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1 Introduction

This document concentrates on the field of multifractal analysis of functions,
where given a function, measure or stochastic process X on R¢, one mainly
focuses on two aspects: first, the pointwise behavior of X at 2 € R? measured
by an exponent hx(z), which depends on the nature of the object. Then, one
computes the mapping Dy (the multifractal spectrum of X) defined by

Dx(s) =dimg(Ex(s)), where Ex(s)={z¢cR?: hx(z)=s}, secRU{+o0},

where dimy stands for the Hausdorff dimension. This mapping provides a hi-
erarchy between the level sets Fx(s), according to their size measured by their
Hausdorff dimension. The computation of Dx has been performed in diverse
settings: Fourier/wavelet series, stochastic processes (Lévy, Markov, fractional
Brownian motion), dynamically defined measures (Gibbs and invariant mea-
sures).

In the case where X is a real valued function f € L7S (R), given a point g €

R?, we may consider the pointwise Hélder exponent of f at z, as the exponent
quantifying its regularity at this point, which is defined as

hy(zo) = sup{s > 0: f € C*(z0)},

where we say that f belongs to the space C*(x) if there exists a constant C > 0,
a polynomial P of degree at most [s] and a neighborhood V' of z; such that

|f(xz) — P(x —x0)| < Clx —xo|?, forallzeV.

The associated multifractal spectrum (also called singularity spectrum) of f will
be denoted as o(s). In this report, we consider the convention dimg () = —oc.
On the other hand, if our object is a measure x on [0, 1], we consider the exponent

i 108(1(B(0,7)))
@(xo) N hgl—}(?f log r

, forxzy € (0,1),

known as the lower local dimension of the measure p at the point z;, where
B(zg,r) is an euclidean ball of center =y and radius r.

On the other side, the multifractal analysis also aims at describing and en-
lightening the multiscale properties of X (i.e. statistical properties of X through
scales), described by a ’scaling function’ 7x. For instance, if again y is a measure
on [0, 1], we may consider the mapping

1
Tulg) = lim inf - log Iezl; pD)? |, forqeR,
J
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known as L?-spectrum of u, where D; is the set of dyadic intervals of size 277.

A key fact is that for "nice" objects (for example, Baire typical measures) Dx
can be estimated on numerical data via the multifractal formalism, which relates
Dx to the scaling function 7x via a Legendre transform:

Dx(H) =71x(H) = ;gﬂg(qH —7x(q))-

Such a relation between local behaviors and global statistical properties has
reflected deep and important inner structure characteristics not known before.

In this paper we propose to address the prescription problem for a univariate
(i.e., for a single function) case. It is a classical problem and has been stud-
ied exhaustively by many brilliant and experienced researchers in the field of
multifractal analysis, such as S. Jaffard, Buczolich, S. Seuret, J. Barral (these
last two contructed function spaces in which Baire typical functions can have
a prescribed multifractal behavior and satisfy a multifractal formalism, solv-
ing the so-called Frisch-Parisi conjecture, presented in a wonderful paper [1]).
The first result was obtained in [2], where S. Jaffard constructed functions with
prescribed multifractal spectrum using wavelet techniques and arguments from
geometric number theory. Actually, our objective is to prove the main theorem
showed in his paper, by using similar techniques but in a slightly different way.

1.1 Notations and definitions

Let x € R be a real number, D C R. We will consider these notations:

* [ is the Lebesgue measure on dimension 1.

|D| is the Euclidean diameter of the set D.

dist(z, D) stands for the distance between the set D and the point =z.
* [z] is the greatest integer less or equal to z.
e (-,-) stands for the inner product in L?(R).

Also, we will say that a real valued function ¢ belongs to the class C if it can be
written as the supremum of a countable family of functions defined as cz1, (),
where a,b, c are constants and 1, is the indicator function of [a, b)].

2 Some previous results

We state some classical results on the regularity of functions and their relation
to wavelets. These will be very useful in our work.



