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AsstrAcT. This is the first part of a series of two papers where we study pertur-
bations of divergence form second order elliptic operators — div AV by complex-
valued first and zeroth order terms, whose coefficients lie in critical spaces, via
the method of layer potentials. In the present paper, we establish L? control of
the square function via a vector-valued Th theorem and abstract layer potentials,
and use these square function bounds to obtain uniform slice bounds for solutions.
For instance, an operator for which our results are new is the generalized magnetic
Schrodinger operator —(V —ia)A(V —ia) + V when the magnetic potential a and the
electric potential V are accordingly small in the norm of a scale-invariant Lebesgue

space.
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1. INTRODUCTION

In this paper, the first in a two-part series, we lay the groundwork for the study of
the L? Dirichlet, Neumann and Regularity problems for critical perturbations of sec-
ond order divergence form equations by lower order terms. In particular, we produce
the natural (L?) square function estimates for (abstract) layer potential operators. We
consider differential operators of the form

(1.1) L:=—-div(AV+B))+B, - V+V
defined on R" X R = {(x, 1)}, n > 3, where A = A(x) is an (n + 1) X (n + 1) matrix of
L™ complex coefficients, defined on R"” (independent of ¢) and satisfying a uniform
ellipticity condition:

n+l1
(12) AP < Re(AWE &) = Re Y Ay(0&E,  All@n < A,

ij=1
for some A, A > 0, and for all ¢ € C™1 x € R™. The first order complex coefficients

n

B = Bi(x),By = By(x) € (L”(R")) (independent of f) and the complex potential
V = V(x) € L1(R") (again independent of ¢) are such that

max {||Bill»@n, 11Ballzen, ||V||Lg(R,,)} < &0

for some &y depending on dimension and the ellipticity of A in order to ensure the
accretivity of the form associated to the operator £ on the space

YI’Z(R’H—I) = {M e LZ*(RnH) -Vu e LZ(R’H—I)}
equipped with the norm

”u”yl,Z(RnH) = ||M||L2*(Rn+l) + ||VM||L2(Rn+l),

(n+D)p
n+l-p-

u € WEAR™ 1Y is a solution of Lu = 0in Q c R™! if for every ¢ € C2(Q) it holds
that

where p* = We interpret solutions of Lu = 0 in the weak sense; that is,

// 1 ((AVu + Byu) - Vo + B, - Vuig) = 0.
Rn+

Examples of operators of the type defined above include the Schrédinger operator
—A + V with t—independent electric potential V € L3 (R") having a small L> norm,
and the generalized magnetic Schrodinger operator —(V — ia)A(V — ia), where A
is a t—independent complex matrix satisfying (1.2), and the magnetic potential a €
L"(R™)" is t—independent and has small L" norm. We treat the case n > 3 because the
Sobolev spaces we encounter are of the form V.VLZ(R") N LS for some s > 1, and in this
case, these spaces embed continuously into Lebesgue spaces. This is not the situation
when n = 2, in which case the Sobolev spaces considered embed continuously into
BMO. If one were to treat the case n = 2, it would be natural to assume that V = 0
and that B;, i = 1,2 are divergence-free. Under these additional hypotheses, one can



CRITICAL PERTURBATION THEORY, PART I 3

use a compensated compactness argument [CLMS93] to obtain the boundedness and
invertibility of the form associated to £ (see [GHN16]).

However, there are several considerations in the case n > 3 that set it qualitatively
apart from n = 2. For instance, when n = 2, all solutions are locally Holder con-
tinuous and this is certainly not the case when n > 3. Indeed, let u(x) = —In|x],
x € R" and build V(x) or Bj(x) so that either —Au + Vu = 0 or —Au + divBju = 0
in the n-dimensional ball B(0, 1/2). By extending u to be a function on B(0, 1/2) X R
by u(x,t) = u(x), we may see that the analogous equations in n + 1 dimensions are
satisfied by u(x, ), and yet u(x, ) fails to be locally bounded despite the fact that
V2, B, € L*(R"). Moreover, by considering u(x,t) on a smaller ball and replacing
Vor By by Ve = V1po, or (B1)e = B1lp.e respectively, we may ensure that Ve2
or (B1)e have arbitrarily small L"(R") norm, provided that we choose € > 0 small
enough. Therefore, solutions in our perturbative regime fail to be locally bounded
and hence fail (miserably) to be locally Holder continuous.

The lack of local Holder continuity (or local boundedness) is one reason our
results are not at all a straightforward adaptation of related works. For instance,
in [AAAHK11] the authors are able to treat the fundamental solution as a Calderdn-
Zygmund-Littlewood-Paley kernel using pointwise estimates on the fundamental so-
lution (and its #-derivatives) presented in [HKO07]. Additionally, although establishing
a Caccioppoli inequality (Proposition 3.1) is easy, constants are not necessarily null
solutions to our operator and thus this Caccioppoli inequality does not yield the usual
“reverse” Poincaré inequality for solutions. We remind the reader that if there are
no lower order terms, the Caccioppoli inequality (becomes a “reverse” Poincaré in-
equality and) improves to an L? — L? version; more precisely, we have that for each
ball B, and some p > 2, the estimate

1/p 1 1/2
(][ |Vul? dx) < <][ |u)? dx)
B, r By,

holds [Mey63, Geh73, Gia83]. We do not manage to obtain the above L” — L? in-
equality, but rather a suitable L? — L” version (Proposition 3.9). The unavailability
of these desirable estimates makes it far less clear whether constructing the funda-
mental solution will be useful for us, and so we do not attempt it. We still endeavor
to use the method of layer potentials, whence we appeal to (and adapt) the abstract
constructions of Barton [Barl7], which avoid the use of fundamental solutions en-
tirely. Fundamental solutions have been constructed in other situations with lower
order terms in [DHM18] and [KS19], but they rely on sign conditions.

Our results in this series of papers concern the unique solvability of some classical
L? boundary value problems in the upper half space R"*! := R" x R,. To state
them, we ought to recall the definition of the (L?>—averaged) non-tangential maximal
operator N. Given xoy € R”, define the cone y(x9) = {(x,7) € R’f] Dlx = x| <t}
Then, for u : R"™! — C we write

1
Nu(xp) := sup (]5[ lu(y, 5)|? dyds) .
(x.n)ey(xo) W x—yl<t, |s—t]<%

Given f : R" — C, we say that u — f non-tangentially, or u — f n.t., if for almost
every x € R", limy, sy x,0) u(y, 1) = f(x), where the limit runs over (y, 1) € y(x).
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We consider the following boundary value problems: The Dirichlet problem
Lu=0  inR"™,

lim, o u(-,t) = f strongly in L2(RM),

(D2){ Nu € L*(R") andu — f non-tangentially,

Joner 1V, P dxdr < oo,

lim; o u(-,1) =0 in the sense of distributions,

the Neumann problem
(Lu=0 in R+,
2= —ene1(AVu + Biu)(-,0) = g € L*R"),
(N2) ¢ N(Vu) € L*(R™),
Jr 10,Vu(x, 0 dxdt < oo,

lim; o, Vu(-, t) = 0 in the sense of distributions,

and the Regularity problem
(Lu=0 in R’frl,
u(-t) — f  weakly in Y'2(R"),
(R2) ¢ N(Vu) € L*(R™), and u — f non-tangentially,
Jrr 10,Vu(x, 0P dx dt < oo,

[ lim;—,e Vu(-, #) = 0 in the sense of distributions.

The idea is to follow a (by now) familiar process for proving L? existence and
uniqueness for these boundary value problems. This process has three steps, which
can be (very) roughly summarized as:

(1) Show square function (and/or non-tangential maximal function) bounds for
a linear operator defined, perhaps by continuous extension, on L%, where the
operator necessarily produces weak solutions to the elliptic equation (for us,
this operator is either the single or double layer potential).

(2) Show the boundedness and invertibility of the appropriate boundary trace of
the operator.

(3) Show that any solution with square function (and/or non-tangential maximal
function) bounds is, in fact, the solution produced by the linear operator with
appropriate data.

This paper is concerned establishing the square function bounds for abstract layer
potential operators, that is, step (1) in the process above. We prove the following.

Theorem 1.3 (Square function bound for the single layer potential). Suppose that

Lo = —div AV is a divergence form elliptic operator with t-independent coefficients,
and that the matrix A is elliptic. Then, there exists &y > 0, depending on n, A, and A,

IThe boundary data is achieved in the distributional sense; see Section 4. We elaborate on this in the
upcoming paper.
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such that if M € M,,1(R",C), V € L">(R") and B; € L"(R") are (all) t-independent
with

M|y + [1Billraeny + 1Ballrceeny + VIl 4 gy < &0,
then for each m € N, we have the estimate

.

where C depends on m, n, A, and A, and

L:=—div([A+MIV+B)+B,-V+ V.

dxdt
t

o SEF()|

2
S C”f”LZ(Rn)’

Under the same hypothesis, the analogous bounds hold for L replaced by L*, and
for R™! replaced by R"*!.

We point out that in the previous result, there is no restriction on the matrix A, other
than that it be -independent and satisfy the complex ellipticity condition (1.2). In the
homogeneous, purely second order case (i.e., the case that By, By, and V are all zero),
this result is due to Rosén [Ros13]; an alternative proof, with an extra hypothesis of
De Giorgi/Nash/Moser regularity, appears in [GH17].

We also obtain a uniform estimate on horizontal slices in terms of the square func-
tion.

Theorem 1.4 (Uniform control of ¥'?(R") norm on each horizontal slice). Suppose
that u € Y2(R™") and Lu = 0 in R"! in the weak sense. Then for every T > 0,

[se]
(15)  WTeeul 2 o+ 1Tr Ve S / / 1\D2, ul? dxdt < |||tD?, ulll,
" T R”

where the traces exist in the sense of Lemma 2.3, and C depends on m, n, A, and A,
provided that max{||B||,, ||B2l]» ||V||»,21} is sufficiently small depending on m, n, A, and
A. Under the same hypothesis, the analogous bounds hold for L replaced by L, and
for R™! replaced by R"*!.

Now we make the following important remark. Consider the modified Dirichlet,
Neumann, and Regularity problems (D2’), (N2’) and (R2’) where the third condition
in each problem is deleted; that is,

(1.6) (D2’),(N2’) and (R2’) are the problems with only square function bounds,

and not non-tangential maximal function estimates nor n.t. limits.

In this case, our Theorems 1.3 and 1.4, when combined with well-known techniques
in the literature, give the unique L? solvability of the modified Dirichlet, Neumann,
and Regularity problems within a perturbative regime (see Theorem 1.7). Indeed,
the boundedness and invertibility of the boundary trace operators® require little more
than the “slice bounds” produced here along with analytic perturbation theory; while
the uniqueness of solutions with square function bounds is an exercise® in “push-
ing” a representation formula (Green’s identity) to the boundary and exploiting the
invertibility of the trace operators. We mention that uniqueness, that is, pushing a
representation formula to the boundary, can be established under weak hypotheses

This invertibility gives the existence of solutions to the boundary value problems.
3Especially if one reads and is inspired by [AM19].



6 S. BORTZ, S. HOFMANN, J. L. LUNA GARCIA, S. MAYBORODA, AND B. POGGI

that are implied by either square function or non-tangential maximal function esti-
mates. Therefore, the significant contributions from the forthcoming paper are the
non-tangential estimates which will allow us to obtain a stronger result than Theorem
1.7 below. For that reason, in this article we omit further details of the exercise that
yields the L? solvability of the modified problems from the square function estimates
and uniform slice estimates (but the full details will be given in the forthcoming pa-
per).
We summarize our observations in the following result.

Theorem 1.7. Suppose that Ly = —div AV is a divergence form operator with com-
plex, bounded, elliptic, t—independent coefficients. Suppose further that i%l + Ky :
L2R") — LAR"), +11 + Ky : LAR"Y) = L2R"), and (So)z : L*(R") — Y"2(R") are
all bounded and invertible for L = Lo, L, where K, K rand (So) s are the “bound-
ary operators” associated to L. Then there exists & > 0 depending on dimension,
ellipticity of A and the constants in the operator norms ofi%I + Ky 11+ IZL and
(So) g, L = Lo, L and their inverses, such that if M € M, (R",C), V € LM2(R™Y)
and B; € L"(R") are (all) t-independent with

Ml + [1Billrgeny + 1Ballrgeny + IV 4 g0y < &0

then the modified problems (D2’), (N2’) and (R2’) (see (1.6)) are uniquely solvable
for Ly, where

Ly =—div[A+MIV+B))+By,-V+ V.
Moreover, the solutions to (D2’), (N2’) and (R2’) for L can be represented by layer
potentials, and have the natural square function bounds in terms of the data.

This paper is organized as follows. In Section 3 we prove some elementary but
essential PDE estimates, and in Section 4 we develop the notion of abstract layer
potentials. Next, we show that for gy > 0 small enough, the single and double layer
potentials have square function estimates (Theorems 1.3 and 5.5, and Lemma 6.2),
which, in turn, give us ‘slice space’ estimates for the single and double layer po-
tentials (Theorems 6.12 and 6.17). In passing we remark that this analysis already
allows us to establish the jump relations (as weak limits in L>(R"))

D.f > (FA+K)f
and

L f(x)
VS Mieasf — F= -1
( St)lt__ f ~ +2An+l,n+1

for f in L?, where D and S are the double and single layer potentials.

en1 +7Tf

Our results in this series may be best thought of as extensions of the results
in [AAAHKI11] to lower-order terms as well as complex matrices (and not only those
arising from perturbations of real symmetric coefficients or constant coefficients), al-
beit with the important distiction that we do not require DeGiorgi-Nash-Moser [De
57, Nas58, Mos61] estimates; this allows us to consider any complex elliptic ma-
trix for A. Let us mention a few applications of our theorems. For the magnetic
Schrodinger operator —(V — ia)> when a € L*(R")" is t—independent and has small
L"(R™) norm, we obtain in this paper the first estimate for the square function and
solvability of the modified problems (D2’), (N2’), (R2’) in the unbounded setting
of the half-space. In fact, since our methods do not rely on an algebraic structure
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other than t—independence, we have similar novel conclusions for the generalized
magnetic Schrodinger operators —(V — ia)A(V — ia) where A is a real, symmetric,
t—independent, elliptic, bounded matrix, and a is as above.

We will now review some of the extensive history of boundary value problems
for second order divergence form elliptic operators in Lipschitz domains. Unless
otherwise stated, the results below will always be results for operators without lower
order terms. For Laplace equation (£ = —A) in a Lipschitz domain, solvability of
(D2) was obtained by Dahlberg [Dah77], and solvability of (N2) and (R2) was shown
by Jerison and Kenig [JK81b]; these were also shown later by Verchota [Ver84] via
the method of layer potentials, using the celebrated result of Coifman, McIntosh and
Meyer [CMMB&2]. For real, symmetric and #-independent coefficients, the solvability
of (D2) was shown by Jerison and Kenig [JK81a], and the solvability of (N2) and
(R2) was shown by Kenig and Pipher [KP93]. The solvability via the method of
layer potentials in the case of real, symmetric and t-independent coeflicients was
shown in [AAAHK11] (and previously by Mitrea, Mitrea and Taylor [MMTO1] with
some additional smoothness assumptions on the coefficients).

Aside from the results in [AAAHK11, AAHO8, AAM10], which we describe fur-
ther below, the known results for non-symmetric, t-independent matrices can be split
into three categories: complex perturbations of constant coefficient matrices, ‘block’
form matrices and real t-independent coefficients. In [FIK84], Fabes, Jerison and
Kenig showed solvability of (D2) for small complex L*-perturbations of constant
coeflicient operators, the solvability of (D2), (N2) and (R2) in this setting was shown
via layer potentials in [AAAHKI11] (see [AAAHKI11, Theorem 1.15]).

Solvability of L? boundary value problems in the case of all ‘block’ form matrices
0
A(x) = B(x)

0
0O --- 0 ‘ 1
where B(x) is an n X n matrix is, in the case of (D2), a consequence of the semigroup
theory and, in the case of (N2) and (R2), a consequence of the solution to the Kato
problem [AHLMTO2] on R". In particular, if we let J := —div, B(x)Vy, then one
obtains the solvability of (R2) by solving the Kato problem for J, and one obtains
the solvability of (N2) from solving the Kato problem for ad j(J). In fact, for (N2),
one may equivalently show that the Riesz transforms associated to J, VJ~1/2, are 1.2
bounded, which can, in turn, be interpreted as a statement about the boundedness of
the single layer potential from L into W12, These results were obtained in [CMMS2]
(n+ 1 =2)and in [AHLMTO02] (n + 1 > 3); see also [HMO02, AHLTO01, HLMO02].

In the case of real, #-independent coefficients, the results available are of the form
(Dp) (for some p < oo sufficiently large), (Np) and (Rp) (for some p > 1, typically
dual to the Dirichlet exponent), where (Dp), (Np), and (Rp) are L? analogues of
(D2), (N2), and (R2) respectively. This is the best one can hope for by a counter-
example in [KKPTO0O] (but see also [Axel0]), where the authors show that for any
fixed p < oo, there exists a real (non-symmetric) coefficient matrix A, such that
(Dp) fails to be solvable for the associated divergence form elliptic operator. In
[KKPTO0], the authors show that for all real f-independent coefficients with n + 1 =
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2, the problem (Dp) is solvable for some p < co. In the same setting, Kenig and
Rule [KRO9] showed the solvability of (Ng) and (Rq) for g the Holder conjugate
of the exponent p from the aforementioned result [KKPTO0O]. More recently, Barton
[Bar13] perturbed these solvability results to deduce that (Dp), (Ng), and (Rg) remain
solvable in the half-plane when the matrix consists of almost-real coefficients; and the
methods of [KKPTO00] were extended by Hofmann, Kenig, Mayboroda and Pipher
[HKMP15b, HKMP15a] to show the solvability of (Dp) for some p < oo for all real
t-independent coefficients when n + 1 > 3 and solvability of (Rg), again with g dual
to p.

As mentioned above, perhaps the closest results to the current exposition are
[AAAHKI11, AAHO8, AAMI10], where L? solvability of boundary value problems
was explored for full complex matrices, either by the method of layer potentials
[AAAHKI11] or the “first-order approach” [AAHOS, AAM10] (which relies on the
functional calculus of Dirac operators associated to divergence form elliptic opera-
tors). In [AAAHKI11], the authors show solvability of (D2), (N2) and (R2) via the
method of layer potentials for L™ perturbations of real, symmetric f-independent co-
efficients, and L™ perturbations of constant coefficients. In [AAHOS], the authors
show solvability of (D2), (N2) and (R2) in the same cases as [AAAHK11], as well as
perturbations from block form matrices. In [AAM10], the authors treat the previous
cases of [AAHO8] as well as perturbations of Hermitian coefficient matrices.

We mention also the work of Gesztesy, Nichols, and the second author of this
paper [GHN16], where the authors studied the n-dimensional Kato problem related
to our perturbations. The works [AAAHKI11, AAHO8, AAM10, GHN16] as well as
[Ros13,GH17,HMM15] served as an indication that the present results should hold.
The techniques from the solution to the (original) Kato problem are integral to our
analysis. In particular, we adapt the methods from [AAAHK11, GH17, HMM15] to
prove our square function estimates for the single layer potential (Theorems 1.3 and
5.5) via the generalized Tb theory developed in the resolution of the Kato problem
[AHLMTO2] and since refined in [GH17].

Let us remark on the assumption of #-independence. Given a second order diver-
gence form elliptic operator (no lower order terms), define the transverse modulus of
continuity w(r) : (0, 00) — [0, o] as

w(T) := sup sup |A(x,t) — A(x,0).
xeR™ te(0,7)

In [CFK81], Caffarelli, Fabes and Kenig showed that given any function w(1) :
(0, 0) — [0, oo] such that fol [w(T)]?dt/T = o0, there exists a real, symmetric el-
liptic matrix with transverse modulus of continuity w(t) such that the correspond-
ing elliptic measure and n-dimensional Lebesgue measure (on R” x {0}) are mutu-
ally singular, and hence (D2) (or even (Dp) for any p) fails to be solvable. On the
other hand, in [FJK84], the authors show that (D2) is uniquely solvable provided
that fol [w(T))?dr/T < co and that A(x,0) is sufficiently close to a constant matrix.
Later, refinements of this condition were introduced and investigated; in these refine-
ments one measures some discrepancy on Whitney boxes quantified by a Carleson
measure condition; see, for instance, [AA11, FKP91, Dah86, DPP0O7, DPR17, DP19,
HMM15, KP95, KP01, FP]. In light of these constructions, it is natural to consider
t—independent coefficients as an entry point to our investigations.
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We end this review of the history of the work on the homogeneous (i.e., no lower
order terms) operators by noting that the a priori connections between the different
problems (D), (N,) and (R,/) have also been of great interest. In some instances
(say, A is real, t-independent), one has that the solvability of (R,) for L implies solv-
ability of (D) for the adjoint operator L*, and vice versa (where p’ is the Holder
conjugate to p) (see [Ken94]), but it was found in [May10] that such implications
need not hold in the general setting of complex coefficients, even for ¢-independent
matrices. We refer to [May10] for a more systematic review of these connections.

