

We briefly remark that for the operators under consideration, the diamagnetic in-
equality guarantees that u € L} (R™).
For the fundamental solution I' associated to the operator %, as given in Definition

5.9, it will be useful to consider the conditions

(6.3) IT(z,y)| < =2 for a.e. z,y e R", z #vy
and
Cl C2
(6.4) = <Dz, y)| < Pt for a.e. z,y e R", z # v,

where the constants C, C;, C depend on the dimension only. In some situations
(strictly speaking, not necessarily including ours), the condition (6.3) is equivalent to a
Moser-type bound [22], but we do not explore this direction.

Let us first state a result analogous to Proposition 4.3 for the operator L. The proof
is virtually identical to that of Proposition 4.3, and is thus omitted.

Proposition 6.5. Assume that a € L} (R"), A is an elliptic matriz with complex,

bounded, measurable coefficients, and V € L}, (R™) is real-valued with V > 0 a.e. on
R™. Ifa=0, assume V € RH%, otherwise take assumptions (1.10). Suppose U C R"
is a bounded open set. Let u € Vioo(R™\U) be a solution to Lu = 0 in the weak sense
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on R"™\U. Suppose ¢ € CX(R"™) is such that ¢ = 0 on 2U. Let g € C®(R") be a
non-negative function satisfying |Vg(z)| < Com(z,V + |B|) for every x € R™. Then

(6.6) / m(x, V + |B|)?|up|?e* dz < c/ [ul?| Vo[ da,
n RTL

for any e € (0,e¢), where €9 and C' depend only on X\, A, Cao,n, ||V + |B||rr., and the
2
constants from (1.10).

The next results follow the lines of the argument in [29]:

Theorem 6.7. Suppose a € L?OC(R”), A is an elliptic matriz with complex, bounded

coefficients, V € L}OC(R"), and that L is an operator for which there exists a fundamental
solution in the sense of Definition 5.9 satisfying (6.3). Moreover, if a = 0, assume
Ve RH%; otherwise assume (1.10). Then there exists € > 0 and a constant C' > 0,
depending on L, such that

L Oe—edlzy,V+B)
6.8 ][ [(z,9)|%dz)° < or all z,y € R™.
63) ” (2 )| dz) T y

m(zyVlﬂLlBI))
If L satisfies the zero-source local uniform boundedness property, then

Clo—cd(@,y,V+B)

(6.9) T (z,y)| < for all z,y € R™.

|z —y["—2

Proof. Fix zg,yo € R", g # yg. Since for each z,y € R™ we have

C
dlz,y) <C if |jz—y|l < ——F—=r,
then in particular we may also assume that |xg — yo| > % Indeed, otherwise
d(xo,y0) < C, and so from (6.3), we observe

C€606—€d(1‘0 7y0)

c

which gives (6.9). Furthermore, we can assume that

4

(6.10) B(:po, m) N B(yo, M) - .

Indeed, suppose there exists z € B (xo, m> NnB (yo, m) Then we note

4 4
ron — <l|lxg—2 + |z — < +
|0 = yo| < |20 — 2 + |2 — yo| < m(zo, V +|B|)  m(yo, V +|BJ)
< sma{——1 )
max )
= m(zo,V + |B]) " m(yo,V + |BJ)

which once again implies d(zg,yo) < C.
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Per our assumptions, LI'(-,yp) = 0 in the weak sense on any ball centered around
xo which does not contain yy. Let r = m. Applying Proposition 6.5 with
u="T(,y0) and U = B(yp,4r), we can carry out the argument of Theorem 4.16 up to

proving (4.18) to establish that

©1) [ mV B
Bar\4U

1 1
< C{/ |u’2.7628¢j +/ \u|2—e%9"j}.
4U\2U | diam U2 2By \Bur M?