Theorem 1 (Mass distribution principle). Let A be a subset of R%. If there exists
a non trivial finite Borel measure u supported in A such that for some constants
C>0ands>0

u(B) < C|B|®, forall ball B small enough,

then H*(A) > u(A)/C. In particular, dimg(A) > s.
Theorem 2. There exists a function ¥ called wavelet function such that the family
{V; v}, kez forms a Hilbert basis of L*(R), where ¥, ;, = 2/2¥(27 - —k).

So, any function f € L?(R) can be written as

F=Y0 (0T,

Je7 kel

and d;;, := (f, ¥, ) are known as the wavelet coefficients of f, which give a time-
frequency decomposition.

The following result relates the (global) smoothness of the function to how
fast the wavelet coefficients decay as the scale j tends to +cc.

Theorem 3. Let s > 0 be a non-integer real number, ¥ € CEITY(R) be a wavelet
with at least [s] + 1 vanishing moments, and f € L*(R) N L° (R). Then f € C*(R) if

loc
and only if, there exists a constant C' > 0 such that

[(f, 0,0 < 027962 forallj >0, and all k € Z.
On the other hand, we also state a theorem that characterizes the point reg-
ularity of the functions with their wavelet coefficients:

Theorem 4. Let s > 0 be a non-integer real number, ¥ € CEIT1(R) be a wavelet
with at least [s] + 1 vanishing moments, o € R and f € L?*(R) N C*(xg). Then, there
exists constants C' > 0 and n > 0 such that forall j > 0 and allk € Z

o — k277 < = [(f, W) < C2792(277 + |y — k277))%.
Conversely, if the last inequality holds and f € C7(R) for some v > 0 then
feC™xg) forallee (0,s).

Finally, we take into account the following lemma:

Lemma 1 (Billingsley Lemma). Let 1 be a probability measure supported on E C
R, such that for p—a.e z € E it holds d,(z) = h. Then, dimp(E) > h.

In this document, we will consider a wavelet ¥ sufficiently smooth, with a
sufficient number of vanishing moments and compactly supported.
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3 Main theorem
The main objective of this document is to prove the following theorem:

Theorem 5 (S. Jaffard). Let ¢ : (0,+00) — [0,1] U {—o0} a function belonging to
the class C. Then, there exists f € C(R) such that ¢ = oy.

First, we focus on the case when ¢(s) = csl,(s), where 0 < a < b < +oo,
¢ > 0 such that ¢b < 1, and we consider the following parameters, which will be
used throughout this report

b
vyi=a>0,=—>1a:=—>1,
a

so, we construct a function f = f(®»#7). The general case will result from an
application of a superposition method, which will be developed at the end. The
proof of Theorem 5 will be presented in different sections below.

3.1 Definition of the function f

We first construct a Cantor-like set on the interval [0, 1]. We split it into 3 parts,
considering that the ends have a length of 27“. We remove the middle one, so we
obtain two intervals. We will call as I to the left interval and as /; to the right
interval. These will make up the first generation of our Cantor set.

Figure 1: Cantor set K,

We perform the same procedure, so after m steps we will get 2™ intervals
Ic, e (e; € {0,1}) of length 27*™ at the m-th generation; since a > 1, the space
between such intervals is at least 2-(m~Da(1 — 2-2+1) ~ (. Hence, the m-th
generation is made up as the union of these 2™ intervals, which we call as K &m).

Finally, we consider

Ko=) E{™.

m>1

We see that K, is a compact set. Since we need exactly 2 intervals of length



279%™ to cover K,, the box dimension is

log No—am (K,
dimp(K,) = lim 08 Vgrem\Ba) (Ko)

m—-+oo —log2-am

log2™ 1

11m —_— = .
m—+oo alog 2™  «
Moreover, we have the following result:

Lemma 2. The Hausdorff dimension of K, is 1/a.

Proof. Since dimy(K,) < dimp(K,), we get
dimpy(Ky) < 1/a.