The literature in the setting with lower order terms present (that is, not all of
b1,by,V are identically 0) is much more sparse. In [HLO1], parabolic operators
with singular drift terms b, were studied, and their results would later be applied to-
ward (D) for elliptic operators with singular drift terms b, in [KPO1] and [DPP07].
When A = 1, by = by = 0 and V > O satisfies certain conditions, Shen proved the
solvability of (N,) on Lipschitz domains in [She94]. His results were later extended
in [Tao12, TWO1] to (R,) and under weaker assumptions on the potential V. Itis a
critical element of the proof that the leading term of L = —A + V is the Laplacian,
and the question of (N,)—solvability for Schrodinger operators on rough domains in
the case that A # [ remain open, even under generous assumptions on V.

More recently, the problems (D) and (R;) for equations with lower order terms
have been considered in [Sak19] in bounded Lipschitz domains, under some conti-
nuity and sign assumptions on the coefficients. Solvability results for the variational
Dirichlet problem of equations with lower order terms on unbounded domains have
been obtained in [Mou]. Finally, we bring attention to [MT], where, through the
development of a holomorphic functional calculus, the authors proved the L? well-
posedness of the Dirichlet, Neumann, and regularity problems in the r—independent
half-space setting for the Schrodinger operator —div AV + V with Hermitian A and
potential V in the reverse Holder class RH?.

2. PRELIMINARIES

As stated above, our standing assumption will be that n > 3, and the ambient

space will always be R"*! = {x,7: x € R", t € R}. We employ the following standard
notation:

o We will use lower-case x, y, z to denote points in R” and lower-case t, s, T to denote
real numbers. By convention, x = (xy,..., x,), and x,+; = . We will use capital
X,Y,Z to denote points in R™!  The symbols ey, ..., e,+1 are reserved for the
standard basis vectors in R**!.

e We will often be breaking up vectors into their parallel and perpendicular parts. For
an (n + 1)-dimensional vector V= Vi,...,Vu, Vii1), we define its ‘horizontal’ or
‘parallel’ component as

‘/” = (Vl""9VI‘l)a

and its ‘vertical’ or ‘transverse’ component as V, = V,;;. Similarly, we label the
horizontal component of the (n + 1)-dimensional gradient operator as

V” = Vx = (axl, A ,axn),

and the ‘vertical’ component as D,,.; or V.
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e Given the (n+ 1) X (n+ 1) complex-valued matrix A, foreachi, j=1,...,n+1, we
denote by A;; the i j—th entry of A. We denote by A the (n + 1) X n submatrix of A
consisting of the first n columns of A. We define ff, as the (n+1)—dimensional row
vector made up of the i—th row of A; similarly we let fT., ; be the (n+1)—dimensional
column vector made up of the j—th row of A.

e We set R™! := R" x (0, +00) and OR"*! := R" x {0}. We define R"*! similarly and
often we write R” in place of JR"*! when confusion may not arise. For ¢ € R, we
denote Rf*! = R2! := R” X (1, 00), and R := R" X (=00, 1).

o The letter O will always denote a cube in R". By £(Q) and xp we denote the side
length and center of Q, respectively. We write Q(x,r) to denote the cube with
center x and sides of length r, parallel to the coordinate axes.

e Given a (closed) n-dimensional cube Q = Q(x, r), its concentric dilate by a factor
of k > 0 will be denoted xQ := Q(x, xr). Similar dilations are defined for cubes in
R"*! as well as (open) balls in R” and R"*!.

e Fora,b € [~o0, 0], we set I := {X =, eR" 1 te(q, b)}.

e Given a Borel set E and Borel measure u, for any u|g-measurable function f we
define the u-average of f over E as

]lEfdu = #(IE)/Efdu-

e For a Borel set E ¢ R"*!, we let 15 denote the usual indicator function of E; that
is, lg(x) = 1ifx € E,and 1g(x) =0if x ¢ E.

e For a Banach space X, we let B(X) denote the space of bounded linear operators
on X. Simiarly, if X and Y are Banach spaces, we denote by B(X, Y) the space of
bounded linear operators X — Y.

We will work with several function spaces; let us briefly describe them. For the
rest of the paper, we assume that the reader is familiar with the basics of the theory
of distributions and Fourier Transform and the basics of the theory of Sobolev spaces
(see [Leol7]). We delegate some of the basic definitions and results to these and
other introductory texts.

Let Q be an open set in R¥ for some k € N. For any m € N and any p €
[1,00), the space LP(Q)" = LP(Q,C™) consists of the complex-valued p—th inte-
grable m—dimensional vector functions over Q. We equip L?(2, C™) with the norm

Winac = (3 Lue) =G

For simplicity of notation, we often write || f_ﬂ » =l f_il @ =l fﬂ rr@cm when the
domain Q and the dimension of the vector function f are clear from the context (most
often, when Q is the ambient space, which for us means either Q = R" or Q = R,

The space C°(Q2) consists of all compactly supported smooth complex-valued
functions in Q. As usual, we denote Z = C®(R"!), and we let 2’ = Z* be the
space of distributions on R"**!. The space .# consists of the Schwartz functions on
R™! and .7” = . is the space of tempered distributions on R"*!.
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For p € [1,00), we denote by WP(Q) the usual Sobolev space of functions in
LP(Q) whose weak gradients exist and lie in (L? (Q))**!. We endow this space with
the norm

lleellwr.pqy == llullLe) + [IVullLr -
We define Wé’p (Q) as the completion of C°(Q) in the above norm. We shall have

occasion to discuss the homogeneous Sobolev spaces as well: by Wir (€2) we denote
the space of functions in Llloc(Q) whose weak gradients exist and lie in L7(Q). We
equip this space with the seminorm

1) = IVillr@:

and point out that W”’(Q) coincides with the completion of the quotient space
C*(Q)/Cin the | - |‘X/Lp(g) (quotient) norm. For p € (1,n+ 1) and Q C R"*! an open

set, we define the space Y Lr(Q) as
1 (ntl)p
YP(Q) := {u € LiTh(Q): Vu e LP(Q)}.

Write p* := Sfl]_)g . We equip this space with the norm

lllyrriq) == llull e ) + IVullLr-

We define Yé "P(Q) as the completion of C °°(€2) in this norm. By virtue of the Sobolev

embedding, when p € (1, n+1) we have that Yé "P(Q) coincides with the completion of

C>(Q) in the W'P(Q) seminorm. Moreover, we have that Yé’p (R = ybr(R+D,
The Y2 spaces exhibit the following useful property.

Lemma 2.1 (Integrability up to a constant of a function with square integrable gradi-

ent on a half-space). Suppose that u € LIIOC(ZZ) for some a < b, a,b € [—o00, ], either

a = —co or b = +oo, and that the distributional gradient satisfies Vu € L*(Xb). Then
there exists ¢ € C suchthatu—c €Y 1’2(22).

The proof is very similar to that of Theorem 1.78 in [MZ97], thus we omit it.

In our paper, whenever we write u(f) for r € R, we mean
(2.2) u(t) = u(-, 1);

thus u(?) is a measurable function on R”. Let us present a fact regarding the regularity
of functions in Y"?(R™*!) when seen as single-variable vector-valued maps. The
proof is omitted as it is straightforward.

Lemma 2.3 (Local Holder continuity in the transversal direction). Suppose that u €
Yl’z(ZZ) for some a < b. Then it holds that u € Cy ((a, b); L* (R™)) for some ex-

ponent a > 0 (see (2.2)). Moreover, if ,;Vu € Lz(ZZ), then we also have that
Vu e CP ((a,b); LAR")) for some B > 0.

Remark 2.4. Note that the functions above are representatives of u(f) and Vu(t), but
that these retain the same properties as their smooth counterparts when acting on
functions defined on the slice {x,+; = 7}. More precisely, for any g € C2°(R"; C") and
any t € (a, b), we have the identity

/ u(x, 1) divy g(x) dx = —/ Vju(x,t) - @(x) dx.
Rn n
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The above identity is already true for a.e. ¢ € (a, b), and is seen to be true for arbitrary
t € (a, b) by the continuity of « and Vu.
Analogously, we introduce Y'2(R") as
YI2R") = {u e LBE®RY : Vu e LZ(R")},
and equip it with the norm
lllyragny == lluell ) 20 -+ [Vadll 2

2(n+1)
n—1

2n
* .5
Some fractional Sobolev spaces will be useful for us when discussing trace opera-

tors. Let ¥ : L*(R") — L*(R") be the Fourier transform. Throughout this paper, we
shall also denote i := F u. We write

H2(R") = {u e L>(RM : / (1+ &)@ d¢ < +oo}.
Rn

Note carefully that in our convention, 2* =

The space H %(R") consists of those tempered distributions u € .’ whose Fourier
transform & € .’ is a measurable function verifying that fR,, €]12(&)|? dé < +o0. Nat-

urally, this space comes equipped with the seminorm |u|}.1 1 - = fRn |& ||ﬁ(§)|2 dé. We

1 ol .
define the space Hj (R") = H;(R") as the completion of C;’(R") under the H %(R”)
1
seminorm. We write H ‘%(R") := (Hy (R"))", and emphasize that we are departing

1
from notation used elsewhere in the literature. Since Hy(R") 2 H %(R”), it follows

that H‘%(R”) is contained in the dual space of H %(R"), which is the usual (inhomo-
geneous) fractional Sobolev space of order —1/2 that coincides with the space

{uesr@n [ vy tiner d <o),
Rn
For a survey on the properties of fractional Sobolev spaces, see [DPV12]. We state
without proof two easy results which are nevertheless useful.
Proposition 2.5 (Sobolev embeddings of the fractional Sobolev spaces). Let p, :=
1
nzT"l and p_ = % Then we have the continuous embeddings H; (R") — LP+(R"),
LP-(R") — H™2(R").
1

Proposition 2.6. The map V : H;(R") —» H _%(R”) is bounded.

For fixed € R and any open set Q ¢ R"! with nice enough (but possibly un-
bounded) boundary such that R” X {r = ¢t} C Q, we define the trace operator

2.7) Tr, : C¥(Q) > CRY,  Tru = u(-, 1.

The relevance of the fractional Sobolev spaces to our theory comes from the follow-
ing trace result; we cite a paper with the proof for traces of functions in V.VI’Z(RZ), but
the result is straightforwardly extended to our situation.

Lemma 2.8 (Traces of Y!2 functions; [Str16]). Fix t > 0. Let Q be either R"*!, Ri+1,
or R’:’tl. Then, for each s € R such that there exists x € R" with (x, s) € Q, the trace
Oplerator Tr, (see (2.7)) extends uniquely to a bounded linear operator Y'"*(Q) —

HE (R™).
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Definition 2.9 (Local weak solutions). Let Q C R™*! be an open set with Lipschitz
(but possibly unbounded) boundary, and fix f € Ll (Q), F e L (Q,C*"), and

loc loc

u e Wﬁ)’f (). We say that u solves the equation Lu = f — div F in Q in the weak
sense if, for every ¢ € C;°(€Q), the identity

(2.10) // ((AVu+B]u)-V<,0+BQ-Vugo>=// (f5+F-Vg)
Rr+l Rr+l

holds.
Remark 2.11. Suppose that Q is as in Lemma 2.8. By a standard density argument, if
u € YH2(Q) solves Lu = f +div F in Q in the weak sense and either

o Fel?(Q)and f e LC™D/+3)(Q), or
e QO =D x I, where D is a domain with nice enough (but possibly unbounded)
boundary and [ is an interval, and

(2.12) F e LX(Q), feL*(I;L®/™D(py) 4 [Cr2/03)

then (2.10) holds for all ¢ € YS’Z(Q). A similar observation to the second item can be
made if Q is a ball in R"*!,

For an infinite interval / C R and a Banach space X, let Cg(] ; X) be the space of
functions f : I — X such that all their first k derivatives f® : I — X, 0 <[ < k, exist,
are continuous on /, and satisfy that lim,_ ||[f°(#)llx = 0 for all 0 < [ < k. When
k = 0, we will omit the superscript and simply write C° = C.

Definition 2.13 (Slice Spaces). For n > 3, we define
D2 1= {ve Co((0, 000 LPRM) : g < oo,
with norm given by ||v| p? = SUP;g VIl 2rny (see (2.2)). We also define
5% = {u e C3((0 ) Y'2@") 1 /(1) € Co((0, 00): L®"), sy < o0
with norm given by
llullg> := sup lu(®)lly12ggny + sup llu’ @)l 2@y
>0 >0

2
+ sup |t (O)lly12gny + sup [[£u” @)l y12gn).-
>0 >0

In particular, both D2 and S?2 are Banach spaces. Similarly, with obvious modifica-
tions, we can define the slice spaces S2 and D? in the negative half line (=0, 0).

We also state, without proof, the following criterion for the existence of weak
derivatives in L(I; X). See [CH98] for further results and definitions.

Theorem 2.14 (Vector-valued weak derivatives; [CH98] Theorem 1.4.40). Suppose
that X is a reflexive Banach space and let I C R be a (not necessarily bounded)
interval. Let f € L*(I; X). Then f € W'“2(I; X) if and only if there exists ¢ € L*(I;R)
such that for any t, s € I, the estimate

1@ = flx < | / e(r)dr|
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holds. Moreover, for a.e. t € I, the difference quotients
t+h)— f(t

converge weakly in X to f'(t) as h — O.

Remark 2.15. We will see that if u € W,-2(R"™*1) 0 $2 and Lu = 0 in R"*!, then by

loc
Caccioppoli’s inequality (on slices) we have that

heR |h <1,

llullg> ~ sup llu@®llyr2@ny + sup lw’ Oll 2
>0 >0
~ Sup ”V” Trt u”L2(R”) + sup ” Tr,(DnHu)lle(Rn).
>0 >0
‘We now state a Trace Theorem in cubes. We set
Iz ;= (-R,R)" x (0,+R), Ig:=(-R, R)””, Ar := (=R, R)" x {0}.

Proposition 2.16 (Trace operator on a cube). Let H %(AR) be the space consisting of
pointwise restrictions of functions in H 2 R™Y) to Ag. There exists a bounded linear

operator Trg* : W'A(IE) —» H > (AR) (called the trace operator associated to I ) with
the following properties.

(i) For each u € C*(I), Tro* u(-) = u(-,0).
(ii) For each ® € CZ(Ig), the identity

Ag
holds, where ¢(-) = @(-,0).

(Tro™ wyp = ¥ / (UDys1® + Dyiud)
I

In particular, the traces are consistent in the sense that for every R’ < R, the restric-
tion to I, of the trace operator associated to Iy, agrees with the trace in I,.

Proof. The result follows from the usual Trace Theorem on Lipchitz domains (see,
for instance, [Leol17] Theorem 15.23 and the results which follow this theorem) and
the fact that I3 is an extension domain for W12 (see [Leol7] Theorem 12.15). O

We now remark that the zeroth-order term V in our differential equation can be
absorbed into the first order terms.

Lemma 2.17 (Zeroth order term absorbed by first order terms). Let L be as in (1.1)

with
max {[|Bill., [1B2lln, IVIlz } < &o.
Then
L=—div(AV+B)+B,-V,
where

max {||Billn, 1B2lln, } < Cuso.

Proof. We write
V(x) = —div, VyL,V(x) = ¢, div, RI; V(x),

where I, is the a-order Riesz potential

1
L =~ [ IO

Co Jrr lx = y|*

’
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and R is the Riesz transform on R”. For definitions and properties, see [Ste70]. To
conclude the lemma, we note that I; : L"/?(R") — L*(R") and Ris abounded operator
L"(R") — [L"(RD]". O

Observe that it suffices that V € l.ﬁl ={Ve 2 : 1V € L"}, with small norm.
Thus, our results hold under this slightly more general assumption on V.

Accordingly, from now on we drop the term V from our operator. We obtain
invertibility of the operator £ on the Hilbert space Y'?>(R"*!) when the size of the
lower order terms is small enough.

Definition 2.18 (Sesquilinear form and associated operator). Define the sesquilinear
form By : CX(R™!) x C2(R"™!) — C via
Brlu,v] = // [AVu Vv +uB; - Vv+7B, - Vu}, v € CO®R™D,
R+l

Define the operator £ : ¥ — 2’ via the identity
(Lu,v) = Brlu,v], u,ve C‘;’(R”“).
It is clear that L is linear.
In fact, the form B extends to a bounded, coercive form on YR2 R Y 2R,

and the operator £ extends to an isomorphism Y L2ZRm1y — (Y92(R™1Y)*. This is
precisely the content of the following result.

Proposition 2.19 (Extension of operator to Y'2). The form B extends to a bounded
formonY L2(RMYY: that is,

B[u, V]| < IVullal[VVll2,  for all u,v € CXR™),
with the implicit constant depending on n, A, A, and max {llBllln, ||Bz||n}. Hence L
extends to a bounded operator YLR2RM Y (YRR

Moreover, there exists a constant &y = €o(n, A, A) > 0 such that if
max {||Bl||m ||B2||,,} < &, then By is also coercive in YL2(R™ ) with lower bound
A/2; that is,

A

E||Vu||§ < ReBylu,ul, forallue COR"™M).
In particular, if max {IlBllln, ||le|,,} < &g, then by the Lax-Milgram Theorem the
operator L™ 1 (YP2R™))* — YI2(R™) exists as a bounded linear operator.

Proof. The proof is straightforward, thus omitted. O

Remark 2.20. We will always assume that max{||By||,, ||B2ll.} < &o, as above. The
value of £y may be made smaller, but it will always depend only on 7, 4 and A, and
we will explicitly state when we impose further smallness.

Definition 2.21 (Dual operator). Associated to £ we also have the dual operator,
denoted £* : YI2(R"™ ) — (Y12(R™1))*, defined by the relation

(Lu, vy = (u, L7v).
It is a matter of algebra to check that
Lv=—div(A*Vv + Bov) + By - Vv

holds in the weak sense.
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In particular, £* is an operator of the same type as £ and if
max{||Billn, lI1B2ll.} < &o so that £~! is defined, then (£*)~! is well defined, bounded,
and satisfies (L)™' = (£L71)*.

2.1. Generalized Littlewood-Paley Theory. In this subsection, we review some of
the known results from the generalized Littlewood-Paley theory. Here, the general-
ization is that one replaces the classical smoothness assumption by a so-called qguasi-
orthogonality condition, and one replaces the classical pointwise decay condition by
off-diagonal decay in an L? sense.

First, we introduce the square function norm ||| - |||. We define

dxdt\1/2
i = reor S = (e
R’jl:+1 t n+l1

For a family of linear operators on L%(R™), {6,}>0, we define

6elll+.0p := sup [l16:11l+,

1fll2=1

dxdt
t

>1/2

and similarly define |||6;]l|- o, and [[|0:|l|ai,0p- We will often drop the sign in the sub-
script when in context it is understood that we work in the upper half space.

Recall that a Borel measure u on R™*! is called Carleson if there exists a constant
C such that u(Rp) < C|Q| for all cubes Q C R", where Rp = Q X (0,£(Q)) is the
Carleson box above Q. Given a measurable function ' on R"*!, we define

1 1@ dx dt
I7lc := sup — / / 1(x, ) ,
QplQl 0 0 t

where the supremum is taken over all cubes Q c R". In other words, ||1||c < oo if and
only if |Y(x, )| @ is a Carleson measure; in this case, we say that Y € C. There is
a deep connection between Carleson measures and square function estimates, as seen
in the T'1 theorem for square functions of Christ and Journé [CJ87]. In this article,
we use a generalized version of their result [GH17, Theorem 4.3].

We record several results from [AAAHK11], which will be crucial in establishing
square function estimates for solutions.

Definition 2.22 (Good off-diagonal decay). We say that a family of linear operators
on L*(R"), {6;}>0, has good off-diagonal decay if there exist M > 0 and C > 0 such
that for all f € L*(R"), the estimate

. t +2
||9t(fﬂ2k+lQ\2kQ)”i2(Q) <m 2 1k<2k€(Q)) ||f||%2(2’<+1Q\2"Q)

holds for every cube Q C R", every k > 2 and all 0 < ¢ < C{£(Q). Here, the implicit
constants may depend only on dimension, M, and on the family of operators.

If b € L*(R"), then for any cube Q in R" and any ¢ € (0, C£(Q)), it can be shown
via the good off-diagonal decay that 6;(b1grmn ) € L*(Q). This allows us to define
0:b = 6(bly) + 6,(blrnp) € L*(Q) for any t > 0 and Q with £(Q) > t/C (the
independence of ;b over Q is given by the linearity). Thus, for b € L*(R"), 6,b €
LIZOC(R”) for each t > 0. We omit further details.
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Lemma 2.23 (Consequences of off-diagonal decay; [FS72], [AAAHK11, Lemma
3.2]). Suppose that {6;}~q is a family of linear operators on L*(R") with good off-
diagonal decay which verifies that ||0||l,p < C. Then, for every b € L*(R") (see the
above remarks), the family {6,}:~¢ satisfies the estimate

16:bllc < (1 + 1612 )IIBII.
Moreover, if 0,212 < 1 and 6,1 = 0 for all t > O, then for every b € BMO(R"),

l6:bllc < (1 + 116,11 )IIBlrr0-

Lemma 2.24 ([AAAHKI11, Lemma 3.11]). Suppose that {6,}~¢ is a family of linear
operators on L*(R™) with good off-diagonal decay and which satisfies 0|22 S 1
forallt > 0. For eacht > 0, let A, denote a self-adjoint averaging operator on
L*(R™), given as A, f = fR” FO)e:(-,y) dy, whose kernel satisfies

0<¢i(x,y) St7"xyi<cr» and / ei(x,y)dy = 1.
Rn

Then for each t > 0 and any b € L™ (R"), the function 6,b is well defined as an element
of L2 (R™), and we have that

loc
sup [[(0:6) A fllz2 @y < [1Dlloollf1l2-

>0

Lemma 2.25 ([AAAHKI11, Lemma 3.5]). Suppose that {R;};~¢ is a family of opera-
tors on L>(R™) with good off-diagonal decay, and suppose further that ||R||2_;> < 1
and R;1 = 0 for all t > 0 (note that by Lemma 2.24, R,1 is defined as an element of
LIZOC(R") ). Then for each h € WLZ(R"), we have that

IR <2 | V.hP.
RV! R)‘l
If, in addition, |R, divy |22 < %, then we also have for each f € L*(R™) that

dxdt
/ RSO —=— < |If15.
Rﬁ?l t

The following definition is important in establishing quasi-orthogonality estimates
(compare to the notion of an e-family in [CJ87]).