where ¢; is as in Proposition 4.13 with w = V' 4 |B|. Owing to (6.3) and the fact that
¢; is uniformly bounded in 2B\ By, it follows that the second term in the right-hand
side of (6.11) drops to 0 as M — co. Therefore, we may conclude that

/ m(z,V + ]B])Qlf(x, yo)\2625“pf(x’y°) dx
R™\ B(yo,4r)

C
(6.12) <¢ /
r B(y074T)\B(y0,2T)
We note that for € B(yo, 47)\B(yo, 2r), by Proposition 3.24 we have d(z, yo, V+|B|) <
C, which by (4.11) implies ¢(z,y9) < C, where ¢ is as in Proposition 4.10. But of
course, by the construction of the ¢;, we see that ¢;(z,y0) < ¢(z,y0) < C for all j and
x € B(yo,4r)\B(yo, 2r). It follows that

sup e%vi@w) < O for each j € N,
z€B(yo,4r)\B(yo0,2r)

so that, using (6.3),

T (x, y0)|2e2w]‘(r7yo) dr.

/ m(z,V + B|)?|T(z, yo) |Pe*#(¥0) da < nCLQ

R\ B(yo.4r) "

By Fatou’s Lemma we have

(6.13) / m(z,V + |B|)?[T (2, yo)[?e?®%0) dg < nci?.
R™\B(yo4r) "

Let R = m. We claim that B(xo, R) C R™\B(yo,4r). Suppose not. Then there
&

is a point z € B(xg, R) N (R”\B(yo,4r)) = B(zo, R) N B(yo,4r), which contradicts
(6.10). Now, using (4.11) and (6.13), we get

[ m v+ B e ar < O
B(xo,R)

- pn—2"
By the Triangle Inequality we observe
d(xo,y0) < d(zo,x) + d(z,y0), for each z € B(xo, R).
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Recall that we have by Proposition 3.23 that d(zg,x) < L, L a constant depending on
IV + |B| HRH% but independent of zp and x. It follows that

e2ed@yo) > p=2eL2ed(woy0) — (e2ed(@o.v0)  for each x € B(xg, R).

From this fact and the fact that m(z,V + |B|) ~ m(zo,V + |B|) = R™! for every
x € B(xg, R) owing to (3.15), we can conclude

1 / 2 9ed(wo,w0) ¢
— |T(x, yo)|7e = F0¥0) dpy < ——..
R2 B(zo,R) rn—2

Dividing out by R"~2 and taking square root we see that

1 1/2 Cle—ed(zo,y0)
(g [ IrwawPar) < T
B(zo,R)

R" (Rr)n=2/2
(n—2)/2
(6.14) < Clm(o, V + [Blym(yo, V + [B])] " emedleowo),
We claim that if |z — y|m(z,V + |B|) > 2 then
1/(ko+1)
(6.15) d(a,y) = c[1+ [z —ylm(a,V +[B)]

for some kg > 0. To see this, choose 7 : [0,1] — R™ such that v(0) =z, v(1) = y, and

1
2d(z,y) > /0 m(3(1), V + [B])|y (1) dt

which can be done by the definition of d and the fact that x # y necessarily in this case.
It follows from (3.20) that

2d(.9) > ¢ [ L m(e v+ BYY @Ol
O [1+[y(t) — z|lm(z,V + B|)] TodT

The integral on the right-hand side of the above inequality is greater than or equal to
the geodesic distance from x to y in the metric

m(z,V + |Bl|)dz
k,
[1+ |2 — zm(z, V + [B])] o1

I

which is
[ eV 8l sl
k
0 [1+tly — zm(z, V + |B])] o't

and so (6.15) follows.
Hence, owing to (6.10) and (6.15), we have for each &' > 0,

1/(ko+1)

> [1 + |z — ylm(z,V + |B|)

1
|‘/EO - yO’m(gjOa V+ |B|) <1+ |:E0 - y0|m($07 V+ |B|) < cko+1 d($07y0)k0+1



EXPONENTIAL DECAY ESTIMATES 45

1

&'/2)d(z0,y0)
< Ck0+1 :