In order to show that dimy(K,) > 1/«, we will build a probability measure
supported on K, verifying a scaling property. We set as y,, to the measure

(2% 1)L
S0, tm(Iey,. . cn,) =27 for every interval I, .. . Clearly, for every n > m

/’Ln(Iela---75'rrL) = /’Lm(Ialv---75'rrL)7

and get a sequence (u,,)m>1 of probability measures. We know that it admits a
weak-converging sub-sequence to a probability measure u, with the properties

* supp(p) = Ka,

* u(le, . 6,) =27, for every interval I, and all m € N,

<Em?

then, (I, c.) = |l c.|"/* Let B := B(x,r) be a closed ball, z € K, and
0 < r < 2-(@*1)_ Therefore, there exists a unique n € N such that

g-alntl) . < gmom, (1)

Figure 2: Ball B touching intervals of the generation n and n + 1.

Then, B intersects at most two (even three, it depends of the parameter «)
intervals I, and I] of the n-th generation (see the figure 2), and at least one
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interval I, for the next generation. Hence, by (1)

w(B(z,r)) < p(ln) + (1)
< 22|B(x,r)]1/°‘ _ 21/0Hr2741/oz7

also, it holds that u(B(x,r)) > 2/~ 1rl/* so
21/04—17,1/04 < u(B(x,r)) < 21/a+2rl/o¢. 2)

By the Theorem 1, dimy(K,) > 1/a. [

We call as F,, to the set of the lower bounds of the intervals that make up the
m-th generation K, &m), and we take any z,, € F,,,. There is no reason to find k£ € Z
such that

Ty =k277, forjeN.

However, since the dyadic intervals make up a uniform partition of [0, 1], we can
find a unique k,,, € {0,...,27 — 1} verifying

0<zm— kxmzij < 27j7 (3)

which means z,, belongs to the dyadic interval [k,, 277, (k,, + 1)277[. After this,
we define the sequence (jm)m>1 by setting j,, = [afm] and the sets AP and
Al@#) as follows

N = {(j,k) 2 = jums k =k
ACH) = | ] Ale?),

m>1

verifying (3) and z,, € F,},

Tm

Finally we define the function f(*#7) =: f as follows
fl) =2 dixtjx(x),

where dj, = 2-0FY27 if (5, k) € A*H); otherwise dj; = 0. So, by the theorem 3
clearly f € C7(R).

3.2 Study of its pointwise Holder regularity

First, we would like to study the pointwise Hélder regularity of f at the points of
the Cantor set K,. So, we take = € K, then, for all m > 1, there exists a unique

I.,.. .., which has this point. Hence, for all m there exists a pair (j,, k) € Agff B)
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such that
|z — k279m| < 270m 4 27Im,

Now, let § > 0 be an arbitrary real number verifying f € C°(z) and we look for
any necessary condition. By Theorem (4) and the definition of the function f, for

all m large enough!

2_'ij S C(Q_Jm + ’.T _ kz_ijé

which implies that
2_'ij é 062_jm6/ﬂ

therefore § < ~f.
On the other hand, we call as F,, to the set of lower bounds of the dyadic
intervals corresponding to the pairs which belong to A9, i.e.

Fm = {kz,, 277" : k,, is the integer verifying (3) }.
Let # > 1 be a parameter. We define the set

Gy = limsup Fp, 4 2[—27 ™0 9-mafd]

m—>400

since 6 is positive, (Gy)y>1 is a non-increasing sequence. Also, if z belongs at
least to G; then we consider the quantity

0, :=sup{f : x € Gy},

it is known as approximation rate of x by Fom.
Now, we are interested in studying the pointwise Holder regularity in the
points z belonging to any Gy. So, let us take x € Gy, then

|LU o kxm2fjm’ < 2fma9+1

for infinitely many m > 1. So, similarly to the case of the points of K, if f € C°(x)
then § < 3v/6, which implies that h¢(z) < 8v/6. Since 0 is arbitrary, then

hf(x) < —. (4)

'In Theorem (4) we need that [z — k279m| < n, where ) is a constant, so we take m large enough
verifying 277%™ 4 279m <,
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Moreover, we will prove the following lemma

Lemma 3. Forallx € K,, hy(x) = ”8—7 Otherwise, hy(x) = +oc.