Definition 2.26 (CLP Family). We say that a family of convolution operators on
L2(R™), {Qs} >0, is a CLP family (“Calderén-Littlewood-Paley” family), if there exist
o > 0and y € L'(R") satisfying

(0l < (1 +1x)™77, and  [J(&)] < min(ig|”, 1€]77),

such that the following four statements hold.

i) The representation Q,f = s¢(-/s) * f holds for each f € L*>(R").
ii) For each f € L*(R"), we have control of the following L?> norms uniformly in s

sup (1Qs f1l2 + IsVQ; f1I2) < Il

s>0

iii) For each f € L>(R"), we have the square function estimate

o0 dxd
/ / QR D <R,
0 R" )
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iv) Let I : L*(R") — L*(R") be the identity operator. The equation

/ @® -
0 N

holds in the sense that the Bochner integrals || 6R Qf% converge to / in the strong
operator topology on B(L*(R")) as § — 0 and R — oo.

Proposition 2.27 (Qualitative mappings). Let f € Y'2(R") and {Q,} >0 be either
a) A standard Littlewood-Paley family as in Definition 2.26, with kernel s, with the

additional condition that there exists o > 1 such that [{(¢)| < min(|€]7, |£]77).
b) Qs = I — Py, where Py is a nice approximate identity.

Then for all s > 0, we have that Q,f € WH2(R™).

Proof. In either case, via Plancherel’s Theorem, it will suffice to estimate the L? norm
of Q,f. In case a), by basic properties of the Fourier Transform, we see that

[ 1Q.f(@)F de = /R WP dé < /]R “min(lsél”", Is61 " VIPIf )P d,

whence the desired conclusion follows in this case. For case b), we similarly com-
pute, using Plancherel’s Theorem and the Fundamental Theorem of Calculus, that if
@ is the radial kernel of the nice approximate identity P,

sél

A 72 e — A 21 Freni2 e 22 N 2
[ @derde= [ 11-pueriiera= [ ifor| [ ¢marl a

e A
< / n s2|§|2|f<f)|2]£ & (DR drdé < 16 e /R ePIf@P de

O

3. ELLIPTIC THEORY ESTIMATES

In this section, we establish several estimates for the operators under consideration,
which are ‘standard’ in the elliptic theory. We begin with Caccioppoli-type estimates.

3.1. Caccioppoli-type inequalities. Let us first show
Proposition 3.1 (Caccioppoli inequality, [DHM18]). Let Q ¢ R™! be an open set.
Suppose that u € WIIO’CQ(Q), fe leoc(Q), Fe LIZOC(Q)”“, and that Lu = f — divF in

Q in the weak sense. Then, for every ball B C 2B C Q, the estimate

Joreee< L,

holds, with the implicit constant depending only on n, A, A.

1 -
g VP BRI,

The above estimate is a particular case of a Caccioppoli inequality obtained in a
very general setting of elliptic systems in [DHM18]. Since our techniques will be
exploited in several calculations later, we present here a self-contained proof.

Proof. Considern € CX(2B)suchthat0 <n < 1,7 =1in Band |V r(B)~!. Note
that m]2 is a valid testing function in (2.10), and therefore we obtain that
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// AVul*n? < // AVu - Vun?
R+l R+l

= // ( — 2(AVu - Vnii + Biu - V(un?) — B - VuTIﬂ)
Rn+l

+ // (ﬁ V) + fm]2>
Rn+]
= 1+1I+1I+1V+V.

To handle the term I, we use Cauchy’s inequality with £ > 0 and the boundedness of
A to obtain that

A
1] < 2A // VulglVallul < Ae // Vuly? + = // V[,
R+l R+l E R+l

with £ small enough (depending only on A, A) that we can hide the first term. The
second term is seen to be of a desired form after using the bound on [V7|.

To handle the term /11, we use the Holder and Sobolev inequalities in R" coupled
with the —independence of B,, as follows:

11| < / /]R |Ba|(IVulm)luln dxdt

< /w 1Bl nllnVedl e llnll 22y o d

[ee]

< 1Bl / T o

< Bl | (19, + IVl ) .

Using the Cauchy inequality on the second term, we arrive at the estimate

\111] < ||Ball, // 1 (IVuln? + V) .
RVH

If we choose ||B;||, < o (see Proposition 2.19) with gy small enough (depending only
on n, A, A), we can hide the first term, while the second term is of a desired form.

To handle the term /1, notice that the product rule allows us to write the estimate

11| < // 1(|Bl||u||Vu|n2+2|Bl||u|2n|Vn|) = I, + I,.
R}H—

The first term is handled similarly as /1. As for I1,, we appeal again to the Holder
and Sobolev inequalities, together with the ¢-independence of By, to see that

|U|$/ 1B 11122 ey etV gl 22 gy leampl p20m2 oy Al

[Se]

< 1Bl / V2 19 )2

and this last expression may be handled in the same way as in /1.

For the term /V, we use the product rule to obtain that

IV < // | (F IVl + 20FlplullVyl) =: 1V + 1V,
R’H-
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The first term may be estimated with the Cauchy’s inequality with &:

1
v < // (7|F|2+8|Vu|2772),
2B \€

and we can hide the second term. The term /V>, since after using the Cauchy inequal-
ity, both terms are of a desired form:

1V, < // (IFP + lul1vyl).
2B

Combining these estimates gives

2 2.2 1 2 2
//me s//R Vb S //23 (1 + 1FR) + V1.

To handle the term V, we use the Cauchy inequality to obtain that

2 2y 12 1 2
wis [[ i< | (Rt i),

This completes the proof. O

Remark 3.2 (Y'? form a complex interpolation scale). In the case of purely second
order operators (that is, By = B, = 0), we may exploit the fact that constants are
always null-solutions. Applying the Poincaré inequality, we obtain a weak reverse
Holder inequality for Vu, which in particular implies L? integrability for the gradi-
ent, for some p > 2. We do not obtain the analogous estimate here, but rather a
suitable substitute. More precisely, we shall muster an L? version of the Caccioppoli
inequality. In order to prove this result, we remark that the spaces Y'»(R"*!) and
their dual spaces, (Y!-?)*, form a complex interpolation scale, with

[Yl’l’l’ Yl’m]g — Ylvpﬂ, i - 1-¢ + i’

Do p1 D2

forf € (0,1)and 1 < p; < p» < n. We may show this fact by gathering the following
two ingredients. First, the homogeneous spaces WLP form a complex interpolation
scale (see [Tri95]). Next, one uses that the map that sends an element in WP to
its unique representative in Y'” is a ‘retract’ (see [KMMO7, Lemma 7.11] and the
discussion preceding it). Thus, we employ [KMMO07, Lemma 7.11] and conclude
that the spaces Y'!"” form a complex interpolation scale. The fact that (Y-7)* form
a complex interpolation scale is a general consequence of the interpolation scale for
YLP; see, for instance, [BL76, Theorem 4.5.1].

The L? Caccioppoli inequality will also make use of the well-known lemma of
Snetberg [S74]. The (explicitly) quantitative version stated here appears in
[ABES19].

Theorem 3.3 (gneiberg’s Lemma [ABES19, Theorem A.1], [§74]). Let

X = (Xo,X1) and Y = (Yo, Y1) be interpolation couples of Banach spaces, and T €
B(X,Y). Suppose that for some 6* € (0, 1) and some k > 0, the lower bound 1T xly,. >
Klxllx,. holds for all x € Xg+. Then the following statements are true.

i) Given 0 < & < 1/4, the lower bound ||Tx|ly, > e«l|x||x, holds for all x € X,

provided that |0 — 6*| < W, where M = max j=o,1 |Tl|x;~v;-
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ii) If T : Xg» — Yy is invertible, then the same is true for T : X9 — Yg if 0 is as in
(i). The inverse mappings agree on Xg N Xg- and their norms are bounded by ?lk

Using the above result, we can easily obtain

Lemma 3.4 (Invertibility of £ in a window around 2). Let p € (1,n) be such that
p’ < n, where p’ is the Holder conjugate of p. The operator L extends to a bounded
operator Y Lp(rmhy = (YL (R"™1))*. Moreover, the operator is invertible if |p — 2|
is small enough depending on n, A, and A.

Remark 3.5. Here and throughout, we assume that the range of p near 2 in Lemma

3.4 is such that p, = El’fllji <.

The following lemma details the modification to the operator output upon multi-
plying a solution by a cut-off function.

Lemma 3.6. Let Q € R™! be an open set. Suppose that u € WIIO’CZ(Q) satisfies Lu =0
in Q in the weak sense. Then for any y € C(,R), we have that

(3.7) L) =divF + f
in R in the weak sense, where F = A(VY)u, and f = —AVu-Vy — BiuVy + BuVy.

Proof. We apply the operator £ to uy and test against ¢ € CX(R"*!) with the goal in
mind of extracting a term of the form (Lu, ¢x) = 0. Observe that

/ AV(uy) - Vo = / AVu - V(ye) + / uAVy - Vo — / [AVu - Vx]lop,
Rn+l R+l R+l R+l

/ (Biuy) - Vo = + / BuV(xe) - [BiuVxle,
Rn+l1 Rn+1 Rn+1

[ mvwow= [ Vs [ imuve
R+l R+l R+l

where we use that y is real-valued. Collecting the first terms in each inequality and
noting that gy € C°(€), we realize that the contribution of these terms is (Lu, gx) =
0. Then we have that (L(yu), ) = (div F+ £, ), as desired. O

We are now ready to combine the past few results and obtain the local high inte-
grability of the gradient.
Lemma 3.8 (Local high integrability of the gradient of a solution). Ler Q be an open
set. Suppose that u € WIIO’CZ(Q) solves Lu = 0 in Q in the weak sense. Then u €
Wllof (Q), where p is close to 2 and depends only on n, A, A, and &y. Moreover, for
any x € C;°(©,R) we have the estimate

tlyroeny < IL7(div F + Pllyrogaey S IFllp + 1f1lp.
where F and f are as in Lemma 3.6.
Proof. Let F and f be as in the previous lemma. One may verify, using the Sobolev
embedding and the fact that y is smooth and compactly supported, that FeL'®Hn

L* (R™1) and that f € L'(R™") n L*(R"*!). Choosing p > 2 with |p — 2| sufficiently
small, we may apply Lemma 3.4 to show that the operator £ extends to a bounded
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and invertible operator Y Lprm*1y - (Y2 (R™1))*. Hence £~! is bounded. Apply-
ing L7 to each side of (3.7), we obtain that

lullyr < 1L7'(div F + Pllys < IE L + 1.

Here, we note that L”* embeds continuously into (Y'7')*, and div Fe (Y"P")* since

F e LP. This observation uses the identity [(p")*]’ = p. and the continuous embed-

ding Y7 (R"*1) e L) (R, O
Finally, we provide a more precise version of the above Lemma, namely the LP-

Caccioppoli inequality.

Proposition 3.9 (L”-Caccioppoli inequality). Let Q ¢ R™! be an open set and let

ue WIIO’S(Q) solve Lu = 0 in Q in the weak sense. Suppose that B is a ball such that

kB C Q for some k > 1. Then, for every p > 0 such that |p — 2| is small enough that
the conditions of Lemma 3.8 are satisfied, the estimate

1
N \Y < —
(3.10) Vullrsy < r(B)”u”Lp(KB)

holds, where the implicit constants depend on «, p, n, A, A, and &.
Proof. Setr :=r(B) and let y = 7* withn € CX(X£B,R),0 < < 1,|Vn| < L. Note

that y has the same properties as 1. The estimate (3.10) will follow immediately from
the estimate

1
(3.11) llexlyro@nsry S ;”u”LV(KB)a
since [|Vull r) < [(Vu)xll, and (the reverse triangle inequality yields)

NCVaxdlp = IOV )ullp < IV@)Ilp < lluxllyrs gy,

We immediately note that we have already established (3.11) in the case p = 2; this
is the classical Caccioppoli inequality. Applying Lemma 3.8, we have that

(3.12) htdlytoeny < IF 1 + 1£1lp..

where F and f are as in Lemma 3.6. The bound
S 1
(3.13) IFllp = [[AVYull, < ;”u”LP(kB)

is trivial from the properties of A and y and desirable from the standpoint of (3.11).
It remains to find appropriate bounds for the terms appearing in the expression for f.
To this end, we have by Minkowski’s inequality that

fllp, < AVu - Vxll,, +1B1uVxllp, + 1B2uVxllp, =1+ 11+ 111.

Before continuing, we remark that the relation ”p%l = (n’fll)p [(mn+1)+p]= % +1

holds. Using the L? Caccioppoli inequality, Jensen’s inequality and the fact that
p > 2, we have that

1 1

ntl 2 1 met 2

(3.14) I=lAVu-Vxl,, <77 (][ Vul?)" <7 (][ u?)”
Lxp r KB
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Next we bound /1 and /1. The Sobolev embedding on R" and the Caccioppoli
inequality * yield for i = 1,2 the estimate

1 1 s L
B.15) |Biu(V))llp, < ;IlBi(un)llp* < ;rﬂ* (7[1 IBi(un)I”*) '
+K B
2

1

1 ne1t g 301w _an 2
< L ( IBi(un)|2) < Sph ( |V(m7)|2)
r %B r Rr+l
1

1 1
<P (f ) s ([ wr)”
r kB r kB

Combining (3.13), (3.14) and (3.15) with (3.12) and the definitions of F and f, we
obtain (3.11). As we had reduced the proof of the statement of the Proposition to
(3.11), we have thus shown our claim. O

3.2. Properties of solutions and their gradients on slices. Our next goal is to study
the #-regularity of our solutions as well as their properties on ‘slices’, which are sets of
the form {(x, t) : t = 1y}. Let us first note that 7—derivatives of solutions are solutions.

Proposition 3.16 (The -derivatives of solutions are solutions). Let Q ¢ R"™! be an
open set, let f, Fe LIZOC(Q), and suppose that u € Wllo’cz(Q) satisfies Lu = f —div Fin
Q in the weak sense. Assume further that f; := 0,f € LIQOC(Q) and F, := §,F € LIQOC(Q).
Then the function v = 0,u lies in Wllo’cz(Q) and satisfies Lv = f; — div F, in Q in the
weak sense.

Proof. Fix aball B ¢ 2B c Q and consider the difference quotients

= i+ he’lzll) —u0) Ih| < dist(B, 3Q).

We define fj, and F similarly. By #-independence of the coefficients, we have that
Luy = f —div F), in B for any such h. By the Caccioppoli inequality (Proposition
3.1), we obtain that for any £ as above,

2 1 2 = 2 2 2
Lt s | (g + 1P + i)

1 -
< ||| (ggetoat +IFF + rePisE).

In particular, the difference quotients of Vu are bounded, which implies that d,u €
Wll.gf(Q). Consequently, we must have that the difference quotients u; converge
weakly (in Wllo’cz(Q)) to v = Ou (and similarly for f; and ﬁh). From (2.10) and
the fact that Luy, = f; — div F n, we conclude that Lv = f; — div F, 1, as desired. |

We now check that —derivatives of solutions are well-behaved on horizontal strips.

4More precisely, we use (3.11) with p = 2.
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Lemma 3.17 (Good integrability of the z-derivative of a solution on a strip). Denote
ZZ = {(x, neR"™ ta<t< b}. Suppose that u and v := 0u are as in Proposition
3.16 with Q = ZZ, and suppose further that v € LZ(ZZ). Then Vv € Lz(ZZ:) for each
a<a <b <b.

Proof. Let yr = ¢(x)y(¢) be a product of infinitely smooth cut-off functions with
0<¢p,¥ <L y=1lon(d,b),yecC’ab),and ¢g = 1 on Bg, ¢g € CZ(B2r).
Then, for all R > min{a’ — a, b — b’}, we claim that

b/
/ Vv dxdt < // YAV
a Br R+l

< [ (o 1B 1) (T +1)
Rn+

1 b 2 =12 2
s (min{a’—a,b—b’,l})z/a / (W + 17 +11F).

We provide the details of the second line in a moment; note that in the third line we
used that the dominant contribution for the gradient of y is its  component when R
is large. Sending R — oo finishes the proof modulo the aforementioned line.

To see the computation above, denote y := yg and observe that

// IV < // X Re(AVYVY)
R”“ R”*l

sme[ // AV (i) - 2 // XvAVvVX} —: Rell + I1].
R+l R+l

1
< e / Vo + - // VP,
R+l € n+l

and the first term can be absorbed to the left-hand side. It remains to handle /. We
use the equation Lv = f; —div I?, to write I = I + I + I3 + I4, where each I is a term
of the equation and each will be given explicitly below. First, note that

o= | // fivd| < // oyl + // fixl,
R+l R+l R+l

which handles this term. Next, we have that

13 :=] // ﬁszﬁ)\s // TADGE: // By Vyvl.
Rn+l Rn+l Rn+]

We handle the first term as in //, and we handle the second term as /4. Moving on,
we see that

il = | // BV < // (Buv)Voxl + // (Biv) V.
R'H'l Rn+] R’”’l

Both of the terms above are handled by using the smallness of B; as in the proof of
the Caccioppoli inequality. Now, for the last term, we have that

L] := ) // ByVvy*v| < // |(Boxv)Vvy/|,
R+l R+l

so that we may handle this term exactly as we did /;. O

Clearly,
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Remark 3.18. We may bring the above lemma and Lemma 2.3 together to conclude
that if u solves Lu = 0 in X2, then automatically we have the transversal Holder

loc

, 20
continuity of its gradient, and u € C* ((a, b), Ln-2 (R”)) for some a > 0.

Next, we present a formula for our equation on a slice. Recall that A denotes the
(n + 1) X n submatrix of A consisting of the first n columns of A.

Proposition 3.19 (Integration by parts on slices for £). Let u € Y'*(Zb) and suppose
that Lu = g in X2 for some g € CX(R""). Then, for every t € (a,b) and ¢ €
WU2(R"), the identity

[ (acovuc o + Bouts.n) - Tig@ds + | Bato)- Tute, g d

= / (ﬁnﬂ,.(X)-anu(x,t)+(Bl(x))L6tu(x,t))@dX+ / g(x, Ng(x) dx
n Rn

holds. If v,d;v € Y'2(Zb), and L*v = 0 in XL for some g € CX(R™), then for every
t € (a,b) and ¢ € W2(R"), the identity

/Rn [VW (Boyp() + AV - I(0) + Bip - W(z)}

= / ($B2) D10 + @Ay VD)

holds. Finally, for v and ¢ as above, we also have the identity
/ Vi - (A*Vv(D)) = / @ XZH,.DnHVV(t) - / Vi - (B)yv(1)
R” R” R"

o [ B~ [ BT,
R® R?

Proof. Fix ¢ € CP(R") and t € (a, b). Let @.(x, ) := @(x)n:(t — 5) with & < min{b —
t,t — a}, and where n.(-) = 8_17]('/8), n e Cr(-1,1), fRn = 1. In particular, ¢, €
C=(2b) is an admissible test function in the definition of the weak solution. Thus,
from the definition of Lu = g, we have that

//Rm { <(A(x)Vu(x, s))|| +(By)u(x, s)) “Viige(x, 8)+Ba(x)-Vu(x, s)p:(x, s)} dxds

- // (A”M,.(x)asvu(x, 5) + (B1 (1)L 8:u(x, ) + g(x, s))gog(x, 5) dxds.
]R’”‘l

Notice, for instance, that the map

re /R ((A(X)Vu(x, 0), + Boyulx, t)) V() dx

is continuous in (a, b), owing to Lemma 2.3 and the continuity of the duality pairings
in each of its entries. A similar statement holds for all the other integrals. The desired
conclusion now follows from the fact that for any continuous function 4 : (a,b) — C,
we have that lim,_,q fR ne(t — -)h = h(t), for each t € (a, b). O

As in [AAAHKI11], but now employing Lemma 3.9, the t—independence of our
coefficients allows us to obtain L” estimates on cubes lying in horizontal slices.
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Lemma 3.20 (L? estimates on slices; [AAAHKI11, Proposition 2.1]). Lett € R, O C
R" be a cube, and 1y be the box 1o = 4Q X (t — {(Q), 1t + €(Q)). Let p > 2 with |p — 2|
small enough that the conclusion of Lemma 3.4 holds. Suppose that u € WI’Z(IQ)
satisfies Lu = 0 in Io. Then the estimates

1 1/p 1 1/p
(3.21) (|Q|/Q|Vu(x,t)lp) < (IQ*I /Q |Vu(x,t)|p> ;

and

1 l/p 1 1 1/p
(3.22) (@ /Q |Vu(x,t)|p> < @<|Q**| // ** |u(x,t)|p>

hold, where Q* :=20 X (t —€(Q)/4,t+ €(Q)/4) is an (n + 1)—dimensional rectangle,
and Q" =30 X (t —€(Q)/2,t + £(Q)/2) is a slight dilation of Q.