06//2 6(
Likewise,

CE,/26(E//2)d(IO’yO),

|0 = yolm(yo, V + [Bl) < 5

Adding the last two inequalities we see

w0 = yolm(yo, V + B|) + [x0 — yolm(zo, V + [BJ) < Crr gl /2Ao0),

Ck0+1
for any ¢’ > 0. Squaring the above inequality we have

2|20 — yol*m(zo, V + |B|)m(yo, V + |BJ) < 40_2(k0+1)ng,/zeald(xo’yo).

Now, given ¢ small enough, choose ¢’ = ﬁe. Then in view of (6.14), we get

1/ 9 /2 (Ce—(e/2)d(wo,y0)
— I'(z,y0)|” dx < -
(r . TemPae) ™ < S

which is (6.8). Since I'(-,yp) is a weak solution to Lu = 0 on B(xo, R), then if the
operator L has the zero-source local uniform boundedness property, by (6.2) and (6.8),
we immediately achieve (6.9). O

The exponential decay result of the last theorem holds in the pointwise a.e. sense for
the fundamental solutions of some of the operators previously considered. In particular,
we have

Corollary 6.16. Let Ly be a generalized magnetic Schrodinger operator formally given
by (1.3) where a € L} (R"), A =1,V € L. (R") with V > 0 a.e. on R", and

assumptions (1.10) are satisfied. Then there exists € > 0 and a constant C > 0,
depending on ||V + |B|||ri. ,n, and the constants from (1.10), such that
2

Ce_sd(xayvv'HB')

(6.17) Tz, (z,y)] < for a.e. z,y € R".

|z —y["—2
Let Ly be a generalized magnetic Schridinger operator formally given by (1.3) where
a =0, A is an elliptic matriz with real, bounded coefficients, and V & RH%. Then

there exists € > 0 and a constant C' > 0, depending on HVHRH%,n, A, and A such that

CeiEd(xzyvv)
————— for all x,y € R"™ with x # y.
|z —y|"?

Proof. In the first setting, the results of Section 5 are true, and so the hypothesis of
Theorem 6.7 hold. In the second setting, the theory of fundamental solutions set forth
in [9] applies, whence the hypothesis of Theorem 6.7 hold. Furthermore, in this case
the fundamental solution is actually positive and continuous (see Section 7.1), so (6.9)
holds pointwise on R™ x R™\{z = y}.

(6.18) T, (z,y) <
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7. LOWER BOUND ON THE EXPONENTIAL DECAY OF THE FUNDAMENTAL SOLUTION

7.1. Properties of the generalized Schroédinger operator, without the mag-
netic potential. Recall the definition of the operator Lg,

L= —div AV + V,

which is the operator L with a = 0. For this operator with A an elliptic matrix with
real, bounded coefficients, and V € RH z, the theory set forth in [9] applies, so that
the fundamental solution in the sense of Definition 5.9 exists. Actually, its fundamental
solution is known to be continuous and positive. Below we present a few lemmas that
apply to this operator; the most critical for us in obtaining the lower bound estimate is
the scale-invariant Harnack Inequality.

Lemma 7.1. [9] (Moser-type Estimate) Assume that a =0, A is an elliptic matriz with
real, bounded coefficients, and V € L} (R™) with V >0 a.e. on R". Let B C R" be a

loc

ball, and let uw € Vo v (BRr) solve Lpu = f in the weak sense on Br, where f € L1(BR)
for some q > 5. Then for any r, 0 <r <R,

AT _n
falliiay < (1) + R E 1 sy

R

where C' depends on n,p, q, \, A.