O

Proof. Let us take x € K, and 6 > 1 such that z € Gy (0 exists because K, C G1).
Thanks to the inequality (4), it is enough to prove that

fe () Cho=(a).

e>0

Let € > 0 be a positive real number. Since f € C7(R), by Theorem 4 it is enough
to find a constant C > 0 such that for all m > 1

2(_’Y+1/2)jm S 02_jrn/2(2_j'm _|_ |x _ kx 2_j7rL|)ﬁ’Y/91'_g’
in other words,
2jm(2_jm + |SU _ kmm2_jm|)ﬁ/9w_g/7 Z C

Also, we can choose ¢ := ¢/n, where n > 0 is large enough verifying

n>1<g”—€>, 5)

and such that = ¢ Gy, ... Therefore, there exists an integer M := M. > 0 large
enough such that

|z — ky, 279m| > 27meleF)+ for all m > M.
Hence?

2im (37Im 4 | — k2 ()05 ET > gim. % (2*jm(ﬁ/9r€/v) n Cngma(ﬁ/efg/w(eﬁe)) 7
and by the condition (5) it holds that (3/60, —€/v)(0, +¢) < 8; so for all m > M
Qi (9= | — ky 2T )AOe—E/Y > i % (279m61 31 4 G
> % (Z—jmw/ew—aw—l) n 052—{771(16}) ,

Now, we note that 2—{maf} > 1 /2 for all m, therefore we obtain

2Im (270m 4 | — ky 279m[)B/0a=E/7 > ¢, for all m > M.

2By using the inequality (a + b)* > 1(a® +b°), where a,b,s > 0.

12



For the case 1 < m < M, we observe that
9dm (2*jm + 2 — ky 2*jm|)f3/9z*5/’7 > 9J1 (Q*jw1(5/9175/7)> ,

s0, by choosing C' = min{2/1 (279m(8/6==8/7)) 'C=} as the required constant, we are
done.

Now, let x ¢ K,. Since K, is compact, there exists § > 0 such that dist(z, K,) =
5. So, we can find M > 0 large enough such that z ¢ K{™ and 2= < §/2, for all
m > M. Therefore

|z — kme_j’”| > | — x| — |Tm — kme_jm|

)
> 3 for all z,,, € F,,,
so, for all m > M and any s > 0
2j7n (2_j7n + |x _ kxm2_j7n|)5 2 C(S,

for the case 1 < m < M, we proceed in the same way as before. So, as s is
arbitrary, hy(z) = +o0. |
3.3 Hausdorff dimension of the set ég

Now, the objective is to characterize the level set Ef(s) by applying the Lemma
3.
Let us define the following set

Go= () Go\ | Go.

6'<6 0'>0
so, Gp C Gy for all ¢ < 0, then

dimy (Gg) < dimp (Gy) for all ¢ < 6. 6)
Let ¢ < . We want to prove that

i 1
dlmH(GQ/) < w,
for this purpose, we take any d > - and we will show that dimy(Gy) < d. By

definition, it is clear that for each k > 1, {B(z,, 2 "¢ *1)} is a covering

T €Fm,m>k

13



of Ggr. So, by setting a,, := |B(x,, 27" +1)| we get

Hi (Go) <> Y aph

mzk“xmej}m
d —(af’'d—1
—a 3,

m>k

so, we can take k large enough in such a way H? (Gg) < 1, therefore H(Gy/) < 1
and we are done. So

dimgy (Gy) < for all ¢’ < 6,

L
o’
which, together with inequality (6), implies that
dimy (Gg) < —
mpg(Gy) < v
In order to prove that dim H(ég) > ﬁ, we proceed as in the proof of the Lemma 2;

we will construct a probability measure supported on Gy, but also with a scaling
property. So, we consider the following result whose demonstration is inspired

by [3]:

Lemma 4. There exists a probability measure 1y supported on Gy verifying
116(D) < |D|a# (log |D|)?> for all ball D ¢ R small enough.