In [AAAHKI11], the analogue of the preceding lemma is proved in the purely sec-
ond order case. However, the argument there extends almost verbatim to the present
situation, given Lemma 3.9. We omit the details.

Let us consider how the shift operator acts on £~'. For each 7 € R, denote by
T the (positive) shift by T in the t—direction: If u € CX(R™"), then (T Tu) =
u(-, - + 7). More generally, if f € &’ is a distribution, we define the distribution 77 f
by (T f, @) ={f, T "¢), foreach p € Y.

Proposition 3.23. Suppose that u € Wh2(R"1) solves Lu = 0 in R™*!. Then

loc
i) Let f € (YY2(R"™1)* and fix s € R. Then T5L7'f € YY2R"™) and satisfies

ys‘g—lf - L—lysf'

ii) Let s > 0. Then 7 *u € W,o2(R™!y and LT *u = 0 in R,

iii) We have that Dy, yu € W:2(R™") and LD, qu = 0 in R,

iv) For any s > 0, we have that D117 *u € YY2R™) n L2RM) = WR2RH),
In particular, for any t > 0, the trace Tr;D,+u is an element of H %(R”) =

1

L*R™M) N Hg (R"). Moreover, for each t > 0, the estimate

(324) ||tTr,V(9,u||Lz(Rn) < ||u”Y"2(R;'/+21)
holds. In particular, for each s > 0 we have that
(3.25) sup [[(z + )Tr, V.7 ull gy S lleell 121y,
>0

Finally, for eacht > 0and { € H _%(R”), we have the identity

d
(3.26) (TriDpyyu, £) = - (Tra, ).

Proof. The proofs of 1), ii), and iii) are very similar to the proof of Proposition 3.16,
and are thus omitted. We prove iv), and to this end fix s > 0. By assumption, it is
clear that .7 %u € Y'2(R"*!), and by ii), we have that £.7*u = 0 in R"*!. Hence, by
iii), we have that D, 1.7 *u € Wr2(R™*") and £D,11.7*u = 0 in R?*'. Let G(s/2) be

a grid of pairwise disjoint cubes R € R"*! such that R"*! = Ugeg(s/2)R and €(R) = £

5
Consider the estimate
Y // VDl
R

// VD Tul? = // VD, uf? =
R} e ReG(s/2)
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1 1 1
s> 2 / Dl S S IDnr Ul gty < Sl
ReG(s/2) R

which proves that VD,;1.7u € L*(R™"). Since D,;1.7*u € L*(R"*!) by the as-
sumption that u € Y'2(R™*!), it is proven that D, 1.7 °u € W'2(R™!). Hence, for
each t > 0, Tr;D,.1 T%u € H%(R”). But Tr;D,11.75u = TripsDyu. The estimate
(3.24) is true by Caccioppoli on slices (Proposition 3.20), as follows: break R" into
a grid G,,(¢/2) of cubes Q c R", £(Q) = t/2, and use Caccioppoli on slices in each
cube.

It remains to check the identity (3.26), so fix t > 0. We have seen that Tr,; D, u €

1
Hgy (R") foreach 7 > 0. Fix { € H‘%(R”), and define g(7) := (Tr;u, ) for each 7 > 0.
We will show that g is differentiable at #, and compute its derivative. To this end, note
that

h)— Trepu,d)—(Tru, hy, ghagt,_ gt
g(H}); g _ (Tr IMQV;Z (Trud) _ (Trtyhu u’{) — (Troy ?;14 714’4«).

. . oh ot g .

By our previous computations, we have that Z-Z4=Z"4 — D, .1 7'y in Y 2(R1)
1

as h — 0, which implies that Tro ( Z*Z4=7 ) —s TroDy1 7'uin Hg (") as h — 0,

and hence we have that w —> (TroDypi1 T'u, &) = (Tr;Dyyu,l) as h — 0.
This finishes the proof. O

4. ABSTRACT LAYER POTENTIAL THEORY

In this section, we develop the abstract layer potential theory. Our methods often
closely follow the constructions of Ariel Barton [Bar17]; but see also [Ros13].
Definition 4.1 (Single layer potential). Define the single layer potential of L as the
operator S£ : H-2(R") — Y'2(R™!) given by S := (Tro o (L™H*)", which is
well defined by virtue of Lemma 2.8 and Proposition 2.19. For ¢ € R, we denote
S,L := Tr; o S£. When the operator under consideration is clear from the context,
we will sometimes drop the superscript, so that we write S = S£. For each ¢ € R,
f:R" —» C"! and f: R" — C", define (SfV||)f:: —S,L(divf), StD,. = -0,S%,
and (SEV)E = (SEV)E) + SED s if.

Let us elucidate a few properties of this “abstract” single layer potential.

Proposition 4.2 (Properties of the single layer potential). Fix y € H‘%(R”). The
following statements hold.

i) The function Sty € Y2(R"™) is the unique element in YL2(R™Y) such that
(4.3) B[Sy, ®] = (y, Tro®),  forall ® € Y*(R™1).

Accordingly, S* H_%(R") — YY2R"™1Y is a bounded linear operator.
ii) The function Sty satisfies LSLy = 0 in Q, where Q = R+ R™1,
iii) Suppose thaty has compact support. Then LSLy = 0 in R\ suppy.
iv) Define p_, p+ as in Proposition 2.5 and suppose that y € LP-(R"). Then the
bound ||Tr,S£y||Lp+ ®") < Yllr-@ny holds for each t € R.
v) For each t € R, the operators S,L and Sft are adjoint to one another. That is,
foreachy,y € H _%(R"), the identity (SEy,y) = (y, SE ) holds.
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vi) For eacht € R, we have the characterization

(4.4) T8y = (Trio (L))

1

vii) For each t € R\{0}, we have that Tr,DnHSLy € Hyj(R"). Moreover, for each
t € R\{0} and each ¢ € H_%(R”), we have that (Tr,DnHSL)/, 0= %(S,Ly, 0 =
~(, Tr_Dps1S0).

viii) Lett € R\{0}. Let g = (g],g.) : R" — C"*! be such that g, g, € CX(R"). In the
sense of distributions, we have the adjoint relation

(4.5) (VSE7. 200 = (SEVR) 4 .
H 2(R"),Hy (R")

Proof. Fix y € H™2(R"). Proof of i). Since Try : Y'2(R™1) — Hé(Rﬂ) is
a bounded linear operator, then T, := (y,Tro-) is a bounded linear functional on
Y'2(R"1). By the Lax-Milgram theorem, there exists a unique u, €Y L2(RH1
such that B[uy, ®] = (T, ®) = (y, Tro®), for all ® € Y*R"!). Now let ¥ €
(Y'2(R™1))* be arbitrary, and observe that

(F.8%) = (. (Tro o (L)) y) = (Tro o (L)W, y) = (T, (L))
= Brluy, (L)7W] = (Luty, (L)) = (), 'F) = (¥, 1)

Proof of ii). Let ® € C2(R"*!), and let ® be an extension of ® to C*(R"!) with
® = 0 on R™*!\ supp ®. In particular, Try® = 0. Then (4.3) gives that B[Sy, ®] =
B L[Sﬁy, ®] = 0. Since ® was arbitrary, the claim follows.

Proof of iii). Let Q := R**1\ supp?y, and let ® € C°(Q). Let ® be an extension of
® to CX(R™!) with @ = 0 on R"*!\ supp y. In particular, the supports of ® and y are
disjoint. It follows that (y, Tro®) = 0. Using (4.3) now yields the result.

Proof of iv). By the boundedness of S£ and the Sobolev embeddings, we have that

IS gllire ey < SEell g S 1S glyiagny S gl -y ) < el

1
g”HO7 (R H 2 (R

Proof of v). Fix r € R and y,{ € H_%(R"). By the Lax-Milgram theorem,
there exists a unique v*/ € Y'2(R"*!) such that By [v&!, ®] = (7, Tr,®), for all
® € YI2(R™!). Observe that

(Tr, 8%y, ) = (£, Tr,SLy) = B [vo!, SLy] = Bo[SEy, v¥'] = (y, Trogv*).

Thus it suffices to show that Trgv%' and Sf, { coincide as elements in Ho% R™). In
turn, this will follow if we prove that S£¢ = W& = yoi(- - + 1), in Y2(R™).
Let ® € Y"2(R™!) be arbitrary. Note then that .7'® also lies in Y>(R"*!). By the
t—independence of the coeflicients of £ and a change of variables we have that

B[ TW, T'®] = Bp Vo, @] = (y, Tr,®) = (y, Trg.T'®).
By (4.3) with £ replaced by £* throughout, S£' is the unique element of Y'2(R"*!)
for which the above identity can hold for all ® € Y L2(R™+1), as desired.

Proof of vi). In v), we proved that for each y € H‘%(R”), SL’y = Q’L‘I(T;),
where T}, € (Y*(R""))* is given by (T}, ®) = (y, Tr,®) for ® € Y'*(R"*"). Hence
T8ty = L‘I(Tfy). Reproduce the proof of i) in reverse to obtain the claim.
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Proof of vii). Let ¢ > 0 (the case ¢t < 0 is analogous). By ii) we have that LSty =0

1
in R"*!. Therefore, using Proposition 3.23 iv) we have that Tr. D, Sty € Hg (R")
for each 7 > 0. Using (3.26) and v), we calculate that

%(TI‘TS'C’)/, §> ’T=t = %<§’ TrTSL7> ‘TZI = %(TI‘_TSL* év’ 7> “r:t
= T SE )|, = ~TDet ST ) = = T Dyt SE 0.

Proof of viii). It is clear by an easy induction procedure that (vii) holds for higher
t—derivatives in the expected manner. Note that

(VSEY. 899 = (VISFY. 87,9 + (TtuDp1 Sy, 81) 9.9
= ~<(Sfy.divé) oo = . TrDpi ST e1) )
H 2R"),Hy (R")
=~ S5divgD) 1 0 SEDmgL) = (S5 V).
H™2(R"),HE R") H 2 (R"),HE (R")
]
In preparation for defining the double layer potential, let us make the following
remark.
1
Remark. Given ¢ € Hy (R"), there exists ® € ¥ L2(R™1) with Tro® = ¢ and

[Dllyr2gneny S llell 1
Hg R")

For a fixed u € Y'2(R"*1), let .Z,F be the functional on Y!2(R"*!) defined by

(ﬁ;,v) = BL’RTI[M,V] = // {AVu-W+Blu-7v+Bz~VuV ,
R'ﬁl
for each v € Y"2(R"!). Then .Z; is clearly bounded on Y'2(R"*!). We define

B gr and Z in a similar way (using R"*! instead of R™*!), and we note that if
u€ Y2(R"™1), then Lu = F} + F,.

u

1
Definition 4.6 (Double layer potential). Given ¢ € Hj (R"),let ® € Y'2(R™1!) be any
extension of ¢ to R"*!. Define DL+ () := —® gt LT et (see below for a

1
proof that this is well defined). We call the operator DL+ Hg RN —>Y 1’Z(R’fl) the
double layer potential associated to operator £ on the upper half-space. Analogously,
we define D%, the double-layer potential associated to operator £ on the lower half-
space, by extending ¢ to R™*!. We define DX * similarly, by replacing £ with £*.

1
Proposition 4.7 (Properties of the double layer potential). Fix ¢ € Hy (R") and let ®
be any Y 2(R™ Y —extension of ¢ to R with Tro® = ¢. The following statements
hold.

i) The double layer potential DL is well defined.
ii) We have the characterizations

(4.8) Do =L Fg)

ars DEo= LT
iii) The bound || D% ¢lly1ogry S llell 1 holds.
Hg (R")

iv) The function DX+ satisfies LOL* ¢ = 0 in the weak sense in R
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Proof. Proof of i). Let ®,®" € Y'“2(R™!) be any two extensions of ¢ to R"*!.
Then (® — ®")(-,0) = 0. If w is defined as W|R$+l = @ — @ with w|gn1 = 0, then
w € Y'2(R"1). Thus observe that (Lw,¥) = Br[w,¥] = (F¢_ ¢, P), for all ¥ €
Y12(R™1), whence we conclude that w = £L71(F§_,). Hence

[_q) + -E_l(ﬁ(f)-)]erl - [_(D/ + -E_l(ﬁ(f)—’)]Rr}jl

=[@ -0+ L (TS - T3] (@ -+ L(F )] 0.

1 = +1 =
R RY

Proof of ii). Simply note that
D o= [~ 0+ LT gun = [LT L+ T = [L7 T )] g
Proof of iii). Owing to (4.8) we write
1D Gllyiagry = 1L (Fp)lyiagey S 1z
Let0 # ¥ € YH2(R™!). We have
(T )l = 1Bt [, 1] < 1Dlly 12 [Py

whence we deduce that ||.# g ly12gnstyy S ||®||Y1,2(R3+1) < . Putting these

llell 1
Hg (R")
estimates together we obtain the desired result.

Proof of iv). Let ¥ € C2(R™*!) and extend it as a function in ¥ € C(R"*!) so
that ¥ = 0 in R”*!. Observe that

B pin [D5 0, W] = B g [-L7(Fg), W] = Br[-L7(Fg). Y]
= ~(Z¢,¥) = =By [D,¥] = 0.
O
We may now introduce the definition of the conormal derivative. First let us make
the quick observation that since YJ’Z(RT]) —Y I’Z(R’}f}), then we have a surjection
(Y! ’Z(R’}:rl )N* — (Y&’Z(R’f] ))* given by restriction of the test space for the functional.
In particular, if f € (Y'(R2*!))*, then we can also think of f € (Y 2(R1))*.
Definition 4.9 (Conormal derivative). Suppose that u € YL2(R™), £ e (YL2R™1))*

(note carefully that this space is not (Yé’z(R’}r“))*), and that Lu = f in Rﬁ“ in the
sense that for each ® € C? (R’fl), the identity

(4 10) B.E,Ri+l [u, (I)] = <f, ®>(Yé¢2(RZ+l))*,YéQ(RiJrl)

holds. Define the conormal derivative of u associated to £ with respect to R,
0Ly e H 2 (R"), by

1
<81{;+”a §0> = BL,RTl [u’ (D] - (f, (D>(Y1v2(]R’l+1))*,YI’Z(RT]) s @ E I‘IO2 (Rn),

where ® € Y12(R"*!) is any bounded extension of ¢ to R”*!. Note that we also define
the objects 0% *u, 0L~ u, 0% ~u similarly.

When f = f —div F and f, |F| verify the assumptions in (2.12) (with Q = R"*!,
D =R" and I = (0, »)), then the sense (4.10) of weak solutions coincides with the
one previously given in Definition 2.9 (see Remark 2.11). In particular, if f = 0, the
two senses (2.10), (4.10) of weak solutions coincide, and there is no ambiguity.
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Let us show that 5% u is well defined. Let @, ®’ be Y!-2(R"*!)—extensions of ¢
with Trg® = Tro®’ = . Then ® — O’ € Yé’z(R’fl), and so

BL’RTA [u, q)] - BL’RTA [I/[, (D,] = B-[:,R’frl [u, (D —_ (D’] = <f, q) —_ (D,>(YS,Z(RQ+1))*’Yé,Z(Rﬁiﬂ)
since u solves Lu = f in R**! in the sense (4.10). Finally, observe that

@iyt yagety — G @iy 2y
= (@ = D)oty piagen = @ = @ pragenyy. plagy):

so that, upon subtracting these two identities, we see that 3£+ u does not depend on

the particular extension @ taken. It remains to show that 6,{3’*14 eH ‘%(R"). Observe
that

KOE* 1, @) < IB pret [1t, DI + [CFs B sty y 2zt
< (||u||yl,2(Rg+l) + ”f”(YI,Z(RgH))*)||(D||Y1,2(]R1+1)

< (lullyrageety + I llpraggey Miell 1
(hllyraqegey + 1y )l @

It will also be helpful to consider conormal derivatives on slices other than # = 0,

denoted c')f;i. The definition is entirely analogous.
The following identities tie these definitions of the conormal derivatives together.
Lemma 4.11. Lety € H -3 (R™). The following statements are true.
i) Suppose that u € Y'2(R"™ 1) solves Lu = 0 in R™*! in the weak sense. Then for

any t > 0, 05+ T'u = affu. Moreover, for any t > 0, (?ffu e L2(R™), and we
have the identity

(4.12) 05 u = —eper - To[AVu+ Bl in L*(R").
ii) Suppose that u € YY2(R™Y) solves Lu = 0 in R™. Then for any t > 0,
0L~ T u = 0 u.
iii) Let t > 0. Then for each y € H™2(R"), the identity —0-7,8%y = 65SLy holds
in the space H _%(R").
1
Proof. Proof of i) and ii). Let ¢ € H} (R"), and ® € Y2(R"*!) is any extension of .
Thenm
<3V£’+ ytu, ()D> = BL,R’JZH [ytu, (I)] = B.E,R;Hl [u, y—[q)]
= (05 u, Tr, 77'0) = (05 u, ¢).
We turn our attention now to (4.12). By Remark 3.18, we have that F(x,1) = —e,41 -

Tr[AVu+ B u] is continuous in ¢ taking values in L*(R™). In order to prove the lemma
we will regularize our coefficients and solution simultaneously.

Let P, be an (n + 1)—dimensional approximate identity; that is, P.(f) = n. * f,
where 1.(X) = Enlﬁn(X/g) (X € R™h, n € C2(B(0, 1)), n non-negative and radially
decreasing with fRnH n = 1. We claim that

4.13) —eps1 - Pc(AVu + Biu)(x, tg) — —eny1 - (AVu + Biu)(x, ty)
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strongly in L*(R"). Assume (4.13) for a moment. Then to show i) and ii) in the
lemma, it is enough to show that for every @ € Cg"(R””) with @(x, 1) = ¢(x), we
have that

lim —eu+1 - Po(AVu + Biu)(x, t9)p(x) dx = // AVuV® + BijuV® + B, - Vud.

&e—-0 Jran R;’O*' 1

To prove the above equality, first define for any cube Q Cc R”, RB = OX|tg, to+£(Q)].

Now choose any cube Q C R” such that supp ®N{t > 7} C Rtf o Integrating by parts,
2
we have for 0 < € < min{¢(Q), tp} the identity

4.14) / —ens1 - Po(AVu + Bru)(x, to)e(x) dx = //to div[P.(AVu + B u)®]
R7 R

= // div[P.(AVu + Biu)]® + // P.(AVu + Bu) - VO.
R R

Now let X = (x,1) € supp® N {t > 1y}, and & < %0 Then, since Lu = 0 in R*!, we
have that

divy[Po(AVu + Biu)](X) = divy // n:(X — Y)(AVyu + Biu)(Y)dY
= _ // Vyne(X = Y)(AVyu + Biu)(Y)dY
R+l

= // (X = V)BoVyu(Y) dY = Pe(B2Vi)(X),

and therefore the identity

(4.15) // div[P(AVu + Byu)|® = // P(B:Vu)®
RS RS

holds. Finally, we want to pass in the limit as & — 0 the identity (4.14) while using
(4.15), so we use the Lebesgue dominated convergence theorem. Observe that for
some p > 1, |AVu| + |Bju| + |BaVul € LP(Ug), where Uj§ = R + B(0, %) (the
%O—neighborhood of R’é). It follows that for & € (0, ),

Ps(AVu + Biu)(x, 1) + Po(BaVu)(x, 1) < A ([|AVul + |Brul + |ByVul| 1 ) (x, 1)

1o
0
for all (x,¢) € Rg, where ./ is the usual Hardy-Littlewood maximal operator in R"*!,
Hence we have that

lim —eu+1 - Po(AVu + Bru)(x, to)e(x) dx

e—0 Jpn
= lim // _Po(AVu+ B1u)V® + P.(B,Vu)d
e—0 RB
= // AVu + BiuV® + B,Vud.
RS
Thus it remains to prove (4.13). Set Fgo(x,t) := —eut1 - P:(AVu + Biu)(x,1),

F(x,1) := —eps1 - (AVu + Biu)(x, 1). For € < ©, we have that
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lim sup || Fe(-, t0) — Fo(-, t0)ll2

&e—0

= lim sup < /
e—0 n

1
< lim sup // 10, 5) [ \Fo(x — &y, 1o — £5) — Fo(x, to)? dx} ® dyds
Rn+l Rn

-0

2 1
dx) ?