Lemma 7.2. [9] (Hélder Continuity Estimate) Assume that a = 0, A is an elliptic
matriz with real, bounded coefficients, and V € RH%. Let u solve Lgu = 0 in the weak
sense on a ball Br, C R™, Ry > 0. Then there exists n € (0,1) depending on Ry, and
CRr, > 0 such that whenever 0 < R < Ry,

sup Ju(z) — u(y)| < Cp R K]é

1/2* n
2 9_n
©,y€BR/2, T#Y |z —y|" ) +h p”VHL”(BR)]'

|u
R

Lemma 7.3. [8] (Scale-Invariant Harnack Inequality) Assume a =0, A is an elliptic
matriz with real, bounded coefficients, and V€ RHn~. There exists a small constant

¢ = c(n,\,A) such that whenever B = B(xg,1), 1 < m, xg € R™, the following
property holds. For any u which solves Lgu = 0 in the weak sense on 2B,
(7.4) sup u(z) < C inf u(x),

zEB zeB

with the constant C > 0 depending on n, A\, A and V only.

Remark 7.5. We remark that the Harnack inequality, of course, holds for any 0 < r < rg,
o > 0, but typically with the constant growing exponentially in 79 and ||Vl 1o (B(x0,ro))-
The important feature of (7.4) is that the constant depends on n, A\, A and Cy only.

The following lemma is a trivial extension of a particular result of Theorem 1.1 in
[15]:
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Lemma 7.6. Suppose that A is an elliptic matriz with real, bounded coefficients. Let
[y be the unique fundamental solution to the operator Lo = —div AV. Then there exist
constants c,, Cy, greater than 0 and depending on n, \, A, such that

Cn n

(7.7) <To(z,y) <

|z —y|"—2 "z -y
It will be useful to consider the conclusion of Lemma 7.3 in greater generality:

Definition 7.8. We say that the operator L satisfying assumptions (1.10) has the m-

scale invariant Harnack Inequality if whenever B = B(zg,r), r < m, xg € R™,
the following property holds. For any u which solves Lu = 0 in the weak sense on 2B,
(7.9) sup |u(z)| < C inf |u(z)],

reB z€B

with the constant C' > 0 independent of B.

7.2. Proof of the lower bound estimate. First, we establish two auxiliary proposi-
tions.

Proposition 7.10. Let a € L2 (R"), and let A be an elliptic matriz with complex,
bounded coefficients. Assume that V € Li (R") satisfies (2.7), (2.1) with ¢y = ¢4 = 0.
Let

Ly = —(V —ia)l A(V —ia) +V, Lo = —(V —ia)TA(V —ia).
Then for each f € (Vao)', L‘_/lf is well-defined, belongs to Vay, and the identity
(7.11) Lo'f =Ly f+ Ly VL f

holds in Vag. Moreover, if Ly, its adjoint L and Ly are operators whose inverses have
fundamental solutions I'g,I';, 'y respectively which satisfy

(7.12) Iy, Ty, I € LT (R" x R"\{z = y}),
then the identity
(7.13) To(z,y) =Ty (z,y) +/ iz, 2) v (z,y)V(z)dz

holds a.e. on R™ x R™.
Proof. Let f € (Vay)'. Since
ully, , < CliDaullp2@ny < Cllully,

it follows that l')ap continuously embeds into Va,v, which implies in particular that
f € (Vayv), and L‘_/lf € Va,v C Vao. Therefore LOL‘_,lf € (Va,0)'. Hence

(Va,O)/ 5 f— LQL‘;lf = (LV — Lo)L;/lf = VI‘/;/lf,
so that LalVL(/lf € Vayo. Now, since
Lo(L3'f + L3'VEG' f) = Lolg' f + VIG' f = Ly g f = f,
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by the invertibility of Lo, we obtain (7.11). Now let ¢ € C°(R™). Multiplying (7.11)
by ¢ and integrating over R™ we observe

Ll -igte)a= [ (dovigs)s

(7.14) = [ (viiis)(idpye)

Now let U;,Us C R™ be open sets such that dist(U;,Us) > 0, and f € CX(Uy),¢ €
C2°(Uy). Writing out the integral representations of the operators in (7.14) and using
Fubini’s Theorem (justified since (7.12), V € L}, (R"), and f, ¢ are smooth, compactly
supported, satisfying dist(supp f,supp g) > 0), we have that

@15) [ [ [ro(e.w) = Dy ta)] )0 do dy

N / / . / V()P (2 9)T5(z 2)f (1) 6 () da dy dz.