Proof. We will divide the proof in two stages.
Stage 1. Construction of the measure uy supported on Gy. First, given a closed
ball B = B(z,r), we set ¢B := B(z,cr) and B? := B(z,r?), where x € R and
r,c,p > 0. Also, for simplicity, we will denote as C), to any constant depending on
the parameter p.

Since K, C GG; then

0,1]=G1 p—ae. (7)

where p is the measure supported on K,, which we built in the Lemma 2.
We now construct a Cantor set K,y C Gy and simultaneously a probability
measure pg supported by this set, with the scaling property

1e(D) < |D|ae (log |D|)*> for all ball D ¢ R small enough. (8)

We begin with the construction of the first generation of the Cantor set as follows:
we select a finite set { By(,,,)} from the family {B;};>1, which is an ordering of the

14



family {B(Ap,, 2™}, We choose ¢(1) in such a way

mefm,mzl'
1
0
B[ < ©

this condition will be useful in the next stage. Now, ¢(2) is the first index such
that B9 is not included in 5B,(1), #(3) is the first index such that By is not
included in 5B(1) U5 By y); recursively, ¢(l) is the first index such that By is not
included in

-1
5By (10)
i=1
We stop this extraction at the first index N such that
N 1
By | > =; 11
M<U5 ¢(z)> Z 5 (11)

this index exists because each ball B,, which has not been selected among the
family {By;) }1<i<n is included in the union of the balls previously selected, then

#(N) N
U B cU5Bsu):
j=a(1) i=1

Since p — a.e.z € [0, 1] belongs to G,

n
M( U Bj) — 1, asn— +oc.

J=e(1)

Hence, the inequality (11) follows if N is large enough. Also, since the radius
of the balls make up a non-increasing sequence, the balls B,; are disjoint. In
addition, by the subadditivity and scaling properties (2) of i

N

N
p (U 5B¢><z>> <> 1 (5By)
=1

=1

in other words

21 (Bow) = 5 (12)

The N balls Bg(i) make up the first generation balls of our generalized Cantor

15



set. The measure y will be supported by the union of these balls and we take

1(Bg(s))
Ko Be Y IRy e a—
(%) S 1 (Byy)

The scaling property of x implies that  (By;)) < Ca’g‘Bz(i) | a0, and by the inequal-
ity (12) we get

1

af

o (o)) < Cau Bl (13)

We will not construct the second generation of the Cantor set by ’subdividing’
each Bg(i) (as we did for the second generation of K,) but rather we will consider
some other balls contained in it. Let J > 1 be a large enough integer such that

LS v, (14)
2¢7

where ¢; is the radius of the ball B;. Also, let us take one the balls Bg(i);

since U;>;B; covers almost every point of Bg(i) (because of property (7)), we can

as above select a finite number of balls By; 1), ..., By,n()) from the sequence

{Bj}jZJ such that
N(i) 1
9
p UBBoag | 2 51 (Bw)) :
7j=1
Again, the balls B,; ;) are disjoint, so that
N(i) ]
) > 0
JZ:; 1 (Boig) 2 551 (B%)- (15)

The balls {BZ@ j)}1§j§ N(i),1<i<n are the second generation balls and we naturally
take

M(B¢(i,j))

- for all 4, 5. (16)
) S 1 (Byiig))

1o (st@,j)) = pio (BZ@

The scaling property of 1 again implies that u(By; j)) < Ca’g‘Bg(i j)|$, from which
by the inequality (15) the following bound holds

L o (Bgm)
p (Bgm)

This construction is iterated and we thus obtain a generalized Cantor set K, g

for all 4, 5. (17)

o () = Con

and a probability measure py supported by it.
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Stage 2. Scaling property of 1y. We will call as fundamental balls to the balls
constructed at each generation. Also, if B is a fundamental ball, we denote as B
the fundamental ball from which B was obtained (the 'father’ of B).