//Rnﬂ [Fo(x — &y, 10 — &5) — Fo(x, 10)] ey, 5) dy ds

<limsup sup ||Fo(: — &y, to — &s) — Fo(:, to)ll2
=0 |yllsi<1

<limsup sup [[Fo(- = 3,20 — §) — Fo(- = 9, 10)ll2 + [Fo(- = 3, 10) — Fo(-, 10)ll2,

-0 [3],|81<e
which drops to 0 as € — 0, finishing the proof.
1

Proof of iii). Let ¢ € Hj(R") and let ® € Y L2(R™1Y) be any extension of ¢. Note
that £L8*y = 0 in R**!,, while LSy = T, in R%", in the sense (4.10), where T, €
(YL2R1))* is the distribution given by (T, V) = (y, Tro'¥), for ¥ € YR
Then,

<avL,’—+tS£7’ ¥y = B.L,Rﬁf_‘, [SL% O] - (y, Tro®)

= =B g1 [S7y, @] + BL[STy, @] — (y, Tro®)

= —B g [STy, O + (7, Tro®) — (y, Tro®) = ~(3,5,5%7. ¢).
O

4.1. Green’s formula and jump relations. Let us remark that the functional %,
makes sense even if we only have that u € YM2(R"*) and u ¢ Y'2(R™!). Also, if
Q c R™!is an open set with Lipschitz boundary, and f € (¥ 12(Q))*, define the
functional 1o f € (YL2(R™1))* by (Lo f, ¥) := (f, 1o'P) for each ¥ € Y 2(R™1).
Theorem 4.16 (Green’s formula). Suppose that u € Y'"2(R"*!) solves Lu = f in R"*!
for some f € (Y 1’Z(Rﬁ“))* in the sense (4.10). Then the following statements hold.

i) We have the identity

(4.17) SE@Fwy = LI - L7 Agen /) in YRR,
ii) The identity u = —D“*(Trou) + SE@F wlgm + L7 (Lgas1 lgan holds in
YI’Z(R’_}_+1).

iii) We have that =L (Lgu1 f)lgnt = D5 (Trou) + SE@F Wl in YR,
iv) Suppose that Lu = 0 in R"*'. Then DL+ (Tro u) = —~SE(0L~u) holds in R

Proof. Proof of i). Let ¥ € (Y12(R"*1))*. Then
(¥, 8L0F u) = (Tro(L7) ™", 65" u)
= B p gyt [, (L)) = (£ (LY M) sty prager)
=(FL (L)) = (Tgun £, (L)) = (LT, YY) — (L Tgnn 1), )
= (LI = LT Qg /)

Proof of ii). Let ¥ € (Y"?(R"*!))* have compact support within R”*!. Using
(4.17), we have that
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(¥, S£0,u — DL+ Trou)
= (W LNED) = (¥ L Agun ) = [ = (i) + (¥, LTH(F )]
= (Y, u— L7 (Agrn ).

Proof of iii). Let ¥ € (Y>(R"*!))* have compact support within R”*!. Using (4.8)
and (4.17), we have that

(W, D5 (Trou) + SEOF w)) = (¥, =L (FDlgut + LT(FD) = L7 Lga )
= —(¥, L (g ).

The proof of iv) is the same as iii), and is thus omitted. m|

Let us now consider some adjoint relations for the double layer potential. First,
for any u € Y"2(R""), denote by .Z* € (Y'2(R™!))* the functional given by
(T, v) = By goni [u, v] for v e Y2 R™),

Proposition 4.18. We have the following identities.
l &3 3k
i) For each ¢,y € H;(R"), the identity (L DL, 4y = (@, 0F DLy holds.
1

ii) Foreachy € H_%(R”), @ € Hy(R"), t > 0, the adjoint relation

(4.19) (. Te D5 ) = ~(0F T8 y.0) = ~07_ SF . 0) = (07 S v.¢0)
holds. In the case that t = 0, we may write

(4.20) 0, TroD* ) = ~(7, 9} + (05 S* 7, ).

iii) Fix ¢ € H%(R”). For eacht > 0, and every { € H_%(R”), we have the identity
(Tt D1 D5 0,0 = G(THD0,8) = 0,07 Dyt SF O 2

iv) Fixt > 0. Let g = (g,g.) : R" — C"! be such that g, g, € CXR"). In the
sense of distributions, we have the adjoint relation

(4.21) (VT Dy D5 0, 8) 77,9 = (0. Dan 837 (ST V)2 12
Proof. Proof of i). Let @, ¥ be extensions of ¢, ¢ respectively to Y-?(R"*!). Then,
@OF DY 0, = B gu [D5Y 0, W] = =Byt [0, 9] + B o [L7 (), W]
= By (W01 + By [F. L (7))
= B . guei (DL +y, @] - B . g (L) (F3T), D] + B . guni [, LU(FH]

= (. 0F DY)+ [ = B g (L)1 (F5 ), 01+ By gy ¥, L (FD],
where in the first equality we used the definition of the conormal derivative, in the
second equality we used the definition of the double layer potential. Hence it suffices
to show that B p. g1 ['P, LUTFHI =B £ R (L) 1(F;), @]. Simply note that
B g [, LT = (F3", LT = (LTV(F). Fg
= B [0, (L) (Fg )] = By gen (L) (F3 ), @1,

where in the first equality we used the definition of the functional .7, and in the
third equality we used the definition of .%. The desired identity follows.
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1
Proof of ii). Lety € H‘%(R”), ¢ € Hj(R"),and let ® € Y12(R"*1) be an extension
of ¢ such that Tro® = ¢. By the definition of D%+ ¢, we have that (y, Tr,DL* ) =
~(y, Tr,®) + (y, Tr, L7(F)). By (4.4), we have that

@ Tl (F) = (Tri0 LYy, F§) = (TS, F)
=(Zg, T-18Ly) = BL,RT] [@, 7-1SL ] = BL*,RT‘ [g_tSﬁy, o]
= Bp [ TS5y, @] - By g [77/85 . 0] = (. Tr®) — 0F ~ 7S5y, ),

where in the last equality we used (4.4) combined with (4.3) for the first term, and
for the second term we used the definition of the conormal derivative and the fact
that £.7 7S£ = 0in R"*!. From this calculation, the first equality in (4.19) follows.
The second and third equalities are straightforward consequences of Lemma 4.11. To
see that (4.20) is true, simply observe that when 7 = 0, we have that £*S%y = 0 in
R™! and in R™*!, whence we deduce that (35~ 7 98Ly + 0L+ 7708Ly, ) =
B, [SLy, @] = (y, Tro®). Adding and subtracting (9£*.7SL"y, ¢) to the right-
hand side of (4.19) now proves the claim.

Proof of iii). Let # > 0. By Proposition 4.7 iv), we have that LD%*¢ = 0 in R"*!,
Therefore, using Proposition 3.23 iv) we see that Tr;D,,; IZ)L’W eH %(R”) for each
7 > 0. Similarly, we have that Tr_, VD, ;S ¢ € L*(R") for each 7 > 0. Using (3.26)
and ii), we calculate that %(Tr,i)*’z’*go, 4 )‘T: = —%(go, 8£’,— Sty )‘T: - Now we use
the characterization of the conormal derivative, (4.12), to obtain

d . d o o ol
- E(% af—’t St o‘r:t - _E((,D, [6”“ (Tr(ATV + BZ)SL g])2,2‘7=l
= (. [ens1 * T (A" + B)Dyn S L]) 5 -

Finally, iv) follows from iii) similarly as in Proposition 4.2 viii). O

Let us now establish standard jump relations.

1
Proposition 4.22 (Jump relations). Let ¢ € Hy (R") and y € H? (R™).

1
i) The identity TroD%* ¢ + TroDE+p = —¢ holds in HE (R™).
ii) The identity 05 Sty + 0L~8Ly = y holds in H_%(R").
iii) The identity -+ DL+ = 4~ DL holds in H 2 (R™).
1
iv) The identity Tro(S*ylgu1) = Tro(SLylgnn1) holds in Hi (R™).
Proof. The statement iv) is immediate from the fact that Sly e YL2R™). The

statement ii) follows from the definition of the conormal derivative and the fact that
LS8Ly = 0inR"™\{r = 0}.

Proof of i). Lety € H ‘%(R”), and let ® € Y'"2(R™!) be any extension of ¢. Using
(4.20), we see that

(7, Tro[ D5 o + DEgl) = 2y, ) + (05 ~SE y + 05 St y, )
= —2(y,¢) + Bp:[S*y, ®] = —2(y, 0) + (y, Tro®) = —(y, ).

1
Proof of iii). Let ¢ € HZ(R"), and let ®,¥ € Y!'2(R™*!) be extensions of ¢,y
respectively such that Tro® = ¢, Tro¥ = . Also recall that LDL* g = 0 in R,
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and LDL~ ¢ = 0in R"*!. Then,

O D50, 0) = By [DF 0, W] = =B g [0, W] + B pua [L7(Fg), ¥
= =B g [@, W] + B[ L7 (F), W] = B [L7(Fg), W]
= =B [0, W] +(Fg, W) = By [L(LD), W] + B [L7(Fg), W]
= =B put [0, 9] + B punt [L7(F), Y] = B ot [DF 70, W] = (05D, 9).

O

4.2. Initial L? estimates for the single layer potential. We now establish several
estimates for the single layer potential. This will allow us to prove the square function
estimates, via a 7'b theorem, in the next section. We begin with a perturbation result.

Proposition 4.23 (Initial slice estimates). The following statements hold provided
that max{||Bi||,, ||B2ll»} is small enough, depending only on n, A, and A.

i) Foreach f € CZ(R"), each a > 0, and each m > 1, we have the estimate

2a
(4.24) ][ / 1"V SE 1P dt < I3
a n
ii) Foreach f € CZ(R"), eacht > 0, and each m > 2, we have the estimate
(4.25) III'"V@;"SffIILz(Rn) Sm Sl

Proof. First we see that the second estimate is a consequence of the first by the Cac-
cioppoli inequality on slices (3.22). In particular, we have that

2t
1"VarSEFB = /Q 1"V SE 17 dx < ][ . 15"V SL 2 dx ds,
Q€D ! !

where Dy is a grid of n-dimensional cubes of side length ¢. Thus it suffices to show 1i).

To this end, we know from [AAAHK1] that i) holds with S£ replaced by S%°,
where £y = —A. Thus, to prove i), we show that faza Jon ["VINSE - S fPPdt <
I f1l2. Observe that

St =85 = (Tro o(LH™ = (L5 ™))" = (Tro o((Ly) ™ (Ly = LHLH )"
= ((Ly - LHYNLHY Y SP = £71(Ly - £)SP
= —div(l - A)VSH — £ div(B; ST - £7'B, - VS,
Now let f € C°(R"). Then we have that

2a 2a
][ VD, (S - SE R dr < ][ VD L div( = VS di
a R» a R"
2a
+][ "V D" L7 div(B SLf)P dt
a Rll

2a
+ ][ |"VD™,  L7'By - VSO £ dr = [+ 1II+]III
a R
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We prove only the bound /7 < ||f][3 as the bounds for I and /11 are entirely analogous,
and we will indicate the small differences after we bound /1. Let Y = ¥(t) be such

that y € C®(-a/5,a/5), ¥ = 1 on (-a/10,a/10),0 < ¥ < 1, dw <k (1/a)*. Writing
1 =y + (1 —¢), we have that

2a
11 s][ VDT L7 div(B SPf)* dt
a R7
2a
< ][ |thDn+1£‘l div(y B, S% f)|* dr

2a
][ /|meD L7 div(( - p)BISP )P dt = 11 + 1.

To bound [/}, we notice that if g = div(thlSLOf) then g = 0 on R" X (a/5, o).
It follows that each D"+1£‘ g =1L lD"Jrlg, k =0,1,...m is a (null) solution in
R" % (a/5, ). Let D, be a grid of n-dimensional cubes with side length a. Applying
the Caccioppoli inequality m times and using that ¢ = a on (a, 2a), we see that

2a
11 < a®m ! / / \VD™ L7 div(y B S* f)?

2a
2m-1 Z/ /lVDn+1‘£_1 div(gbBlSLOf)lz

QeD,

sa' )] / / Dy L7 divyBiSY f)P s a! / VL divyBiS© )
R JR"

Qeb,

als
sa’! / B S“f? < ][ 1B1S® f17 < 1I£115.
R Rn - !

a/5 JR

where we used that sup,. ||BIS,L°||L2(RH)_,L2(RH) < Sup,g ||VSf°||Lz(Rn)_,Lz(Rn) <C
(see [AAAHKI11, Lemma 4.18]) and that VL~ ! div : L2 (R"™*") - L2(R™).

Now we deal with I1,. Set g = (1 — ¢)B; S0 f. Then, we have that

Dig = (1-y)B D 13£0f+2¢<’<>3 DSt f = F0+ZFk
k=1 k=1

where y® = j—[kkw. The triangle inequality yields that

m 2a
<)y ][
k=0"4

For Iy, k = 1,2...m, we use that ¢ = a in the region of integration, the properties
of ¥, and that VL~ ! div : L* — L? to obtain that

m
VDR L7 div(FOP d =) 1Dy

R” =0

IIz,k < a2m—1 / |$(k)316?1_k8£0f|2 dt
R Rﬂ

< a2m—2k—1 / / |B](9;n_kSL0f|2 dt
Rn
a/10<|t|<a/5
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als

sf [ mkmaristorp s inik
—a/5 JR"

where we used [AAAHK11, Lemma 2.10] in the last line. Finally, to handle 11, o, we

use that (1 — ) = 0 if 1] < a/10, and that V.Ldiv : L> — L? to obtain that

Iho < a®! / (1 — )B 8" S* 1 dt < a*! / |B18" ST fI* dr
R JR? [t|>a/10 JR"

dt
< / B oS D P Y <R,
lt>a/10 JRn 4

where we used the estimate |||+ Bya"SLfII5 < l"H19"VSLfl3 < IIf13 in the
last line. To see this last estimate, we simply use the “travelling up” procedure for
square functions (see Proposition 5.2 below) and that Ly = A has good square func-
tion estimates. We now observe that handling the term /// amounts to replacing the
use of the mapping property V.L~! div : L?> — L? by the fact that VL™ !B, : 1> — L.
The term [ is handled exactly the same way, using the L* bound for (I — A), without
appealing to the mapping properties of multiplication by Bj. O

Remark 4.26. Note that, from now on, it makes sense to write the objects appearing
in (4.24) and (4.25) for f in L*(R") after we have made extensions by continuity.

Before proceeding, we will need some identities improving on the duality results
in Section 4 for the single and double layers. To ease the notation, we will use (G);
to denote the trace at ¢ of a function G defined in R™*!.
Proposition 4.27 (Further distributional identities of the layer potentials). For any
t # 0 and m > 1, the following statements are true.

i) Forany f € CX(R") and any § € L*(R"; C**"), we have that

dm
ﬁWSff, &) = (D VSE £ B)-

ii) Forany f € L*(R") and any g € C>(R"; C"*1), we have that

am . .
Tl (SEWIED-1) = (=)™ f, (D (SEVIED-1)-
iii) If m > 2, then for every f € L>(R") and g € L*(R", C™*1)), we have the identity
(DA VSEL D &) = (D)™, (D (ST VED-r)-

Proof. Let us first show the identities with f € CZ(R") and § € CX(R"; C"*1). For
the first equality, note that u := S£[f] € YL2(R™!) and Lu = 0 in R"*! \ {x,4; = 0}.
In particular, d,u € Wl’z(ZZ) for any a < b such that O ¢ [a, b], by Lemma 3.17. By
iteration we have that "Vu € L*(Xf). In particular, arguing as in Lemma 2.3, we
realize that the map ¢ — Vu(-,¢) is smooth (with values in L*(R™; C™1)). The first
equality for m = 1 then boils down to proving the weak convergence of the difference
quotients to the derivative in L>(R"); that is, showing that

Vult + h) - Vut
lim u +2 “O _ ovu@r).  weakly in L2R™).

But this follows from the smoothness of our map. The case of general m now follows
by induction.
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For the second equality, by definition we have that

(SEWED, = ~(SE [div D) — (D1 SE Tg. D,

and since g € C>(R"; C™*!), we can apply the same argument as above to conclude
that

am . .
S (SEVD-1) = (=1)"(f, (D (S V)gaD)-r)-

The third equality now follows by duality: For f € C°(R") and g € CX(R"; C"*1),
we have that

am am
(DI VSEL DL @) = ﬁWSff, §=_f (SEV)IgD)-0)
= (=1)"™(f, (DI (SEV)IED-)

Finally, the identities are extended to the respective L? spaces via a straightforward
density argument using Proposition 4.23. O

We now present an off-diagonal decay result.

Proposition 4.28 (Good off-diagonal decay). Let Q C R" be a cube and g € L*(Q)
with suppg C Q. If p € [2, p+] is such that |p — 2| is small enough that Lemma 3.4
holds, we have that

1
([ 1@y vster dx)” < 27D @) AN Q)Y M glya o)
Ro
provided t = €(Q). Moreover, for any k > 1 and any t € R, the estimate

1
([ W @yvstar dx)” < 2mea o bme )y 2D Q) gl g
Ry

where a = a(p) = %(1 - p%) and the annular regions R, = Ry(Q) are defined by
Ry =20, Ry =210\ 2%, forall k > 1. In particular, if t = £(Q) we have that

1

( / @)V SEI dx ) < 22D (@) I gl g
Ry

By a straightforward duality argument, from the above proposition we deduce

Corollary 4.29. Define ©;,, := t"0/'(S;V). Let g € L*(Q) and suppose that p €

[2, p+] is such that |p — 2| is small enough so that Lemma 3.4 holds. Then for g = pL

-1
and k > 1, we have that
100 (fLr 20y < 2027 D (@ VY2 Q)™ flscry)s
where a = a(p) is as in Proposition 4.28. Moreover, if t ~ £(Q), then for all k > 0,

18 (f LRIy < 227K D () Va=1 2| | g e,
~ 2nka/2—k(m+l)t—n(l/q—l/2)||f”Lq(R )
>

Proof of Proposition 4.28. Notice that g € L2(Q) c L>"/™*D(Q) c H2(R"), so that
Stg is well defined.

We treat first the case k > 1. Fix a small parameter 6 = 6(m) > 0 and set Ry =
2+ 610\ (2 - 6)FQ be a small (but fixed) dilation of R;. We may use that 07'u is



40 S. BORTZ, S. HOFMANN, J. L. LUNA GARCIA, S. MAYBORODA, AND B. POGGI

a solution (see Proposition 3.16), a slight variant of Lemma 3.20 adapted to annular
regions, and Proposition 3.9 to see that

m m m ol /p
( | OYS: g'p> (2’<£’(Q))1+”1’ // 975, 'p> ’

where i := {(y,5) € R"™ 1y € Ry 1, s € (t — 250(Q), t + 2K€(Q)} and Ry is defined
as Ry but with §/(m + 2 — j) instead of & (so that, in particular, Rk’m+] = R;). Now,
applying the (n + 1)-dimensional L” Caccioppoli m times (see Proposition 3.9), we
further obtain that

m L P ll’ " L P 1/p
(Rk'tma’ vstal) S(ﬂf(Q))m““/P(//zk,w Stat)

Now, using Holder’s inequality in ¢ and the mapping properties of Sf we see that

"
|tm8mVS£g|P> - - sup ”S.Cg” .
( Ry ' [2k£(Q)] te(—Zké’(Q),Zkf(Q)) ! Lr(Ri)
S W sup ||S g|| < W”gum
TR ooy T 2R QT @

t’"[Z"f(Q)]”“ i
S WlQl llgllz2 2(0)-

The case k = 0 is treated similarly, except that we impose the restriction ¢ = £(Q) to
guarantee that we are far away from the support of g. O

For the most part, the case ¢ = p = 2 in the above proposition will be enough for
our purposes; however, the introduction of error terms in the 7'b theorem below will
necessitate a certain quasi-orthogonality result for which we use the case p > 2 > g¢.

Lemma 4.30 (Quasi-orthogonality). Let m > n and let Qs be a CLP family (see
Definition 2.26). Then there exist y,C > 0 such that for all s < t, we have that

(4:31) 100nB1 1@l < () IQuelh

for all g € L>(R™), where I, is the standard fractional integral operator of order 1.
Here, C and y depend on m, n, A, A, and the constants in the definition of Q.

Proof. Let us first note that if @(p) is given as in Proposition 4.28, then a(p) < 1/(2n).
Therefore, for all k > 0 and Q with £(Q) ~ t, we have that
(4.32) 1100m(fLr)l2(g) < 27027 D M2 £

< 27V fllgacgy),
for some § > n/2 + 1, where we use that m > n.

We first establish a variant of (4.31) with a collection of CLP families. Let { €
CZ(B(0, W%O)) be real, radial and have zero average. Define Q(Sl) f(x) = (& * f)x),

where {(x) = s7"{(%). Set QY f= s2Aes f. By re-normalizing ¢ (multiplying by
a constant) we may assume that

(4.33) / Qﬁ“@@ﬁ =1
0 N
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in the strong operator topology of L?. Indeed,

ﬂ( /O ) Q&”a&”f / L(sléDsPIere™ "f'zf(f)f

n e, > d
= —f(&) / syt 2,
0 S

where £ is the Fourier transform of ¢ and we abused notation by regarding ¢ and

hence Z as a function of the radial variable. Then, to achieve the desired reproducing

formula, (4.33), we may renormalize { so that fooo 2 (s)s2e‘s2 % = —1. Letg < 2 be

such that the conclusion of Corollary 4.29 holds. We will show that for all s < ¢,
n(1/q-1/2) N
(4.34) 100B1 @ QAYglk < (1) 1AV Rl

where R = I 1V is the vector valued Riesz transform on R" and QP f = seh divy, f
Before proving (4.34), we establish a “local hypercontractivity” estimate. For Q ¢ R"
a cube and s < €(Q), we have that

_n(l_n=q
(4.35) Q" A Ml ron 6 (s "q)IIhIIy(Bk)

for all k > 0, where Ry(Q) = 20, R (Q) = 210\ 2¥Q for k > 1, and B*(Q) =
B(xQ,2k+2€(Q) \n). To verify (4.35), we use that s < €(Q), Young’s convolution
inequality, and the properties of .