We may rewrite (7.15) as

(7.16) /n /n [Fo(w,y)—Fv(x,y)—/n V(2)Ty (2, y)T5(2, x) dZ]f(y)Wdydx =0.

Since (7.16) holds for arbitrary f, ¢ € C2°(R") with disjoint supports, then (7.13) holds
for a.e. z,y € R™. g

Lemma 7.17. Suppose that a € L%OC(R”), A is an elliptic matriz with complex, bounded
coefficients, V € L}OC(R"), and that L, Lo :== L —V, L{ are operators for which there
exist fundamental solutions I' = T'y, T'g, I'j) in the sense of Definition 5.9. Assume that
L has the zero-source local uniform boundedness property and that I'yv,I'o,I'; satisfy
(6.3). Moreover for p > %, ifa=0, assume V € RH,; otherwise assume (1.10) with §
replaced by p. Letp=p ifn >4 andp € (%,min{&p}) if n =3, and denote 6 := 2 — %.
Then

Clla —ylm(y, V + [B])]°

(718) \P(% 33) - FO(yv JJ)| < |SC _ y|n—2

)

for a.e. x,y € R™ such that |z —y| <
A,n and the constants from (1.10).

7m(y,vl+|B\)' Here C depends on ||V + |B|||rm,, p, A,

Proof. Since I'y, T'g, I} satisty (6.3), then they also satisty (7.12). It follows from Propo-
sition 7.10, the upper bound of I'(z,y) in Theorem 6.7 and (6.3) that

e—Ed(Z,y,V+|B|)

(7.19)  |I'(y,x) —To(y,z)| < C V(z)dz < C(I1 + I + I3),

re |2 — 2|2z -yl
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where I3, I, and I3 denote the integrals over B(z,r/2), B(y,r/2), and
0= {ZER”: |z — x| >r/2, |z —y| 27“/2},

respectively, with » = |z — y|. Recall that |z —y| < Wﬂm)' Write R = m ~
For z € B(z,r/2), we have |z —y| > /2, so

I CQ/ V(Z)alz:2§ 02{ 12/ V}
"2 JB@r2) |2 — 2" T 2L m2 [p 9

<5 @) e, Rl )

where the second inequality is due to (3.22), the third one is due to Lemma 3.9, and
the last one is due to Proposition 3.12. Similarly we achieve

(7.21) I < C<;>2—;}T !

1
m(z,V+B)

IN

n—2"
To estimate I3, we note that for all z € €2,

[z -yl <lz—al+]z—yl= [z —2[+r <[z —2[+ 2]z — 2] = 3]z — 2|,

and so
L<cC e—ed(z,y,V—HB\)v(z) dz
eyt |z =yl
—ed(z,y,V+|B|)
< C’/ V(z)ii4 L C e 2nKl(z) dz
2R>|z—y|>r/2 |Z - y’ |z—y|>2R |Z - y|
(722) = C(Igl + 132).

To estimate I31, we proceed similarly to the proof of Proposition 3.21. Recall p from
the statement of the Lemma. We note that p < p in any dimension and hence V +|B| €
RH3(R™). Let g be the Holder conjugate of p. Since {z | [z —y| € [r/2,2R]} C B(y,2R),
by Holder’s Inequality we have

N 1 L
7.23 I3 < / VPP / . — A
(7.23) o ( B(y,2R) > ( OR>[a—y|>r/2 |7 — Y22 )

Next,
(/ vﬁ); — By 2R)|$(1/ Vf’>‘la
B(y,2R) ’ |B(y,2R)| JB(y2r)

< IV +[Bllrm, (Cm) 7 2R)72( v +IBl).