On the other hand, let us remember that by (14) the diameters of the funda-
mental balls have been chosen such that if B is a fundamental ball of the n — th
generation

L sl

| B|
where the supremum is taken over all fundamental balls J of the previous gen-
eration, hence

1 1

— < log — for all J. (18)
/] Bl

Now, our objective is to prove that every interval D satisfies the property (8). We

will first check it for the fundamental balls, by induction on the generation of

the ball. So, by the inequalities (9) and (13)

>1 foralli, (19)

in other words
0 2
(10 ‘BM D >1 foralli. (20)

Now, we assume that (8) holds for the balls of the generation n — 1. The analogue
of (17) at the n-th generation states that any fundamental ball B satisfies

(5
()

which, using the induction hypothesis, implies that

1 Mo <§>
< Ca,9|B‘@

1
B) < C.4|B| /.
po(B) < Cop|B| B

B 514 1512 (log | B)”
< C (&) B af —

By the inequality (18)
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also, (19) implies that any fundamental ball B satisfies log(1/|B|) > 0. Hence

(log | B|)? < (log | log | BJ|)%,

on the other hand

~ 1/1 1
B < (1og )
5]

< [log|Bl],

because 1(1 — 1) < 1. Therefore

1
119(B) < Cog |Bl27 |log|B||(log |log |B]|)
1
< Cug|B|2? (log|B|).

Let now D be an arbitrary ball. Later, we will see how small the ball must be

in order to satisfy the property (8). If D does not intersect the Cantor set K, g

then up(D) = 0. Otherwise, D intersects at least one ball from each generation

of the Cantor set. If D intersects a single ball in each generation, then D N K,

is a single point xg, which again implies that g = up({xo}) = 0. On the other
gle point hich ag plies that ug(D) = pg({zo}) = 0. On the oth

hand, let B be the fundamental ball of the smallest generation which intersects

D and such that at least two children of B intersects D; there exists exactly one

such ball. Indeed, if there was a ball B from the same generation as B, which

touches D, then we will have two cases:

* B and B have the same father. It immediately contradicts that B belongs
to the smallest generation satisfying the condition.

e B and B do not have the same father. Since the balls are contained in
their fathers, D intersects them. So, we recursively apply the same idea,
and at the end D will touch two balls with the same father (we can assume
that [0, 1] is the father of the balls of the first generation), returning to the

previous case.

Figure 3: Estimation for the measure of B; N D.
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If |D| > |B

, since D touches only the fundamental ball B from its generation

po(D) = po(D N B) < pg(B)
< Coyo |B|77 (log| B|)*.

The function p — pi (log p)? is increasing in a neighborhood of the origin, which
will be called as V. We take the ball D small enough so that it satisfies |D| < |Vl
hence

1
po(D) < | D27 (log | D|)*.

Otherwise, |D| < |B| and we denote as BY,..., Bf the children of B intersecting
D. Without lost of generality, B; is small enough, so |D| > |B;
|B;| >> |BY|, then there exists a constant C > 0, which does not depend on the
balls, such that

3. and since

w(B;ND)>Cu(B;) foralll<i<p. 21)

This estimate holds because D contains points of B? which are very close to the
center of B;, so we could say that u(B; N D) ~ u(B;)/2 (see the figure 3).

On the other hand, by using (15) and (16) applied at the corresponding gen-
eration, it holds that

po(D) < pa(BY)
i=1
L u(By)
< Cq MQ(B)W-

Hence, by the estimation (21) and B; N B; are disjoint, one has

us(D) < Co ue(B)ZEg;

101 1
< Cop|Bl=7Y (log | B|)? | D=

The function p — pi(%*l)(log p)? is decreasing near the origin and without lost
B| is small enough 4, so D is also small. Therefore, one finally gets

of generality,
1
16(D) < Cog | D] (log | D)2

30Otherwise, D could not touch more than one ball B;, because thanks to the way we choose
them, as we can see in (10), they are ’sufficiently’ separated. Actually, the distance is at least two
times the diameter of some other ball.