Now we are ready to prove (4.34). Let D, be a grid of cubes on R" with side length
t and set F' = I, g. Consider the estimate

1/2
10:mB11 Q@82 = 10 B1QV QY Flly = / 00 B1Q QY FP)
Qeby

<Z Z / 10, ((BIQVQY Fllg, ) ()] dx>

k>0  QeD;

> z—ﬁkt—n(l/q—lﬂ)( 3 ( /

k>0 Qeb, Re(Q)

< IBilln Zz—ﬁkt—n(l/q—l/2)< Z (/

k>0 e, Ri(Q)

n— 1/2
< S a5 (3 / Q2FP)
B (Q)

k>0 QeD;

n— 1/2
< Z 2—ﬂkt—n(l/q—l/2)s*”(%’T:) s( Z / |Q(s3)V||F|2>
Bi(Q)

k>0 QeDy

s\ n(1/g-1/2) nA
2 —Bk+%5 (3)
< (t) > 2 /%Bk(Q) QY F(x)| dxdy)

k>0 Qeb;

n(1/g-1/2) "
< (;) 22"8"*7]( / ][ IQ§3)V||F(X)I2dxdy>
nJ | x—y|<2kt

k=0
s\ n1/q=1/2) s\ (1/g=1/2) S,
<(3) 1 Fl = (=) Q5 Rell.

DAQ /q\ 1/2
|BlQ§)Q§)F|q> )

2(n—q) 1/2

@V F) )
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where first we used that I;g = F, then Minkowski’s inequality in the second line,
(4.32) in the third line, Holder’s inequality in the fourth line, (4.35) in the fifth line,
and the mapping properties of the Hardy-Littlewood maximal function in the last line.
The above estimate proves (4.34).

Now we are ready to pass to an arbitrary CLP family @;. We may obtain, using
the Cauchy-Schwarz inequality and (4.33), that

100 B 1@l = /

® d
/ @t,,,,BlllQQ)Q?)Q_%g(x){ dx
0

<c, / / max (f, f) OB LQVQP Qg () L dx = 1+ 11 + 111,
" Jo T’ T

where [, 11,111 are, respectively, the integrals over the intervals 71 < s < t, s <17 < ¢,
and s < t < 7. On the other hand, note that the kernel of Q(s3) R is, up to a constant
multiple, the inverse Fourier transform of s|§|e‘sz|f|2. Therefore, if we set Q(f) =
QPR then we have that

2y
(4.36) max {1QYQ, fll. 1QPQ, fll,} < min (E ;) 1f1l2,

for some y > 0 (and hence all smaller y). For convenience, set o = n(1/g — 1/2) and
we assume that y above is such that y < 20-. By (4.34) and (4.36), we have that

S rs\Y /T\20 dr 5\ 20
s [ (G) () @i s (7)o,

and observe that 7 < s in the present scenario. Similarly, we have that

ProNy T\20 15\ dr s\
ms [V ()76 i < (5) e,
s \s§ t T T t

since in particular, y < 20 Finally, by (4.25) and the mapping B;I; : L*(R") —
L*(R"), we have that O mB11 1Q9) : L2(RY) — L*(RY) uniformly in ¢ and 7, and thus
it follows that

T\ dr CTNY £S5\ dr s\7
T 2 247 T s 247 s 2
11 < / (3) 1ePonip < / (5)°(2) 1B < (3) o,
where we used (4.36). |

We conclude this section with the following proposition, which summarizes the
off-diagonal decay given by Proposition 4.28 and Corollary 4.29.

Proposition 4.37. Form € N, m > % + 2, the operators "0/ (S;V), tm(');””S, and
07 defined by

0;8(x) := (I"3"S,VAZ + 1" 0]'Si[ By g)(x)
have good off diagonal-decay in the sense of Definition 2.22 with the implicit con-

stants depending on n, m, A, and A, provided that max{||By||,, ||B2ll.} < €0, where &gy
depends on n, A, and A.

Proof. By Corollary 4.29 with p = 2, for any cube Q C R" and k > 2 we have that

B t 2m
100 (fLr)IE2 gy S 2 k(%) 1122 gg, -
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where Ry = Ry(Q) = 210 \ 2%Q. Thus, for all 7 € (0, C£(Q)), it follows that

2 . t 2m—(n—1) 2
19 TRl gy 5 27" (57 Q)) 1122k, -
so that if m > %, we obtain the estimate
2 —kn RS
(438) 190/ Lrl < 27 (525 ) MM

This bound provides the desired good off-diagonal decay for "d"(S,V), "d/"*'S,
and 7"9)'S,VAgZ in the sense of Definition 2.22. To obtain the good off-diagonal
decay for the remainder of ©;, "'8{'(S;By)), we return to the proof of Proposition
4.28 and make a slight modification. Let 77 be a smooth cut-off adapted to Ry; that is,
n=1lonRy,neCr(Ry) and |V < @, where Ry is as in Proposition 4.28. Then
for g € L*>(Q) with supp g C Q, from Holder’s inequality and the Sobolev embedding
on R" we have that
2

"0} B2 Segll 2y S IIUf”B?’SngIL%(Rn)

S IOV S8l o e + 1OV S 8l ) < 107 0 SiglFaiz, + "0 VS i8I 7,
* 112 * 112
S 1Oun-1)" 81z, + @) 8l

Dualizing these estimates, the off-diagonal decay for "'8}'(S;By) follows from the
off-diagonal decay in (4.38), provided that m > % + 1. O

Before continuing on to the next section we make two remarks.

Remarks 4.39. 1) In the next section, we will use the off diagonal decay of the oper-
ators in Proposition 4.37 or similar ones. The proof of good off-diagonal decay for
these operators is entirely analogous to those above.

ii) As seen above, there may be some loss of t-derivatives (and hence decay) in
our operators when we obtain certain estimates. Therefore, when proving the first
square function estimate (Theorem 5.1), we ensure that m > n + 10 > % + 10 so

that Lemma 4.30 and Proposition 4.37 hold.

5. SQUARE FUNCTION BOUNDS VIA 7'b THEORY

The goal of this section is to prove Theorem 1.3.

5.1. Reduction to high order r-derivatives. We will adapt the methods of [GH17,
HMM15] to prove the square function bound in Theorem 1.3 for m large:

Theorem 5.1 (Square function bound for high r—derivatives). For each m € N with
m > n+ 10, we have the estimate

dxdt
//R @)™ SEFO T < Uz

where C depends on m, n, A, and A, provided that max{||Bl|., ||B2|l,} is sufficiently
small depending on n, A, and A. Under the same hypotheses, the analogous bounds
hold for L replaced by L*, and for R"*! replaced by R™*!.
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Let us see that we may reduce the proof of Theorem 1.3 to that of Theorem 5.1.
First, it is a fact that square function estimates for solutions u of Lu = 0 “travel up”
the t—derivatives:

Lemma 5.2 (Square function bound “travels up” #-derivatives). Fix m,k € N with
m >k > 1. Suppose that u € Wllo’cz(Rﬁ”) solves Lu = 0 in R™! in the weak sense.
Then there exists a constant C depending only on m, n, A, A, and max{||B1||», ||B2|.},
such that |||["0" ' Vul|| < C|||t*0*ul]|.

The proof of the previous lemma is very straightforward (decompose into Whitney
cubes and then use the Caccioppoli inequality), and thus omitted.

Now, the following proposition (and Lemma 5.2°) immediately allow us to reduce
proof of Theorem 1.3 to that of Theorem 5.1, and is a partial converse to Lemma 5.2.
Recall that LA(R") ¢ H™2(R").

Proposition 5.3 (Square function bound “travels down” #-derivatives). The following
estimates hold, where the implicit constants depend on m, k, A, and A.

i) For each f € L*(R") and each m > 1, |[|"3"VSF|| < "L IVSFI + 11l
ii) For each f € L*(R") and eachm > k > 1,

(5.4) VSN S "I SFN + 1 £1l2-

Proof. One may obtain ii) as a consequence of i) via induction on m, using Cac-
cioppoli’s inequality on Whitney boxes after increasing the number of ¢ derivatives
appropriately. So it suffices to prove i). Fix m € N, N > 0 large, € > 0 small and let
fel*>R"). Lety € C(0, o0) be a non-negative function which satisfies

v=1 on(ed) 420 on (0.5 (20)
W'i<? on(5e€), ly'| <2 on(L,2).

Since Sf € Y'2@®R™!) and LSf = 0 in R™! in the weak sense, then 0"Sf €
W2(R™) and £8"Sf = 0 in R"*! in the weak sense. Observe that

loc
1/e 2/e
/ / P NIV S de < / / PNV SRy dt,
B(O,N) Je B(O,N) Je/2

and notice per our observations in Proposition 4.23 that the right-hand side above is
finite. Now,

2/e 2/e
/ / P oSy dt = POV SV S s dt
B(O,N) Je/2 B(O,N) Je/2

1 2/€
S / 29,0V SFIVS ) dt
2m Jpony Jep

1 2/6
< — / PO IV S FOM VS flus dt
m JBO,N) Je/2
1

€ 2/€
. [][ PMIMYSTR dr + ][ 2P S 12 dz].
€ 1

m Jpo.N) Ye2 /€

SLemma 5.2 is used to show that &0 can be chosen independently of m.
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The last two terms are controlled by (4.24). As for the first term, note that 2m =

% + 2"’2“, and we use Cauchy’s inequality and absorb one of the resulting sum-

mands to the left-hand side. Sending N — oo and € \, 0 yields the desired result. O

Combining Lemma 5.26 below and Theorem 5.1, we will also obtain the following
result.

Theorem 5.5 (Square function bound for SV). For each m € N, with m > n + 10,

(5.6) // 1

where C depends on m, n, A, A, provided that max{||Bi|l,, ||B2ll.} is sufficiently small
depending on m, n, A, A. These results hold for L* and in the lower half space as the
hypotheses are symmetric.

— 2 dx dt 2
1"(0)" (S V) f(x) — < W ll2nys

5.2. Setup for the Th argument and testing functions. Having reduced matters to
proving Theorem 5.1, we fix m € N with m > n + 10. We define the space H to be
the subspace of L*(R™)" consisting of the gradients of Y2(R™)-functions. That is,
H={W:W =VF, FeY"R"}). For ¥ € H and i° € L>(R"), we set h = (I, h®)
and define for each r € R\{0},

0% ;= mdm1SA°,  and
O = "IN(S,V)AN + "(0)"Si(By - ),
where we recall that A is the (n+ 1) X7 submatrix of A consisting of the first n columns

of A. We let ®; := (@/,0%) : Hx L>(R") — L*(R"), which acts on h = (1, h°) via
the identity ®;h = @/’ + @A,

For each ¢ > 0, we also define an auxiliary operator ®§a) : L2(R", C™Yy — L2(RY)
which acts on g = (g’, g°) via ®§“)g = "(,)"(S,V)(g’, g"). This auxiliary operator
will play the role of an error term that allows us to integrate by parts. Accordingly,
define ©, acting on functions i = (&', h%, ") € H x L*(R", C) x LA(R",C"*!) via

O,h(x) = O,(I, ho)(x) + OV (x).

We need to define appropriate testing functions for our family {®,}. Let 7 €
(0, 1/40) be a small parameter to be chosen later, and let ¥ be a smooth cut-off func-
tion in R"*! with the following properties:

¥e ([ o o) %[~ 53]),  ¥=1on [= g X [ 5

0<¥<I, VY| < 1/7.

]

NI

LetV¥ := cmq’ where ¢, ; is chosen so that |[P'||; = 1. Hence ¥ is a normalization of
Y. For any cube O c R", we define the measurable functions

Yo(X) := [X — (xQ,())]), (note that [[Woll; = 1),

1 1
S | /7
(! (f(Q)

. 3
Y50, ) =Yg (y » S F ETK(Q)),
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and ‘I’SQ'(y, s) :=Wo(y, s + 5), for each s € R. Let us make a few observations about
¥ and . The fact that

1 n < lAf’ < 1 n
(20053000 | *[-5-] [~a00+ w0 %[5

—1+1/2,
b

[STE]

~ 1
forces that ¢, » = % and that ||'V||>, = 72<. Consequently, Y|, = T and

”\PQIIZ,, ~ T—1+1/2*[€(Q)n+1]—1+1/2* — [TZ(Q)n+1]_1/2+1/(n+l).

Of course, the same L2 estimate holds for ‘I’E and ‘Pb Now, we define for any cube
and s’ € R the quantities

Fp:=L'(W5), Foi=F,-Fp  Fy:=L(¥).

By our previous observations and the fact that L>(R"*!) embeds continuously into
(Y'2(R™ 1), we easily see that for any cube Q and any s’ € R, the estimate

(5.7) max {[VF ol IVF5l, IVFS o} < [re(Qy+!~ /21D
holds. Notice that we have
31(0) o)
lI‘zrz(y, 5) =¥, 5) = —/3 0y P(y,s+s)ds = - /3 0s¥p(y, s)ds’.
-57HQ) -57UQ)

Therefore, the identity
3100 , 3ru0) ,
(5.8) Fg= —/ LD V) ds’ = —/ gL Py ds

2:00) 30
(N
=_ /3 0Fp ds’

Z7UQ)

is valid in Y'2(R"*!). For convenience, we write (Vy ;u)(y, 0) := (Vy, su(y, s))‘s:O' We
are now ready to define our testing functions by = (by,, b%). Let b% be defined via
by = QI35 Fo)(y, 0), where

0L u(y,0) = e,41 - [A(V,5u)(y, 0) — Bju(y, 0)]
= €np+l - [A(Vy,xu)(y, 0)] = (By)Lu(y, 0).

We define b’Q via by, := [Q|V| Fo(y,0), while we define the auxiliary testing function
b via b§) = |0IB1Fo(y,0).

We will define a measure for each cube Q that corresponds to a smoothened char-
acteristic function. We do this exactly as in [GH17]. Let w > 0 to be chosen. For
each cube, we let dup = ¢o dx, where ¢g : R" — [0, 1] is a smooth bump function
supported in (1 + w)Q with ¢ = 1 on (1/2)Q. Clearly, we can choose ¢ so that
¢o 2 won Qand |[Vegpllr= < 1/€(Q). We also let Oy : R™! — [0, 1] be a smooth ex-
tension of ¢¢; that is, @o(y, 0) = ¢o(y), with @ supported in /(14+4)0 and Py = 1 on
I1/2)0, where for any cube Q C R", we let Ip = O X (={(Q), £(Q)) denote the “double
Carleson box” associated to Q. We may also ensure that ||V || g1y S 1/6(Q).
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5.3. Properties of the testing functions. The testing functions defined above enjoy
the following essential properties which justify their use in the Th argument.

Proposition 5.9 (Properties of the testing functions). Let by = (b)), b%), @Q, and @)t
be as above. For any n > 0, there exists T € (0,1) depending on n, A, A, n, and
Co = Co(m, 1), and there exists a measure jig as described above, such that for each
cube Q, the estimates

(5.10) /R bol* < ColQl
“o) ~n dxd
(5.11) / /\G)tbg(x)\z X < colol
0 0 t
(5.12) L iRe( ! / b d,u)
2 1o(Q) Jo @
1 , n
G139 ‘uQ(Q>/QQ“Q‘<2

hold, provided that max{||Bi|l,, [|B2ll.} = €m < 7.

We note that while the smallness of &, = max{||B||., ||Bz|l.} apparently depends
on m at this point, we may prove Theorem 5.1 for a fixed sufficiently large m, and then
use Lemma 5.2 and Proposition 5.3 to remove any dependence on m in the bound for
max{||Billx, ||B2ll»}. For now, throughout the Th argument, we shall continue to use
&p to denote this quantity.

We will establish several preliminary lemmas in anticipation of the proof of the
above proposition.

Lemma 5.14 (Estimate of the L? norm of by). The estimate

IbQ|2 s T_2+2/(n+1)|QI,
R~

holds, where the implicit constant depends on n, A, and A.

Proof. Seta := Tli)(oQo) and observe that F solves LFp = 0 in the strip {(x,?) : |f| <
50a}. Let G, be the grid of pairwise disjoint n-dimensional cubes with sides of length
a parallel to the coordinate axes, and for each P € G,, define the (n + 1)—dimensional
box P* := 2P X [-2€(P),2¢(P)]. Applying Lemma 3.20 and the estimate (5.7), we
obtain that

1
VEL(,0) = /VF SO < - // VEF,P
/RHI 0O =) | IVFo(.0) - IVFol

PGGa PGG,,
s 1”VFQ||% s E[TK(Q)n+1]—1+2/(n+l) S T_2+2/(n+1)|Q|_1,
a a
where we used that a = 7€(Q) and the bounded overlap of {P*}pcg,. Upon mul-
tiplying the above inequality by |Q|?, we have the desired estimate up to control-
ling || |Q|(Bl)LFQ(-,O)||i2(Rn). We have already shown that ||V||FQ(-,0)||L2(RH) < 00,
and from Lemma 2.3 and Lemma 3.17, we have that Fp(-,0) € L* (R™), so that

F(-,0) € Y“2(R"). From this, we can deduce the estimate ”FQ(.’O)”L%(R”) <
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IV Fo(, 0)ll,2rn). Consequently, we may use the estimate for [[VFo(-, 0)]| b-

tained above and Holder’s inequality to show that

2
2@ ©

/R 1B)LFo(, 0)F < ||Bl||,%||FQ<«,0>||j%(Rn) < &nlVFo(, Ol 2 e,
< 8,2nr_2+2/("+1)|Q|_1.

Upon multiplying the previous estimates by |Q|?, we easily obtain the claimed in-
equality from the ellipticity of A. O

The next lemma says that we have a Carleson estimate by including the error term.

Lemma 5.15 (Good behavior of 13Q vis-a-vis Carleson norm of ®,). Let b/, b%, and
b(Qa) be as above. Then, if i)Q = (b ,b%, bg)), we have the estimate

Q) N 2 dxdt
/ / \®,bg<x>\ EE <o,
0 0 t

where B =2+2m—2/(n+ 1) > 0, and C depends on m, n, A, and A.

Proof. First, let us show the identity
(5.16) Obo(x) = 10I"(@)" ' Fg,  on R

By (an analogue of) Theorem 4.16 iii), to show the above identity, it suffices to show
that for each r > 0, the representation

Oubg = 101" (SEGEFg) + DF* (Trg Fo))

holds in L*(R"). For notational convenience, we will write F % := Tro Fg. By defini-
tion, we have that for any f € CZ°(R"),

(©:bg. f) = QI (D SUIEFol. f)
+ {|QI" (D (SEVIAV F + BIFQD:, £) + Q1™ (D)y, 1 SE[Bay - ViFDr, f)
= QI (D SO [0FFol. f)
+ (=1)"AV F) + BiF), |01"(DI VS [f1)-0)
+ (=1)"(Byy - VyF . 101" (D1 S [f])-r)-
Therefore, it suffices to show that
Q" (D DETIFY s f) = (=1)"(AVyF + BiF, |01 (D), VSE 1))
+ (=1)"(Byy - Vi F . 101" (D1 S© [ 1))
= (=D)"Q|"I,.
We rewrite I; as follows, using Proposition 3.19, and the fact that F° OQ € WI2(RM),
I, = (AVyFy + BiFQ, (VDI SE =) + (Bay - ViF Q. (DR ST D=0
= (Vi FY, (A VDR SE L), + By (D ST D=0
+(FQ. BI(VD), SE D))
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=(—1>'"+‘<F°,Dz1:1‘( 0 VST D-),, + Do (B?(Sﬁ[f])_s)s:)

am+! — .
= UM | (Fo A VST D + Bau(SE D)
m+1 m+1
_ (_1\ym+1 .E - L m+2 L+ 0
= DM | R OE ST = (DM (DETIFQLD

= (—1)m+2<(D21:111>L+[F0Q])z, I,

where we used (i) in Lemma 4.11 in the fifth equality, we used (ii) of Proposition 4.18
in the sixth equality, and we justify the handling of the #-derivatives via Proposition
4.27. This concludes the proof of the identity (5.16).

Now, we let a = 7162)(0%) as before, and note that (9,)"+*F 0 is a solution in the half
space {(x, 1) : t > 50a}. For P € G, and ¢ > 0, we set

P;=2Px (t—45.1+45), and P/ =4Px (t—-%,1+%).

Then using (3.21) and then Proposition 3.9 repeatedly (m + 1 times) , we obtain for
1€ (0,40)]

/ Bbo? / 10" @)™ 0> = P7IR S / (@)™ Fyt )

PeG,

2m|Q|2 -1 Z / |(a )m+1FQ|2 < t2m|Q|2 —-1-2m Z / |81FQ|2

PG, PG,

2m

S tzlelza_l_zmHVFéH% 2m|Q|2 -1- zm[Tf(Q)n+l]_l+2/("+l) < |Q|T—I3(€(Q)> ,

where we used the bounded overlap of {P;*}peg,. Hence, we see that

“«Q) 2 dxdt A ¢ \2m dxdt
0,b B / — sloi®.
L ebaw| S siore [ (75) "N sior

Observe that Lemma 5.14 and the properties of 1o allow us to establish that

(5.17) / ol dug < 11+ w)Q \ O Ibgllp2@n < W21 g),
n\Q

Let us furnish a smallness estimate for b’
Lemma 5.18 (Almost atomic behavior of biy). Let bjy and pg be as above. Then

(5.19) ‘/ b’Qd,uQ‘ < |Q|Tl/2+1/(n+l)’
Rn
where the implicit constant depends on n, A, and A. In particular,

1
(5.20) ’ /b/ d/,t ‘ST1/2+1/(n+1)+w1/2‘l’_1+1/(n+1).
po(Q) Jo 27H°

Proof. We first show how to derive (5.20) from the first inequality. We have that

(/b’QduQ\ < ]/ b’QduQ(+/ lbol dyg,
o R” R™\Q
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so that (5.20) readily follows from (5.19), (5.17), and the fact that uo(Q) > (1/2)"|Q|.
It remains to show (5.19). To this end, we utilize the properties of ¢¢, (5.8), (3.21)
and Holder’s inequality to see that

| [ toduo| =101 [ WiFot0w0| =10 [ Fot.0760)
R R® R”
< Q)" / |Fo(-,0)|
1+w)Q\(1/2)Q
S
suQ)"! / ) / 8,FH(y,0)ds’ | dy
(1+w)O\(1/2)Q 2TZ(Q)
2100)
< €0y / /
*Tf(Q) (1+w)Q\(1/2)Q

Loy [ L 2
s o)™’ / // IVES(VdY)  ds
g(Q)l/Z —%Tf(Q) ( Lo\li/40 ¢ )

< |Q|T1/2+1/(n+1),

HF0, 0)\ dyds’

where we used (5.7) in the last line and, in order to use (3.21), we used that for
s € (-376(Q), 3TL(Q)) each F) is a solution in Irg \ I(1/4)0. O

The last preliminary lemma we will need establishes a coercivity estimate for b%.