1
(2R)"—2 /B(y,QR)
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Hence, by the definition of R and Proposition 3.12 we have

(7.24) </B<y,23) Vﬁ>’13 <CR? 2.

Now, observe that n + % > 4 and hence n — 2¢q(n — 2) < 0 for our choice of p.
Therefore,
1
(7.25) / —dz < C(n, Q) Tn—2q(n—2)'
2R>|z—y|>r/2 |Z - y’2(n72)q

From (7.23), (7.24), and (7.25), we obtain

n_9 n_op_ 2-2 1
Iy < CRZ i 202 o) 7 =

As for I39, first observe that n + % > 4 can be written as

(7.26) n—2—(272) > 0.
p
With this in mind, we split up {|z — y| > 2R} into annuli of radius 2/ R for each j € N:
© e—Ed(Z,y,V—HBD V(Z) dz
I3 = / 2n—4
=1 JPR<|z—y|<2HR |z =y

For z € {2/R < |z — y| < 27T R}, we observe that
|2 —ylm(y, V +[B|) > 2 Rm(y,V + |B|) = 2.
Hence (6.15) implies that there exists £ > 1 such that
d(z,y,V +|BJ|) > ¢, for each z € {2R < |z —y| < 27T R}.

Therefore,
0 —ect?
D P a— / v
00 6_5081' ) Co > . o C
<> ! / V4 Bl=— 5 e licd < —
= JZ; @R g + (B Rn—2 Pt ¢ 0= Rn—2

where on the second inequality we invoked Proposition 3.3 for V + |B|, and Cj is
the constant in (3.4). Here, C' depends on A\ A, ¢, n, and Cp, hence, on A\, A,n and
|V + |Bl||ru, only. As a result,

I3z <

Rn—2
using (7.26).
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Since 2 — % <2-— % for any n > 3 and r < R by assumption, the above estimations
on I, I, I3 together with (7.19) imply

ry2-3 1
T(y,2) Loy, ) < O(5) " =5

which translates to (7.18). O

Theorem 7.27. Suppose that a € L} (R™), A is an elliptic matriz with compler,
bounded coefficients, V € L}OC(R"), and that L, Ly := L—V, L{ are operators for which
there exist fundamental solutions I' = I'y,, I'g '}, in the sense of Definition 5.9. Assume
that Ty satisfies (6.4), that T'fj,I'v satisfy (6.3), that L has the zero-source local uniform
boundedness property, and that L satisfies the m-scale invariant Harnack Inequality.
Moreover, if a = 0, assume that V € RH%; otherwise assume (1.10). Then there exist
constants ¢ and €3 depending on A\, A, ||V + \B|HRH%,n and the constants from (1.10)
such that

ce*Ezd(x,y,V+|B|)

7.28 I(z,y)| >
(7.28) Mol =
Proof. Fix x,y € R™. If |z — ylm(x,V + |B|) < ¢ for ¢ small enough, then by Lemma
7.17 and (6.4),

C/

(7.29) IT(y, z)| = [To(y, z)| — [T(y, z) — To(y, x)| > W
Fix C as the constant from Proposition 3.25. By the m—scale invariant Harnack In-
equality (7.9), inequality (7.29) implies that for any C > c,

C .
(7.30) D) 2 o=z, e yim(e, V£ [B) <C

where ¢ depends on C, and hence for such z,y the estimate (7.28) trivially holds, since
gad(x,y,V + |B|) > 0. So it suffices to show (7.28) in the case that z,y € R",z # y
satisfy | — y|m(z,V + |B|) > C. To this end, choose v : [0,1] — R"™ such that