“We can always choose balls small enough in the construction of the Cantor set K, ¢. Actually,
we can choose ¢(1) in such a way that |Bi(1)\ is small enough.
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On the other hand, since (Gy)y>; is a non-increasing sequence

Gy C ﬂ Gy,
0'<6

SO

ég D) Gg\ U Gy .
0'>0

Also, it holds that
,ug(Ggl) =0 foralld > 0.

Indeed, if ¢’ > 6 by the Borel Cantelli Lemma, it is enough to prove

> o (G < +o,

m>1

(22)

where G} := Fp, +2[—2""? 2-me'| By applying the property (8) to the intervals

shown in G}, for all m large enough

po (G < 3 o (Blag, 2707
xmeﬁm
< Ca,9 om (2fmo¢9’+2)£(log(27m049’+2))27

hence, for m large enough
po (G3) < Cag2™10=0m (1og(2720+2))?,

since ¢ > 6, we are done.
In addition, by the monotonicity of (Gp)s>1

Gy D U Gel,
0'>6

thus, by (22) and since supp(ug) C Gy

1o (Ge\ U G9/> = 119(Go) — g (U G9'>

0'>0 0'>0
=1,

so that 15(Gy) = 1 as well. Now, thanks to the property (8) we obtain

due (z) >

1
—, for ugp — a.e.x € Gy.
- af

20

(23)



Indeed, for pyp — a.e.x € Gy and r > 0 small enough, by (8)

log pg(B(z, 7)) _ 1 (10g|(B(IaT)|>+210g|10g\3(xﬂ“)|!+0a,0

log r = af log r log r log r

and by taking r — 0, we are done. Finally, the Billingsley Lemma say us that
(23) implies

. ~ 1
dlmH(GQ) Z @
3.4 Multifractal spectrum of f

Thanks to the Lemma 3, for v < s < 8y

Ef(s):{meKazﬁgC:&

- N @\ U G

0'<Bv/s 0'>pv/s

ie. Ef(s)= é/B’Y/S’ otherwise E¢(s) = (. So, by the previous chapter

or(s) = 55, =P

3.5 General case of the main theorem

First, without lost of generality, we can assume that f is compactly supported,
for example, by multiplying f with a function £ € C2°(R), equal to 1 in a neigh-
borhood of K,. Moreover, even if we must consider a translation and dilation of
the domain (i.e. to take f(px + ¢)), we can assume that the support is included
in a given interval I because it does not change its multifractal spectrum. Since
¢ € C, there exists a family of positive constants {(ay, b, ¢,) }nen such that

@ = Sup ¥n,
neN

where ¢, (s) = ¢, 1[4, ,)- By the previous sections, for each n we can construct
a family of functions f, := f(@nf ) compactly supported in I,,, where {I,,}, is
a countable partition of R, and such that o4, = ¢,. Hence, it is enough to take
f=2s1fn € CR); so Ef(s) =U, Ey,(s) and therefore

op =supoy, = Q.
n
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4 Conclusions

In this paper we have addressed the problem of prescribing multifractal behavior
for a univariate and one-dimensional case. We have successfully demonstrated a
classical result in multifractal analysis for functions using mainly wavelet tech-
niques.

The ideas that have been used in this paper should be useful in tackling more
difficult problems such as the multivariate case, i.e, for n objects (X;);=1 . n, we
would like to study the intersection of level sets

Eu,...x, (51,82, ..5n) = [ ] Ex, (s1),

so that we must construct deterministic and random objects, functions and
probability measures whose multivariate multifractal properties is prescribed in
advance. It is strongly recommended to study these problems because there are
many phenomena where the data are intrinsically correlated.
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