Lemma 5.21 (Coercivity of b%). Let b% and dug = ¢gdx as above. Suppose that
en > 0 is a small number depending on m. Then, if max{||Bi|ls, ||B2llx} < &n, the
estimate

1
Re O /QbOQd#Q> > (1 _C[71/2+1/(n+1) + g, 7 /2D +w1/2T—1+1/(n+1)])’
holds, where C depends on m, n, A, and A.

Proof. By the definitions of ug, b%, and the conormal derivative, we observe that

[ Hoduo = [ byoo =101 [ @5 Foxs.00000)dy
R R R

= 101( - (@, LF o) + // AVFg -V + (BiFg) - Vg + (B - VFo)0)
R+l
= 10| + II).
Since supp ¥, N R™! = @, @y =1 on supp V5. and fR’l*‘ Yy = 1, we have that

I=~(®g, LFg)prt = = /RM(—\P@ =1

To bound /1, we write Il = 11} + 11, + 113, where the I1; correspond to each of
the summands in the integral defining //. For the term, I/}, we use essentially the
same estimates as in the previous lemma. In particular we use the properties of @,
Holder’s inequality, the Caccioppoli inequality, and (5.8) to obtain that
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L) < // AVFQ-VcDQ‘ // V|
R+ K(Q) 1(1+w)Q\I(1/2)Q
— (n— 3) 1/2
sao (| vre) " s a0 ( 171
Tn+woMa20 Tn+woMa/e

(- 3) ZT{)(Q) , 2
SUQ) 2 // / O FH(Y)ds'
Iu+wo\Maye

30
To bound 11>, we use the estimate ||B1 Fpll> < nllVFgll> and (5.7) to see that

11 B{F)-VO B{F
|2|<//12Q|(1) ol 5(Q)//12Q|1Q|

< f(Q)*
4(9)

dY) 12 < /241D

/ |BIFQ|2) < gmg(Q) 7 IVFgll < emT_1/2+1/(”+1)
bho

To bound /73 we use Holder’s inequality, ||B2||, < &, and (5.7) as follows:

260) 24(0) N
mi< [ [ wEom<e, [ ([ wrol)
-20(Q) J20 —20Q) *J20Q

i[O N3 s 200 2
< enl(Q)7 / ( / VFoP)" < ent(@)' / / VFoP)
—20(0) 20 20(0)

S emf(Q)THVFQ”2 < g7 /210D,

Combining the previous estimates gives that

iRe(/Rn by d#Q) > |QI<1 — [ +smr‘1/2+1/("+1)])'

This estimate, in concert with (5.17) and the fact that uo(Q) < 1, ends the proof. O

With g, and w at our disposal, we collapse the dependence of parameters to only
7, leaving freedom to take &, even smaller. We ensure that ,, < 7 and set w = 73,
Under these choices, we are ready to present the

Proof of Proposition 5.9. When the choices &, < 7 and w = 7° are used in Lemma
5.21, we have that

Re

1 /O 1/2+1/ 1
b d,u) > 1 — Crl/2+1ee),
1o(Q) Jo @

where C depends on n, A4, A. Accordingly, we may pick 7 small enough so that (5.12)
holds. The choice w = 72 used in (5.20) gives that

1 / 1/2+1 1
— [ bydu ’sCT/Jr/(’H),
),UQ(Q) o 2°7€

where C depends on n, 4, and A. Hence, we may guarantee that (5.13) holds by
choosing 7 small depending on C and 7. Having chosen 7 so that (5.12) and (5.13)
hold, (5.10) and (5.11) follow from Lemma 5.14 and Lemma 5.15 respectively. O
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5.4. Control of the auxiliary square functions. As a last preliminary step to pre-
senting the proof of the square function bound, we elucidate how to control the error
terms involving ©/“ and ©.

Proposition 5.22 (Control of error terms). Let T; be either O; or @@. Then, for each

fixed t > 0, T,1 is well defined as an element of LIZOC(R”). Moreover, we have the
estimates

(5.23) T llop < CIII®9II|0p +1,
and
(5.24) IT1llc < ClIO%1c + 1.

where C depends on m, n, A, and A, provided that max{||Bi|l,, ||B2|l,} is sufficiently
small depending on m, n, A, and A.

Remark 5.25. We will operate under the assumption that 7,1 and @?1 have finite ||-||c
norm. Indeed, otherwise for y > 0, we replace T;1 by (T;1), = (T;1)1y<<1/y and
analogously for ®”1, and we observe that these truncated versions will always have
finite ||||c norm under our hypotheses.

Proposition 5.22 will be a direct consequence of the following lemma.

Lemma 5.26 (Control of gradient field terms). Let @, = th;”S,LV” for m € N,
m > n+ 10. Then

(5.27) 119llop < 1O21lop + 1,
and
(5.28) 10:1llc < 10%1]lc + 1,

where the constants depends on m, n, A, and A, provided that max{||B1||,, ||B2ll.} is
sufficiently small depending on m, n, A, A.

Proof. We note that (5.28) follows from Lemma 2.23, (5.27) and Proposition 4.37.
The proof will follow the general scheme of [HMM15, Lemma 3.1], with modifica-
tions due to the first order terms. Write Ly := div, A V| where A} = (A; )1<i j<n- By
the Hodge decomposition for the operator L, to prove (5.27) it is enough to show
that

e am 2 dxdt
(5.29) // A SE) - AV —— s+ IO,).
R+
for all F € Y'2(R") with ||V F||;2 < 1 (dependence on A and A). We write
(") SEVIAIV|F
= {0 SEVA = " (9'SEVIA) P VF + 1" (0] SEVIAY) PV F
=: R;(V”F) + z’"(@;"S,LV” . A||)PtV||F,

where "(07'S;V|A)) is the (vector-valued) operator "9;'S;V) applied to Ay, the lat-

ter understood as a vector function with components in LIZDC(R”;C"), and P, is a

nice approximate identity constructed as follows. Let {{(x) = "¢ (%), where
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{ € CX(B(0,1/2)) is radial with fRn = 0and Q f(x) = (& = f)(x) satisfies the
Calder6n reproducing formula

© Ldt
/ Qtz - = I,  in the strong operator topology on L.
0

Then Q; is a CLP family (see Definition 2.26) and we set P; := ftoo @ %. Then
P, is a nice approximate identity; that is, P, = (¢, * f)(x) where ¢; = t‘"go(g) and
¢ € CZ(B(0, 1)) is a radial function with fRn =1

The term "9]'S;V) - A P,V /F is the ‘main term’ and we will apply the techniques
of the solution to the Kato problem [AHLMTO02] to handle its contribution. For now,
we focus on the remainder term R,(V| F), which takes a bit of exposition due to the
number of terms arising from the lower order terms in the differential operator £. To
this end, we write

Ry = "0]'SFV A — 1" (8]'S{VA)) P,
= {1"0) SEV AP, = " (07 SEVAY) P} + 0] SFV AT = P = R+ R

Observe that RP]I =0, RP] has sufficient off-diagonal decay (Proposition 4.37) and
uniform L? boundedness (Proposition 4.23), and ||[R!"!V |l,» < C/t. Then the square

function bound
dxdt
// IRNEP S S 19 FI
R

follows from Lemma 2.25 as desired. To control R; it remains to control REZ]. Set
Z; = 1 — P; and define b := (Ap+1.1,...,An+10). By using integration by parts on
slices (Proposition 3.19) and Proposition 2.27, we obtain that

tmaﬁ"S,V”A”Z,V”F = t’”a;”StV”A”V”Z,F
= "IN SV) - A 1 ZF  — "I S(BVZF)  + "0 (S,V)BIZF
— "N S (ByVYZF)  + 1" S(By, ZF) =i+ Ja+ Jy+ Ja+ s

Note that, using Plancherel’s theorem, we have that
_ dxdt
(5.30) // = POFP == S 11V F.

Since "*19"*1(8,V) : L* — L? uniformly in t, we easily obtain the associated square
function bound for J;. To bound J,, we write

Do = "I S, (b V(I - P)F)
= "9 S,b - VY F + (" S,bP, — (1" S,B)PNV|F + (0" S,b)P, V| F
=: J2,1 + Jz,z + .12’3.

For J,,1, we see that Jo 1 = ®9I;V||F , Whence

>, dxdt
//R 07T SEVIFP == < 075, IV F:
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Similarly, by Lemma 2.23 and Carleson’s Lemma, we have that
- dxdt
// NS BP == < NIOIIG, IV P,
so that the contribution from J, 3 has the desired control. Notice that J>, is of the
form R,V F where R,1 = 0, R, : L*> — L? and ||R,V,||;2,;» < C/t and R, good

off-diagonal decay. Thus, the desired square function bound for term J,,, follows
immediately from Lemma 2.25.

For term J3, let g be such that /g = F and |g]l> = ||V} Fll>. Then using #"9}'(S,V) =
©'“, we have by Proposition 4.30 that

S\7Y
10”81 1@lizeny < () 1Qs8llzceny

for some y > 0 independent of g. Then by standard estimates we obtain

2 dxdt
// \tmc?;"(SMBl(I—P,)F\ - //
RT—] R)H—l
d 2
// ma’"(s,V)B]l1 / @™ s
Rn+l
2ds dxdt

// | / ma’"(StV)3111Q2 t
RVH
7/2 dt d
/ / ||ng||2 —— < / ||ng||2 < ||g||2 ~ ||V\|F||2,
0

where in the fourth inequality we used Cauchy’s inequality in the 4 . integral noting

2dxdt

"0 (SV)B1 11 (I — Py)g

dxdt

that fo(s/ 1Y dss < C,, and we used the square function estimate for the CLP family
Q, (see Definition 2.26). This takes care of the contribution from J3.

Next, we handle J4. We write J4 as the sum of its pieces, as follows:

= —t’”@TS,BQHV”F + l‘mC')TS[BQHV”P[F = J4,1 + ]4’2.

For J4,1, we observe that
]4,1 = —tma;nS[BZHV”F = —tma’t"S, diV|| V||12B2||V||F = _@(V||12B2||F)
and notice that ||V LBy Fll2 < |B2llx|IV) Fll2. Therefore,

dxdt ~
// NS By F P == < IO, BRIV FII,
R*

and hence J4; can be hidden in (5.29) when ||B.||, is small. For J4 2, we write

Jan = {1"0)'SByy P, — (1"8]'SiBoy) P, } V) F + ("0 S By P,V F
= E,V”F + (f"c’)j”S,BzH)P,V”F.

We may handle EIV”F using Lemma 2.25, as R, satisfies the required hypotheses (see
Propositions 4.23 and 4.37). We see, in a similar fashion to Jy 1, that "0}'S;By| =
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O,V 1By, and ||V 12 Byyllgmo < 1Ball2. Noting that ©,1 = 0, it follows from Lemma
2.23 and Carleson’s Lemma that

.

which can be hidden in (5.29) when ||B;||, is sufficiently small.
Finally, to handle Js, rewrite it as J5 = tm+la;"+13,32 l(%[1 — P;]F). Since

f™1gm+1S, By [* — L? uniformly in ¢, we may handle this term exactly as J; by
using (5.30).

Having handled the remainder R,, we have reduced matters to showing that the
square function bound

dxdt
// @SV AP VIFOI == < IV FIl;
RZ*

("9 By P, F |’ —<<1 OAME)IBARIVFIB,

holds for all F € Y'2(R") with ||V F|, < 1. By Carleson’s Lemma, it is enough to
show that

«“Q)
(5.31) SUP|Q|/ / 1"(@7S V) - AP 7<C

In order to obtain (5.31), we appeal to the technology of the solution of the Kato
problem [AHLMTO02], and follow the argument of [HMM15]. By [AHLMTO2], for
each dyadic cube Q there exists a mapping Fp : R" — C" such that

i) / IV Fol* < ClO|

Y

Q) °(Q)
1ii) sup/ ][If( t)| —_— < Csup/ fl{(x t)EtV”FQI2 dxdi

for each { : R — C", where E, denotes the dyadic averaging operator; that is,
if Q(x,1) is the minimal dyadic cube containing x € R” with side length at least ¢,
then E;g(x) = fQ(xJ) g. Here, we note that V| F is the Jacobian of Fy and ZE,V”FQ
is a vector. Given such a family {Fp}p, we see that by applying property iii) with
Z (x,1) = T,A), where T, := t"07"(S,V)) it is enough to show that

/ e / |(T,A”><x>E,v”FQ<x>|2 DEca+ [
Following [AT98,CM86], we write that
= TtA”(Et - P,)V”FQ + {(T,A”)Pt - T,A”}V”FQ + T,A”V“FQ
=: R\"V|Fo + RV Fo + T,A |V Fo.

Observe that Rﬁz) = —R; from above, and we have already shown that [||R|ll,, <
(1+ |||®9|||0p)6, so that the desired bound holds from property i) of Fy. For the last

%We have shown that IRy < (1 + |||®§’||I,,p) + elll@,lll,,p, where € is at our disposal by the smallness
of max{||Bi ||, ||B2ll.}, and this is enough for our purposes.
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term, we have that T,A\ V| Fg = "8""S,L)F 9, and we know that /"'/"S, : L? — L?
uniformly in 7. Thus, by property ii) of Fp, we have that

(o) dxdt “«Q)
/ / (T, A Fo)(x)|* —— < / " IS, Ly F (%)t dx dt
0 0 t 0 Rn

i)
S g(lgl)z/o tdt <10,

which shows the desired bound for this term.

To bound the contribution from REI), we note that 7, : L> — L? uniformly in ¢ and

dxdt
I = pogor S < g
R+

for g € L*(R"™). Therefore,

() dedi 1O dxdi
/ / |R§1)V”FQ|2 < / / |TtA||(Et - Pt)VllFQl2
o Jo t 0o Jr !

dxdt

Q) 5
< / (E, - P)V,Fyl
0 R?
< IVyFIB < ClOl,

where we used the ellipticity of A in the second inequality, and property i) of F¢ in

the last inequality. This controls the contribution from Rgl) and finishes the proof of
the Lemma. m|

We move on to the

Proof of Proposition 5.22. To see that [|0/“|ll,, < 1 + [10ll,p, and that O 1]lc <
1+ ||(~)?||C, we simply notice that @ﬁa) = (@?, 97 (S;V))) so that the desired bounds
follow directly from the previous lemma.

We are left with showing the bounds in Proposition 5.22 for 7; = ®;. We note
immediately that (5.24) will follow from (5.23) and Lemma 2.23. Therefore, it is
enough to show (5.23). In fact, by Lemma 5.26, it suffices to show that [[|®]ll,, <

|||(?)t|||0,, +111891l,p. For g € L>(R",C"), we have that

O7g = 1"0]'S(Byg) + " 3"(SiV) - Ag
= "0]"S,(Bayg) + "9 (SiV)) - Ayg — 19" S,bg,

where b = (An+1,)1<j<n- The ellipticity of A gives immediately that
1187 (S ViDAylllop < ®lllop. and [[1787* Sblllop < 1Olllop- It remains to handle
the first term. Observe that By g = div) V [,By g = div|RIl| By g, where R is the

vector-valued Riesz tranform. It follows that Byyg = divj G with [|Gll2 < lIBallaligll2,
and hence

13}"S :Balllop < 11®llloplIBlln,
which yields the desired bound. ]
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5.5. Proof of the square function bound. We finally turn to the proof of Theorem
5.1 (and hence, by our reduction, the proof of Theorem 1.3). Our method follows the
lines of [GH17], circumventing some difficulties by introducing @5“) and bg).

Proof of Theorem 5.1. Let C| be a constant, depending on m, n, A and A, for which
the inequalities (5.23) and (5.24) hold. We choose 7 in Proposition 5.9 as n :=
1/(2C; + 4). By the generalized Christ-Journé 7'1 theorem for square functions,
(see [GH17, Theorem 4.3]) to prove the theorem it is enough’ to show that

(5.32) 10°1)lc < C.

As in [GH17], we want to reduce the above estimate to one of the form
2dxdt
I l@maiese| =% < cion
Ry t

where A}'¢ is an averaging operator adapted to Ho (and hence Q) we will introduce
later and Ry is the Carleson region Q X (0,£(Q)). The argument up until this re-
duction, namely (5.40), is almost exactly as in [GH17]. Define {(x,t) := O;1(x),
Ox, 1) = ®91(x), and {’(x, 1) := ©71(x), where these objects make sense as elements
of L2 (R™!) by Lemma 2.24 and Proposition 4.37. Consider the cut-off surfaces

loc
Fi={(x0eRM 1000 < vl (01},
= {0 e RE 10, 1) > VI (x, )]}

We easily have that [|I%lc < [IL°1£,llc + 12°1 ,llc. By definition of Fy, Proposition
5.22, and the fact that n < 1/(2Cy), we realize that

1
1015, lle < 7l e < Cin(1 +11°lc) < S0+ 12%lc).-

Consequently, 10 < 1+ 2)1K°1 F,llc, and recall that we may work with truncated
versions of each of £,/%, ¢’ so that all quantities are finite. Accordingly, we have
reduced the proof of (5.32) to showing that

(5.33) 11 r,llc < C.
By (5.12) and (5.13) we have that

'40' ‘{0 (Q) byduo| < ¢ uQ<Q)/bQ duol +[¢ HQ(Q)/ duo)

< ‘(' #Q(Q)/Qde.UQ‘ + §|§'|,

for every dyadic cube Q c R". Therefore, for every such Q c R", the estimates

|§ | < )4 deuQ\ ; %g‘%, and

(Q)
<10+ 121 < (1 + 7710 < 257 210

TThe careful reader will notice that we have verified the hypotheses of [GH17, Theorem 4.3] above
aside from the quasiorthogonality estimate [GH17, equation (4.4)]. This estimate is slightly misstated
in [GH17], where h should be replaced by Q,/ and we verify this below when dealing with the term
labeled J;.
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hold in F,. Combining the previous three estimates, we have that for (x, f) € F, and
every dyadic cube Q

\/_

534 M= V3l < (- V3ol < ¢ | boduo).

(Q)

At this juncture, we make the observation that, in order to obtain (5.33), it suffices
to show that for some @ > 0 chosen small enough, we have that

(5.35) 1£°1F, Ire(Q)llc < C,
with C independent of v, where I'Y is an arbitrary cone of aperture ; that is,
I :={zeC”: |/l - ) <al,

for v € C? a unit vector. It is clear that if we establish (5.35), then (5.33) follows by
summing over a collection of cones covering C2. In light of this, we fix such a cone
I'Y with a to be chosen. By (5.34) and the fact that < 1/4 we have that for each
(x,1) € Fp with {(x, t) € I'{ and every dyadic cube O C R”,

Vi _ | {0 l/bd
8<mﬂnw@)Q94

SKﬁig_o'miblfmﬂ+hjwéxé%¢4

1
. bo dul,
Vua@A;QA

where in the last step, we used Schwarz’s inequality, the fact that

1/Cy <du/dx =¢o < 1o0nQ,

< Coa +

and (5.10). Since « is at our disposal, we may choose a < V150 that

16Cqy°
Vi ‘ 1 / ‘
5.36 —— =< |ly-— bodul.
(-3¢ 16 10(0) J, 0

Next, we observe that in order to obtain (5.36) we needed (x, 1) € F» with {(x, 1) € I'S.
This means that (5.36) holds whenever

/ |£0(x’ t)|2]lF2(x, t)ﬂri,'
Ro

Consequently, when proving (5.35) we can always assume that (5.36) holds.

Now, fix any dyadic cube Q such that (5.36) holds and, following [GH17], use
a stopping time procedure to extract a family ¥ = {Q;} of non-overlapping dyadic
subcubes of Q which are maximal with respect to the property that at least one of the
following conditions holds:

0
bolduo > —  (type I)

1 / 0
V- bo du ‘s = (type I1).
‘/@@»QjQ °=2

If some Q; happens to satisfy both the type I and type /I conditions we (arbitrarily)
assign it to be of type /1. We will write Q; € F; or Q; € ¥ to mean that a cube is
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of type I or of type /I respectively. This stopping time argument produces an ‘ample
sawtooth’ with desirable bounds in the following sense.

Claim 5.37 (Ample sawtooth). There exists 8 > 0, uniform in Q, such that
(5.38) > 101 -p)lol,
QjeF

provided that a > 0 is small enough (depending on allowable constants). Moreover,
(539) [P Ire(d(x, ) < Cold(x, DAY bo(x),  for (x,1) € Ep,

where Ejy := Ro \ (Ug,erRo,). Here AV is the ‘dyadic averaging operator adapted
to the measure ug’, that is, Al f(x) = m f o) fdug, where Q(x, 1) denotes the
smallest dyadic cube, of side length at least t, that contains x.