7(0) = 2,7(1) = y, and
1
| w0,V + B O] dt < 2.0,V + [B)
which can be done by the definition of d. Let
C
to = telo,1 ) ) € —

Thus tg satisfies |[x—~(to)| < i , and hence by Lemma 3.14 we have m(~(tg), V+

C
z,V+B])
|B|) ~ m(xz,V + |B|). In the case that
1
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we note that
C 1 C+C
Tz—y| < |x—(t)|+ |y —7(to)| < + <
229l <l =20l =10l < S B * o), V1B S i,V + 18D
which establishes (7.28) due to (7.30) (used with A + C in place of A).
Now suppose that |y —y(to)| > W Since m(-, V +|B}) is locally bounded,
we can define a finite sequence tg < t1 < - -+ < t;, < 1 such that

t; = inf{t € [tj-1,1] ‘ [y(&) = (t-1)| = m(fy(tj_l)l7 V +|B|) }

Respectively, it has the following properties

1
(7.31) “”GB@@l%mw@1%v+mp)ﬂﬂf€“17>9—12 m,
1 .
(7.32) [v(t5) —(tj-1)| = mG O VEB) T L...,m
and
(7.33) 1(t) € B(1(tm) ! ) for t€ [t 1]
"m(y(tm),V + B|) ’

It follows that

/7n v+muvrﬁ>§1/ 0,V + Bl (1) dt

m—1
sz ),V + B y(ty) —v(tj-1)| = cm

j=
where the second inequality is due to (3.15) and the last equality is due to (7.32). Hence

2
(7.34) m < 2 d(a,y.V + [BI)
By definition of ¢y, we have that
C
—~(t) > —

for each 7 =0,...,m. It follows by (3.26) that

v ¢ B0 e v E))

for each j = 0,1,...,m. Let u(z) := I'(z,z). Then we have that u is a weak solution

of Lu = 0 in B( (t5), W) y (7.32) and the Harnack Inequality, we can
deduce the following chain of inequalities:

[u(v(to))] < Clu(y(t))] < -+ < C™|u(y(tm))] < O™ uly),
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with the constant C' depending on n, A, A and ||V + ]B]HRH% and the constants from
(1.10) only. This implies

n—2
N 0)| 2 € P 1), )| 2 O 2t > ¢ (e, v+ B))

[v(to) —x["=2 —

possibly enlarging the value of C' which still depends on the same parameters. Here,
the second inequality holds due to the fact that () satisfies the hypothesis of (7.30).
From (7.34) we deduce

n
)] 2 O7H VB (e, v+ |B))
We can choose €2 > 0 large enough so that
2
gg——-InC >0
c
in which case we can write
n—2
D(y.2)| > Ce=2e V1% (m(z v 1 |B)))
Finally, from the hypothesis that m(z,V + |B|) > W we obtain

ce—s2d(@,y,V+BI)

(7.35) Ty, z)| >

|z —y["—?

for a.e. x,y € R", z #y.
It is immediate that (7.35) implies (7.28). Indeed, fix x,y € R™ with = # y. Since
the right-hand side of (7.35) is symmetric with respect to z,y, it follows that

Ce—sgd(y,x,VHB\) Ce—EQd(w,y,V—HBD

r > =
’ ($7y)‘ = |y . 1’|n_2 ‘l’ - y!”_g )

for almost every such z,y, as desired. O

Corollary 7.36. Let Ly be a generalized magnetic Schrédinger operator formally given
by (1.3) where a =0, A is a real, bounded, elliptic matriz, and V € RH%. Then there

exist constants ¢ and €5 depending on X\, A,n, and ||VHRH% such that its fundamental
solution, I'r,, satisfies

Ce_EQd(x7yvv)

. T >
(7 37) L2(x7y) = |l’ — y|n,2

Proof. Per the results given in Section 7.1, the operator Lo satisfies the hypothesis of
Theorem 7.27. The result follows. g
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