We postpone the proof of the claim for a bit. The ampleness condition (5.38)
allows us to use the “John-Nirenberg lemma for Carleson measures” to replace Ry

in the definition of || - [lc by Ey,. This is done via an induction argument; see for
instance, [Hof10, Lemma 1.37]. Thus, we have by (5.39) that

dxdt

12°1 5, Irg Dlle <p Sup / 1200, D 1, (o, D) T (£ Cx, 1))

10|

dxdt
sup— |§<x,t)A’,‘QbQ(xn2 :
o 10l

where we used that |(°] < || in the first line and replaced E}, by the larger set Ro
after using (5.39) in the second line. As we had reduced the proof of the theorem to
showing the estimate (5.35) it is enough to show that

dxdt
Ié(m)Aﬁ‘QbQ(x)F —=C

5.40
(5.40) Pio) Q|

To this end, we fix a dyadic cube Q and write
CAYChg = [(O,1)AY — ©,]bg + ©,bg =: Ribg + ©Obg = I + 1.
First we handle term /1, which is (almost) good by design. We write
I1=©bg = ©,bg - by =: 11, + I1,.

By (5.11), the contribution from the term //; in (5.40) is controlled by Cy. Moreover,
by Proposition 5.22 we have that

dxdt
//R 160 < b e+ 1001

< C1ColQlIB1I2(1 +1©°1]lc),

so that the contribution of I/, can be hidden in (5.32), provided that ||B1]||, is suffi-
ciently small (depending on 7, @). Here, we used that b(Qa)(y) = |QIB1Fo(y,0), so
that

16172 2y = / |QPIB1Fo(-, 0)* < |IBi 1710 / VFo(, 0) < CollBillz 1.
R” R®



60 S. BORTZ, S. HOFMANN, J. L. LUNA GARCIA, S. MAYBORODA, AND B. POGGI

It remains to obtain a desirable bound for I. Let {Q}s-0 be a CLP family (see
Definition 2.26). By a standard orthogonality argument and (5.10), it is enough to
show that for some Sy > 0 and all ¢ € (0, £(Q)), the estimate

£\ 5
(5.41) / IRQ2HP < min (f, 7> " @hP
0 t s R”

holds for all 4 € H x L2(R").

We remind the reader that H := {’ : b’ = VE,F € Y“2(R")} and that bg €
H x L*(R"). Before proving (5.41), we make a small technical point. Having fixed 0,
we let fip be a measure on R" defined by fip := uplp + C%dlen\Q, and set E, = A}°.
Notice that for (x,7) € Q x (0, £(Q)), AY? acts exactly as AY?. Thus, in order to prove
(5.41), we may replace R, by ﬁ,, where ﬁ, = [(O,1)E; — ©;]. Notice that we may
apply Lemma 2.24 to @,, since ®, has good off-diagonal decay (see Proposition 4.37)
and satisfies uniform L? bounds on slices (see Proposition 4.23). Thus, (0,1) is well
defined as an element of L120C and, since E; is a self-adjoint averaging operator, we
have that

(5.42) sup [I(®; DE ;2,12 < C.

>0
We break (5.41) into cases.

Case 1: ¢ < 5. In this case, we see by (5.42) and properties of ®, that ﬁtl =0,

IIEII 22 < C and E, has good off-diagonal decay. Hence, it follows from Lemma
2.25 that

IRQ2l| 2y S AIVQAll 25y S LIsVQQll 25y S LIQSAI 25
which shows (5.41) with 8y = 2 in this case.

Case 2: > s. In this case, we break R, into its two separate operators. One can
verify that ||E/Q;ll;2—, 2 < (5)” for some y > 0. Since E; is a projection operator, we
have that E; = Et2 and hence by (5.42), we see that

I(®:DEQSh2 = IO DE[IEQA < |EQ5hl2 < (3)1Qh 2.

which shows that the contribution of (G)tl)E,Q% to (5.41) when ¢t > s is as desired
with By = 2y.

We are left with handling ®,Q2h. Since h = (W',h°) € H x L*(R"), we write
h = (V)F, h%), with F € Y'2(R") (note V| = V here). Then we may write

0,Q;h = O0Q + ©,Q2V F

= 0'Q%1° + [0,Q*VF + O B,Q*F] - 0B, @’ F
=J1+Jh+ Js.
To handle J;, we write Q; = sdiv sV”eszA, so that
I = Q2K = (3" SEQQ I = 7™ (8, SE divy sV Q,h.

Note that by (4.25) we have that #+1(,)"+' S divy and sV”eS2A are bounded opera-
tors on L>(R"). Therefore, we have that [|@°Q21°||, < fIIQshollz, and the contribution
of J; to (5.41) when ¢ > s is as desired with By = 2.
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For the term J, first we use Proposition 2.27 to justify that there exists g € L*(R")
such that Q,F = I,g, where I} = (-A)~1/2 is the Riesz potential of order 1, and
satisfying [lgll2 ~ [IV)QsFll2 = IQ,VFll2 = Qil|l2 (every F € Y'(R") arises as the
Riesz potential of a function g in L2(R")). Then, we may use integration by parts on
slices (Proposition 3.19) to compute that

Jo = "(0)"SE (By VIQPF) + 1" (3" (SEVIAVIQEF + 1™(9)"(SFV)BI1QXF
= ") N (SFVA 1 Qlig + (D)™ SEBy Qslig = Joy + Ja.
Since ||s7 Q|22 < C and (8, (SEV) : L2 — L2, we obtain that the
contribution of Jo; to (5.41) when ¢t > s is as desired with By = 2. Similarly,

™0™ SEB, L2 — L2, so that the contribution of Ja5 to (5.41) when ¢t > s
is as desired with 8y = 2.

We are left with controlling the contribution of
J3 = O BIQF = "9 (SFVIBIQF = ©,,Bilg,
where F = I1g, F € Y'? and g € L? with ||g|» = IV, Fll2 . By Proposition 4.30, for
all s <t we have that
s\
106 B1Q Flleny < () 1Quglozqen

Then we may control this term in (5.41) with g in place of 2 = V| F’, which is sufficient
as llgll2 < IV Fll2.

The proof of the theorem is finished modulo the

Proof of Claim 5.37. We first verify (5.39). Observe, by the maximality of the family
Qj, that for any dyadic subcube Q' of Q which is not contained in any Q;, we have
the inequalities opposite to the type / and type /] inequalities, with Q” in place of Q.
Thus,

0 0
< ‘v : Aﬁ‘QbQ(x)‘ and  |4}%bo()| < -
ot
for all (x,1) € E*Q It follows that if z € I'Y and (x, 1) € EY,, we have the bound

g < |y Albo()| < |/l - ALbo()| + [(2/lel = v) - AlCbo()|

0
< |G/l - Al + 3.

where we used the definition of I'j in the last line. The above estimate yields (5.39)
with Cy = (3)? by setting z = {(x, ).

Now we establish (5.38). Set E := O\ (Ug,er Q)) and B; = Ug,er; @j- By
definition of ¥; and the fact that 1/Cy < du/dx < 1 on Q, we have that B C
{ M (bg) > ﬁ} where . is the uncentered Hardy-Littlewood maximal function
on R” (taken over cubes). The weak-type (2, 2) inequality for the Hardy-Littlewood
maximal function and (5.10) yield the estimate

a\? a\?
|B,|§CC3<§> / |bQ|zscc3(5) 0l.

From this estimate, (5.10), (5.36), the definition of type /I cubes, and Holder’s in-
equality we obtain
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V'/de,UQ‘

0

v-/deuQ‘+/ boldu+ > v-/ deuQ’
£ Bi oy 79

6
< 1" 1bolliaqeny + Bl lbgllizgn + 5 D 1o(@))
0iefn

0
< CIEI"?101'? + Chal Q| + 10(Q).

Choosing a > 0 small enough and using the fact that (1/2)"|Q| < uo(Q) < |Q|, the
above estimate implies that |Q| < Cy|E|, which yields the claim with 5 = 1/Cy. O

Oup(Q) <

<

Thus we conclude the proof of Theorem 5.1. O

6. CONTROL OF SLICES VIA SQUARE FUNCTION ESTIMATES

We are able to use the square function estimate obtained in the previous section
to immediately improve our L> — L? boundedness results of r—derivatives of the
single layer potential. More precisely, in the following lemma, we extend estimate
(4.25) (previously valid for m > 2), to the case m = 1, given sufficient smallness of
max{(|Blln, [|B2ll}-

Lemma 6.1 (Stronger L? — L? estimate). The estimate

11V0:SE Al 2@y S 1Al

holds, provided that max{||B1||., ||B2ll, < €0 and gy > 0 is small enough so that (5.6)
holds for m = n + 10.

We may use Lemma 6.1 to obtain the “travel down” procedure for VS£V.

Lemma 6.2 (L> — L? estimates for S,V). The following statements are true.

i) Foreachf e L>(R",C"™") and each t # 0 we have that

(6.3) 1AM SEDE L < Ifll, k21,
(6.4) 5 IV(SEVIIL < IIfll, k=2,

provided that max{||Bl|n, ||B2ll, < &o is small. Therefore, for each m > k > 2,
(6.5) [V (SEDE|| s ||| (SEVIE||| + I,

provided that max{||Bi||»w», |B2llrwny} is small.
ii) The estimate (6.5) holds for k = 1 if the operator V acting on (Sf:V) is replaced
by 0,.

We proceed with the

Proof of Theorem 1.4. Leth € C;’."(R”)"Jrl and fix 7 > 0. Notice that by Lemma 2.3,
the pairing (h, Tr;Vu), > is meaningful. Let R > 7, ¢ € C°(R) satisty y = 1 on [7, R],
¥ =0o0n[2R, ), | < 1and [¥/| < %. We have the following estimates:

2R 2R
(6.6) | :=‘/ h'/R WVM‘S/ /R Il ||Vl
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=il 2 IVl iy, — O as R — oo,

“F

6.7) ( / h - £Trs Vo,u

< ||h||L2(Rn ||(f + D) Tr4 VOl 2y

S ;”hHLZ(R")HVMHLQ(RTrl) — 0 ast \‘ 0,

2R-71 2R
6.8) || := ’ / / h-n//(t+r)Tr,+78tVudt)32][ / 1h]|d,Vu| dt
R" JR— R n

< 2||h”L2(R”) sup ||tTr,8tVu||Lz(Rn) < ||h”L2(Rn)||Vu”L2(Rn+l) — 0 asR—> 0o,
1€(R2R) R/2
where in (6.7) we used (3.25), and in (6.8) we used (3.24) and the absolute continuity

of the integral. We now perform two integration by parts in the following calculation,
recalling that /(2R) = 0 so that the arising boundary terms vanish.

/ h - Tr.Vu =/ h-w(T)TrTVu—/ h - y(2R)TrorVu
n n Rn

2R 2R
= —/ h- YoVu — / h- ' Vu
n T n R

2R-71 2R-71
:/ / tTrtﬂﬂpanﬂTudH/ / h- T, 7' 0,VT udr — 1
nJo n JR—1

2R-1
:// h-(Tr, 76>V T udt + 11 - 1
nJo

where in the third equality we used (6.7) already. Note that the terms I, I/ drop to
0 as R — oo by the estimates (6.6) and (6.8). For technical reasons, let us integrate
by parts one more time. The boundary term that is introduced is again controlled as
in (6.7) and (6.8) because we may apply the results of Proposition 3.23 to 6?.7 7u.
Hence we have that

2R-1
(6.9) / / h - (Tr, 7 Wd>V T udt
n O

1 2R-1
= —/ / h-tzTrtﬁle/afVﬁTudt+Hl,
where |[1I] — 0 as R — co. Intuitively, we would like to introduce Green’s formula
at this point, but we want the “input” in the layer potentials to still depend on ¢ for

when we later dualize to control our integral by square function estimates. Let us
now do a change of variables # — 2¢, and carefully track the use of the chain rule:

1 2R-1
3 / ) /0 h-2Tr, 7 YV T udt
R_,
—4/ / h- tyw(zt)a Vi2e T Tu(-, 2t) dt

- - / [ / h|| 2 TTWRNRY T u(-, 20) dt
2 Jrn Lo
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1 R-3
+ 3 / 2 T8 T u(x, 20) dt] .
0

We now consider s € R and write 2t = f + s|,—,. If F is a differentiable function in ¢,
the chain rule tells us that 0,F (¢ + s) = 0;F (¢t + 5). By this change of variables, and
the above identity, we compute that

1 2R-1
3 /n /0 h-2Tr, 7YV T udt

s

R-3
=4 / t%?”ﬂp(t)[ / h-Te,V, D3 | .75 T u(x, t)] dt.
0 R =t

—4 /0 i zzﬂf”w)[ /R nh-Tr,VDH]ﬂT(D,szsu)} X

s=t

We now apply Green’s formula, Theorem 4.16 ii). The function v := D2, ,.7*u

belongs to WH2(R"*1) ¢ Y"2(R"*!) and solves £v = 0 in R**! in the weak sense.
Therefore the identity v = —D%L*(Trgv) + S£(05*v) holds in Y-2(R"*1), for any
s > 0. But by the results of Proposition 3.23, for each ¢ > 0 we have the identity

Tt, VD1 77V = Tr,VD,1 T (= DEF (Trov) + SE@OFY)

in L?>(R"), for any s > 0 and ¢ > 0. As such, per our calculations we have the identity

1 2R-T1
3 / / h-2Tr, TV T udt
mJ0
s=t

R-ZI
=4 / ’ tzf’”a,//(t)[ / h-Tr,VDnHﬂTZ)L’*(Trov)} dt
0 R”

R-3
+4 / 2T () [ / h- TrtVDnHﬂTSL(aVL’*v)} di =1V + V.
0 R® s=t

Now we make use of the adjoint relations (4.5), (4.21) and (3.26) to dualize IV
and V. Indeed, we see that

/ h-Tr,VD, 1 TTDE (Trgv) = (D,,J,](?fi’t__T(SL*V)H, Trov)2 )

= (Dustew - Trop | A7V + By | (SE VR, Tr, D2, )

/ h-Tr,VD, 7" SE @5 ) = (Tr_,_,DnH(SL* V)h, a;’ﬁv)z )

- (Tr_t_TD,m(SL*V)E, —ensy - Tr, [Av + Bl} D,%Hu) .

Therefore, using the Cauchy-Schwartz inequality, we estimate that

R-3
(6.10) |IV|§4/ t2/
0 n

Tr_r:Dpat [A*V + Bj} (SL*V)H( ‘Tr,Dﬁ+ lu’ dt

< 120,V (S~ V|| [l1z0%ulll < Ihll2l1202ulll,



CRITICAL PERTURBATION THEORY, PART I 65

R-3
6.11) |V|s4/ tz/
0 n

where we used the square function estimate (5.6) and the “travel-down” procedure
(6.5). Now send R — oo, which sends |/|, |I1],|111| — 0. By the bounds (6.10), (6.11),
and Lemma 5.2, the desired bound for the gradient follows.

dt

Tr_y.Dys 1(SL*V)H( ‘Tr, [AV + Bl] D2, u

< ed(SE VRI|-I202Vulll < Il llI207Vulll,

To obtain the bound for the Ln%(R”) norm, we use Lemma 2.3 to ensure that at
each horizontal slice, the Ln%(R”) normof a Y 1’2(RT1) solution is finite. Then we
may apply the Sobolev embedding, whence the desired result follows. O

The method of proof of Theorem 1.4 is robust, in the sense that we may loosen the
condition that u € Y1’2(R’f1), provided that u is such that the square function in the
right-hand side of (1.5) is finite, and that the gradient of u decays to 0 in the sense of
distributions for large . More precisely, we have

Theorem 6.12 (A more general Tr < S result). Suppose that u € WIL’CZ(RTI), Lu=0
in R"™ in the weak sense, and Vu(-,t) converges to 0 in the sense of distributions
ast — oo (we refer to this last condition as the decaying condition). Furthermore,
assume that |||tV Dp41ul]| < oo. Then, for every T > 0, the following statements are

true.

i) If L1 # 0 in R™!, then
(6.13) I Trrull 2+ |ITerVull oy S 1D2, ul® dxdt < |||tD2, ulll.
L3 () e Je

ii) If L1 =0in Rﬁ“, then there exists a constant ¢ € C such that v := u — ¢ (which
is again a solution) satisfies estimate (6.13).

The proof of this theorem is omitted as it is very similar to the proof of Theorem
1.4 as soon as we have the following technical result.

Proposition 6.14 (Solutions with gradient decay). Suppose that u € Wllo’cz(Rﬁ“) isa
solution of Lu = 0 in R™! and that L1 # 0 on some box I = Q X (t1,1,) € R*1,
Further, assume that sup, ||Vu(t)l|2gny < o0, and that lim;_, ||[Vu(@®)|l2zny = 0 (see

(2.2)). Then u(t) € Y2(R") for every t > 0.

Proof. Step 1. There exists a constant ¢ € C such that for all ¢+ > 0, u(-,7) —c €
YI’Z(RH).

To see this, first note that by the Sobolev embedding, there exists a function f :
(0, +00) — C such that for each t > 0, u(-, 1) — f(¢) € Y'2(R™). We must show that
f is identically a constant. Since (see the proof of Theorem 1.78 in [MZ97]) for
each r > 0 we have that f(¥) = limg_ fB(o,R) u(-, 1), it can be shown by the Sobolev

embedding and considering the difference quotient W that f is differentiable
and that f’(¢) = 0 for all r > 0. It follows that f is a constant, as desired.

Step 2. For the box I ¢ R™*! as in the hypotheses, it holds that

//luRlz* -0 as R — oo,
1

where uf(-,-) = u(-,- + R).
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This is the crucial step. We set p = 2* and uf = |1]7! /, I uR for ease of notation. By
the Poincaré-Sobolev inequality, we see that

(6.15) lu® = uflloay S VUl 2y > 0, as R — oo,

where we used the definition of #® and the decaying condition of the gradient. In
particular, we have that uf — uf — 0 in Y"2(I), so that Lw® — uf) — 0 in I, which
implies that for every ¢ € C.°(1), the limit

_”ﬁ//& Ve //[(AV(“R-'A?HB](L:R —uR)) Vg + By - VG - uPyg] > 0
1 I

holds. Since L1 # 0 in I, for some ¢g € C°(I) we have that fl B1 - Vgg # 0, whence
uf — 0 as R — co. The claim now follows by using this result in (6.15). Notice that
this argument holds just as well for any box J containing /, in particular it holds for
3

51

1.

Step 3. For Q C R”, t € (¢1, t2) as in the hypotheses, we have that

/lTr,uRlp—>O, as R — oo.
o

This is a consequence of Step 2 and the definition of the trace: For any ¢ € C;°(Q)
and 7 € C2°(t1, 1) with n(s) = 1 near ¢, we set ® := ¢n € C;°(I) and estimate

(T, )l = | // (D" ® + 1Dy @)

< D1t llyr2 @l oy + R llyr2cy 1Dns1 @l )
Snar (D1t lyr2ry + e llyr2 DIl 1)
The claim now follows by the Caccioppoli inequality; to wit,

IDys1t®lliry + IVDpsrt®ll 2y S sup IVu(s)llz@ny = 0 as R — oo,
s>t+R
using the fact that p < nzf"z
We now conclude the proof: By Step 1, we can place Try(u —c) € Y L2(R™) for all
s > 0. By Sobolev’s inequality and the hypotheses, || Try u — c|ly12gny — 0 as s — oo.
On the other hand, by Step 3, we have that Tryu — 0 in L”(Q), so that ¢ = 0 and the
desired result follows. O

A quick application of Theorem 6.12 to the improvement of (6.4) will be useful
for the Dirichlet problem:

Corollary 6.16 (Improvement to slice estimate). The estimate (6.4) holds true for
k = 1. In particular, (6.5) holds true for k = 1 as well.

We can also, very similarly, prove
Theorem 6.17 (L2—sup on slices). Suppose that u € WIL’Z(RTI), Lu=0in Rﬁ“,

C
and that u converges to 0 in the sense of distributions. Furthermore, assume that

[[1£Vul|| < co. Then, for every T > 0,

el 2 < / / VP dxdi < 194l
T n

where the implicit constant is independent of T and u.



CRITICAL PERTURBATION THEORY, PART I 67

In the second paper, we will establish uniqueness under some weak background
hypotheses. For this reason, we give two definitions and make an observation.

Definition 6.18 (Good A/R solutions). We say that u € WL2(R™*!) is a good N /R
solution if Lu = 0in R"*! in the weak sense, u € S2 (see Definition 2.13 for the slice
spaces Si and Di), and O,u, € YI’Z(R’}r“) for all T > 0, where u(-,-) := u(-,- + 7).

Definition 6.19 (Good D solutions). We say that u € WIL’CZ(RTI) is a good D solution
if Lu = 0in R™*! in the weak sense, u € D? and u, € Y2(R™*!) for all T > 0, where
ur(-, ) = ul, -+ 7).

As an immediate consequence of Theorems 6.12 and 6.17 we exhibit
Corollary 6.20. Let u € W,s2(R!*) satisfy Lu = 0 in R+,

i) If ||ltVOou||| < oo and lim;— Vu(t) = 0 in the sense of distributions (see (2.2)),
then either u is a good N/R solution (in the case that L1 # 0 in Rﬁ”), oru—-c
is a good N/R solution for some constant c (in the case that L = 0 in R’fl ).

ii) If |||tVull| < oo and lim,_,o, u(t) = 0 in the sense of distributions, then u is a good
D solution.
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